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Abstract. We give a sufficient condition for a countable group G to possess a probabil-

ity measure µ that admits a non-trivial µ-boundary modeled in the space Subam(G) of

amenable subgroups of G. In particular, for such µ the space Subam(G) is not uniquely

µ-stationary. This contrasts with a theorem of Hartman-Kalantar, which states that

a countable group G is C*-simple if and only if there exists µ ∈ Prob(G) such that

Subam(G) is uniquely µ-stationary [HK23]. Our criterion applies to (permutational)

wreath products, which include groups that are C*-simple, and to Thompson’s group F ,

whose C*-simplicity is equivalent to its non-amenability and therefore remains an open

problem. We also show that any non-trivial µ-boundary modeled on Subam(G) is sup-

ported on amenable normalish subgroups, in the sense of Breuillard-Kalantar-Kennedy-

Ozawa [BKKO17]. As a consequence, we conclude that a countable group with no finite

normal subgroups and no amenable normalish subgroups acts essentially freely on all its

Poisson boundaries.

1. Introduction

The space Sub(G) of subgroups of a discrete countable group G is naturally identified

with a closed subset of {0, 1}G endowed with the product topology. The induced topology,

known as the Chabauty topology, makes Sub(G) a compact metrizable space, and the

conjugation action of G on its subgroups induces an action by homeomorphisms G ↷
Sub(G). A central object in the study of this dynamical system is the class of G-invariant

probability measures on Sub(G), known as invariant random subgroups (IRSs). Notable

applications of IRSs include rigidity results such as the Stuck–Zimmer theorem [SZ94],

approximation results for the L2-Betti numbers of semisimple Lie groups [ABB+17], and

the realization of entropy spectra of stationary actions of groups [Bow15,HY18].

The set Subam(G) of amenable subgroups of G is closed in Sub(G), and a reason to

study the dynamics of G ↷ Subam(G) is its connection with the C*-simplicity of G. A

countable group G is said to be C*-simple if its reduced C*-algebra C∗
r (G) contains no

non-trivial closed ideals, where the reduced C*-algebra C∗
r (G) of G is the norm closure of

the linear span of the unitary operators defined by the left regular representation of G

on ℓ2(G). This property has been well studied from the perspective of operator algebras

and group theory [Pow75,BCdlH94]. A result of M. Kennedy [Ken20], following his work

with Breuillard-Kalantar-Ozawa [KK17, BKKO17], states that a countable group G is

C* -simple if and only if the only minimal closed invariant subset of Subam(G) is the one

composed of the trivial subgroup {eG}.
The statement of a measurable version of the previous criterion involves stationary prob-

ability measures rather than invariant ones. Recall that a probability measure µ ∈ Prob(G)
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is non-degenerate if the semigroup generated by its support is all of G, and that a mea-

surable action of G on a probability space (Z, η) is µ-stationary if η =
∑

g∈G µ(g)g∗η.

A µ-stationary probability measure on Subam(G) is called an amenable µ-stationary ran-

dom subgroup (or amenable µ-SRS). This notion turns out to be useful to characterize

C*-simplicity of countable groups by work of Hartman-Kalantar [HK23], who proved that

a countable group G is C*-simple if and only if there exists a non-degenerate probabil-

ity measure µ ∈ Prob(G) such that Subam(G) admits a unique µ-stationary probability

measure (which must be δ{eG}). In other words, C*-simple groups possess distinguished

probability measures that witness their C*-simplicity. In this paper we address the exis-

tence of probability measures with the opposite property.

Question 1. Let G be a countable group. Does there exist a non-degenerate probability

measure µ on G that admits an amenable µ-SRS distinct from δ{eG}?

As observed in [HK23], if G is not C*-simple then every non-degenerate probability

measure µ on G has the above property. It follows that Question 1 is of interest only

when G is C∗-simple. Moreover, Hartman-Kalantar show that there are classes of C*-

simple groups for which no probability measure µ admits an amenable µ-SRS distinct

from δ{eG}. This holds for hyperbolic groups, mapping class groups and linear groups

[HK23, Theorems 4.12, 6.5 & 6.7, Example 6.6], assuming that their amenable radical (that

is, their maximal normal amenable subgroup) is trivial. This discussion suggests a graded

notion of C*-simplicity, where groups admitting no non-trivial amenable µ-SRSs can be

viewed as “more” C*-simple, in the sense that their stationary dynamics on Subam(G) are

highly constrained.

Our results deal with the following class of amenable SRSs.

Definition 1.1. Let µ be a probability measure on a countable group G and denote by Pµ

the law of the right µ-random walk on G. A µ-stationary probability measure η on the

space Subam(G) of amenable subgroups of G is called an amenable boundary µ-stationary

random subgroup if, for Pµ-almost every trajectory (wn)n≥0 ∈ GN, the sequence (wn∗η)n≥0

converges in the weak*-topology to a Dirac mass in Subam(G).

Equivalently, η is an amenable boundary µ-SRS if the space (Subam(G), η) is a µ-

boundary, in the sense that it is a G-equivariant quotient of the Poisson boundary of

(G,µ). Our first main theorem provides a condition that guarantees the existence of such

a measure.

Theorem A. Let G be a countable group. Suppose that there exists a non-trivial subgroup

H such that for all finite subsets Q,Z ⊆ G there is b ∈ G such that both bZ and b−1Z are

contained in {
g ∈ G : Q ∩H = Q ∩ gHg−1

}
.

Then there exists a non-degenerate, symmetric and finite-entropy probability measure µ

on G such that OrbG(H) supports a µ-boundary SRS distinct from δ{eG}.

In particular, if H is amenable then G admits an amenable boundary µ-SRS distinct

from δ{eG}.
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The condition appearing in the statement can be viewed as a strong form of recurrence

for the action of G on the orbit of H (see Remark 3.8). The strategy we use to construct µ

is the method of record times used by Frisch-Hartman-Tamuz-Vahidi Ferdowsi [FHTVF19]

to prove that any non-hyper-FC-central group admits non-degenerate probability measures

with a non-trivial Poisson boundary.

In Proposition 3.2, we also present a shorter and more direct argument for wreath

products, which differs from the general proof of Theorem A. Recall that if A is a C∗-simple

group, then for every countable group B the wreath product A ≀ B =
⊕

B A ⋊ B is C*-

simple. Proposition 3.2 provides examples of C*-simple groups for which any probability

measure witnessing C*-simplicity, as in the main theorems of [HK23] must necessarily

have an infinite support (see Corollary 3.3). To the best of our knowledge, these are

the first examples of this kind. A. Erschler and J. Frisch communicated to us that they

independently obtained Proposition 3.2.

The criterion in Theorem A applies to Thompson’s group F , the group of piecewise

dyadically affine homeomorphisms of the interval.

Corollary B. There exists a non-degenerate, symmetric and finite-entropy probability

measure µ on Thompson’s group F such that Subab(F ) = {H ∈ Sub(F ) : H is abelian}
supports a non-atomic µ-boundary.

Remarks.

• The minimal closed subsystems of Sub(F ) and the IRSs of F are supported on nor-

mal subgroups (see [LBM18, Theorem 1.7, (i)] and [DM14] respectively), which are

the subgroups of F containing the (non-abelian) derived subgroup [F, F ]. Corol-

lary B shows that the dynamics of Subam(F ) are nevertheless rich enough to

support non-trivial µ-SRSs. A well-known open question in group theory asks

whether F is amenable [CFP96], which is equivalent to F not being C*-simple by

[LBM18, Theorem 1.6]. If F were non-amenable, it would follow that F belongs

to a class of C*-simple groups whose amenable subgroup dynamics are richer than

those of hyperbolic groups or mapping class groups.

• The proof of Corollary B applies verbatim to the finitely presented non-amenable

group of piecewise projective homeomorphisms of R constructed by Lodha-Moore

[LM16], which is known to be C*-simple [LBM18, Theorem 1.10].

Recall that a subgroup H of G is called normalish if
⋂

z∈Z zHz
−1 is infinite for every

finite subset Z ⊆ G. This notion was introduced in [BKKO17, Section 6], where the

absence of normalish subgroups is shown to imply C*-simplicity. Our second main theorem

connects this concept to Question 1.

Theorem C. Let µ be a non-degenerate probability measure on a countable group G and

let η be a µ-stationary probability measure on Sub(G). Suppose that (Sub(G), η) is a µ-

boundary of G, and that η is not a Dirac mass on a finite normal subgroup of G. Then η

is supported on normalish subgroups of G.

As a consequence, we obtain the next result.
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Corollary D. Let G be a countable group with no finite normal subgroups and no amenable

normalish subgroups. Then for every non-degenerate µ ∈ Prob(G), the action of G on the

Poisson boundary of (G,µ) is essentially free.

Indeed, the action of a countable group G on its Poisson boundary is amenable [Zim78,

Corollary 5.3]; see also [Kai05, Theorem 5.2] for a probabilistic proof. Elliot-Giordano

showed that the point stabilizers of an amenable action are almost surely amenable [EG93,

Proposition 1.2], so that the stabilizer map z 7→ Stab(z) from the Poisson boundary of

(G,µ) to Sub(G) takes values in Subam(G) (see also [ADR00, Corollary 5.3.33]). The

stabilizer map thus defines an amenable boundary µ-SRS on G. If the action of G on the

Poisson boundary of (G,µ) were not essentially free, Theorem C would show the existence

of an amenable normalish subgroup of G, contradicting the hypotheses of the corollary.

Examples of groups with no amenable normalish subgroups include groups with a

positive L2-Betti number [BFS14, Corollary 1.5], groups with some non-trivial bounded

cohomology with mixing coefficients, and linear groups with a finite amenable radical

[BKKO17, Propositions 6.3 & 6.4]. These hold for

• countable groups admitting non-elementary, isometric and proper actions on sim-

plicial trees, proper CAT(−1) spaces or Gromov-hyperbolic graphs of bounded va-

lency [MS06, Theorem 1.3], [MS04, Corollaries 7.6 & 7.8, Theorem 7.13], [MMS04,

Theorem 3],

• acylindrically hyperbolic groups [Osi16, Corollary 1.5], and

• countable groups admitting a non-elementary, metrically proper and essential ac-

tion on a finite-dimensional irreducible CAT(0) cube complex [CFI16, Corollary

1.8].

Remarks.

• Theorem C should be compared with the results of [HK23, Section 6], where several

classes of groups are shown to admit no probability measure µ with a non-trivial

amenable µ-SRS. Their conclusions are stronger, as they rule out the existence

of any non-trivial µ-stationary measure on Subam(G), including those that may

not be a µ-boundary. By contrast, the class of groups covered by Theorem C is

broader, and the proof is based on a unified argument that applies uniformly to

all groups appearing in the statement.

• Following [HK23, Theorem 5.4], A. Alpeev showed that a group G is C*-simple if

and only if, for a generic probability measure on G (in the Baire category sense),

the group G acts essentially freely on the associated Poisson boundary [Alp25, The-

orem B]. Corollary D provides explicit hypotheses under which every probability

measure has this property, rather than just a Baire-generic subset.

Finally, in Section 4 we observe that one cannot expect a converse to Theorem C.

More precisely, we show that many Baumslag-Solitar groups have amenable normalish

subgroups but their space of amenable subgroups is countable. Thus, they admit no non-

trivial amenable µ-SRSs for any non-degenerate µ, see Corollary 4.1. This is the case in

particular for BS(2, 3) = ⟨a, t | ta2t−1 = a3⟩. The proof uses an unpublished result of Y.

Cornulier [Cor].



STATIONARY BOUNDARIES ON THE SPACE OF AMENABLE SUBGROUPS AND C*-SIMPLICITY 5

1.1. Organization. In Section 2 we recall basic properties of boundary actions of groups

as well as their connections with C*-simplicity. We also discuss our results and further

questions. Section 3 deals with proofs showing the existence of boundary SRSs and in

particular with the proof of Theorem A. Finally, in Section 4 we prove Theorem C and

show that many Baumslag-Solitar groups have amenable normalish subgroups but no

amenable µ-SRSs.
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2. Background and discussion

We give some background on random walks, stationary boundaries and the space of

subgroups of a group. We refer to [Fur02, LBM18] for more details on this material.

We also discuss C*-simple measures and further questions. In this section G is always a

countable group.

Random walks and stationary spaces. Let µ be a probability measure on G. The

Shannon entropy of µ is the non-negative quantity H(µ) = −
∑

g∈G µ(g) logµ(g). We

denote by Pµ the law of the right random walk w = (wn)n≥0 ∈ GN defined by µ, that is,

the image of the Bernoulli measure µN through the map

GN → GN

(gn)n≥0 7→ (wn)n≥0

where wn = g1 · · · gn for each n ≥ 1. The space GN is endowed with a left action of G by

multiplication, so that g(wn)n≥0 = (gwn)n≥0 for all g ∈ G and (wn)n≥0 ∈ GN.

Let X be a compact metric space on which G acts by homeomorphisms. A Borel

probability measure η on X is µ-stationary if η =
∑

g∈G µ(g)g∗η. The martingale con-

vergence theorem ensures that Pµ-almost surely the limit limn→∞(wn)∗η = ηw exists

in Prob(X). When ηw is Pµ-almost surely a Dirac mass, we call the probability space

(X, η) a µ-boundary of G. In this case, we obtain a G-equivariant and S-invariant map

(GN,Pµ) → (X, η), where S : GN → GN is the shift map S((wn)n≥0) = (wn+1)n≥0. Con-

versely, if there is x ∈ X such that Pµ-almost surely limn→∞wnx exists in X, the dis-

tribution of limn→∞wnx is µ-stationary and defines a µ-boundary on X. The literature

sometimes refers to µ-boundaries as µ-proximal systems [FG10].

By abuse of notation, a probability space (X, η) where G acts by nonsingular mea-

surable transformations is also called a µ-boundary if it is µ-stationary and admits a

compact metrizable model which is a µ-boundary in the above sense. The Poisson bound-

ary of (G,µ) is the maximal µ-boundary of G, in the sense that any other such space
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is a G-equivariant quotient of it. It is uniquely defined up to G-equivariant measurable

isomorphisms.

We will use the following well-known result, which is a consequence of the ergodicity of

µ-boundaries.

Proposition 2.1. Let µ be a probability measure on a countable group G acting by home-

omorphisms on a compact metric space X. Let (X, η) be a µ-boundary of G. If either η

is G-invariant or if η has atoms, then η is a Dirac mass on a point of X which is fixed by

the action of G.

Proof. Suppose first that η is G-invariant. Since for Pµ-almost every w = (wn)n≥0 there

exists an element ξ(w) ∈ X such that limn→∞(wn)∗η = δξ(w), we deduce that η is a Dirac

mass on a fixed point of the action of G on X.

Now suppose that η has atoms. By looking at points in X with maximal η-measure,

we deduce that η gives positive mass to a finite G-orbit O. The ergodicity of η (see

[Jaw94, Section 2], for instance) implies that it gives full mass to O and is thus invariant.

By the previous case, η must be a Dirac mass on a fixed point. □

Hartman-Kalantar’s characterizations of C*-simplicity. Denote the left-regular

representation of the group G by λ : G → U(ℓ2(G)). Recall that a state on the reduced

C*-algebra C∗
r (G) is a positive linear functional ρ : C∗

r (G) → C such that ρ(λeG) = 1.

The canonical trace τ0 is the state on C∗
r (G) that satisfies τ0(λg) = 0 for all g ∈ G \ {eG}.

The group G acts on a state ρ as (gρ)(a) = ρ(λg−1ag) for each g ∈ G and, given a

probability measure µ on G, the state ρ is called µ-stationary if ρ =
∑

g∈G µ(g)gρ. Since

the canonical trace is invariant under the action of G, it is in particular µ-stationary for

every µ ∈ Prob(G).

Hartman-Kalantar define a C*-simple measure as a probability measure µ on G such

that the canonical trace is the unique µ-stationary state on C∗
r (G) [HK23, Definition at

the top of page 4]. Their first main theorem states that a countable group G is C*-simple

if and only if G possesses a C*-simple probability measure [HK23, Theorem 5.2]. Their

second main theorem shows that a countable group G is C*-simple if and only if G admits

a probability measure µ for which the space Subam(G) of amenable subgroups is uniquely

µ-stationary [HK23, Corollary 5.7]. The following implication between these two notions

of unique stationarity is proved and used in [HK23].

Proposition 2.2. Let µ be a probability measure on a countable group G. Suppose that

Subam(G) admits a µ-SRS distinct from δ{eG}. Then the space of states on the reduced

C*-algebra C∗
r (G) is not uniquely µ-stationary.

Proof. Let η be an amenable µ-SRS distinct from δ{eG}. By [HK23, Lemma 2.3], the map

ρ(λg) := η ({H ∈ Subam(G) : g ∈ H}) , g ∈ G,

extends to a state ρ on C∗
r (G). Furthermore, since η is µ-stationary and distinct from

δ{eG}, the state ρ is µ-stationary and it differs from the canonical trace. □

Our criterion in Theorem A for the existence of probability measures µ ∈ Prob(G) such

that Subam(G) is not uniquely µ-stationary therefore shows that these measures are not
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C*-simple in the sense of Hartman–Kalantar. However, we remark that we do not know

whether the converse to Proposition 2.2 is true. In principle, there may exist probability

measures µ on G that are not C*-simple even though Subam(G) is uniquely µ-stationary.

2.1. SRSs that are not µ-boundaries. Let µ be a probability measure on a countable

group G. All results in this paper concern amenable µ-stationary random subgroups for

which the space (Subam(G), η) is a µ-boundary (see Definition 1.1). It follows from work

of H. Furstenberg [Fur73, Theorem 14.1] and Glasner-Weiss [GW16, Theorem 8.5] that, if

G acts by homeomorphisms on a compact metric space X, then the following conditions

are equivalent:

• For every µ-stationary probability measure ν on X, the space (X, ν) is a µ-

boundary.

• There exists a unique µ-stationary probability measure ν on X, and the space

(X, ν) is a µ-boundary.

In particular, when X = Subam(G), Question 1 asks for probability measures µ on G

such that Subam(G) is not uniquely µ-stationary. The equivalence above shows that, in

this setting, our methods cannot identify all amenable µ-stationary random subgroups,

since there will necessarily exist some that do not arise as µ-boundaries of G. This leads

to the natural question of whether Theorem C extends to arbitrary stationary random

subgroups of G.

Question 2. Let µ be non-degenerate probability measure on a countable group G, and

let η be an ergodic µ-stationary probability measure on Sub(G) that is not a point mass

on a finite normal subgroup of G.

• Is it true that η must be supported on normalish subgroups of G?

• Suppose further that η is supported on amenable subgroups of G. Is it true that

all L2-Betti numbers of G must vanish?

We remark that if η is an IRS of a countable group G supported on subgroups whose L2-

Betti numbers all vanish, then it is known that the same conclusion holds for G. Indeed,

as shown by Abert-Glasner-Virag, every IRS of G arises as the image of a p.m.p. action of

G under the stabilizer map [AGV14, Proposition 13]. This gives rise to the “principal ex-

tension” of groupoids in the language of [ST10, Section 5.3]. It follows from [ST10, Lemma

5.1] that the L2-Betti numbers of the stabilizer groupoid vanish. Then [ST10, Theorem

1.3] shows that the L2-Betti numbers of the groupoid of the action G↷ (Sub(G), η) van-

ish as well, and these coincide with the L2-Betti numbers of G (see [CGdlS21, Theorem

5.4] for instance). We are grateful to Sam Mellick and Damien Gaboriau for bringing this

argument to our attention.

3. Existence of amenable boundary µ-stationary random subgroups

This section presents results on the existence of non-trivial amenable boundary sta-

tionary random subgroups in countable groups. We begin with a short proof for wreath

products (Proposition 3.2), which also serves as motivation for the proof of Theorem A,

where we establish a general criterion guaranteeing their existence. We then apply this
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criterion to Thompson’s group F (Corollary B) and to permutational wreath products

(Corollary 3.9).

3.1. A short proof for wreath products. Let A,B be countable groups. Their wreath

product is A ≀ B =
⊕

B A ⋊ B, where
⊕

B A denotes the group of finitely supported

functions φ : B → A, and the action of B on
⊕

B A is given by

(x · φ)(y) = φ(x−1y), x, y ∈ B.

Thus the multiplication in A ≀B is (φ, b)(ψ, c) =
(
φ ·(b ·ψ), bc

)
, where (b ·ψ)(y) = ψ(b−1y),

for each b, c ∈ B and φ,ψ ∈
⊕

B A.

Given a probability measure µ ∈ Prob(A ≀B), the µ-random walk w = (wn)n≥0 on A ≀B
can be written using the semidirect product structure as wn = (φn, bn). Here φn ∈

⊕
B A

is called the lamp configuration at time n, and bn ∈ B is the position at time n. In general

(φn)n≥0 does not define a random walk on
⊕

B A, whereas (bn)n≥0 is a random walk on

the base group B.

Definition 3.1. We say that the lamp configurations of the µ-random walk on A ≀ B
stabilize almost surely if there exists a conull set of trajectories w = (φn, bn)n≥0 such that

for every b ∈ B there exists N for which φn(b) = φN (b) for all n ≥ N.

Under this assumption, there is an almost everywhere defined map (A ≀ B)N → AB

which assigns to Pµ-almost every trajectory w = (φn, bn)n≥0 the limit lamp configuration

φ∞(w) defined by

φ∞(w)(b) = lim
n→∞

φn(b), b ∈ B.

Lamp configurations do not always stabilize: for every ε > 0 there exist probability

measures µ with finite (1 − ε)-moment for which stabilization fails [Kai83]. However, a

sufficient condition for stabilization is that µ has finite first moment and the induced ran-

dom walk on B is transient [Ers11]. If B is finitely generated with at least cubic growth,

then a theorem of Varopoulos [Var86] implies that every non-degenerate probability mea-

sure on A ≀ B induces a transient random walk on B. In particular, in this case one may

choose µ to be finitely supported.

Proposition 3.2. Let A,B be non-trivial countable groups and let µ be a non-degenerate

probability measure on A ≀ B such that the lamp configurations of the µ-random walk

stabilize almost surely. Then there exists a measure η ̸= δ{e} on Subam(A ≀ B) such that

(Subam(A ≀B), η) is a µ-boundary.

If in addition A is non-abelian, then η is non-atomic.

Proof. Fix a ∈ A \ {eA}. For b ∈ B and x ∈ A denote by δxb ∈
⊕

B A the configuration

δxb (y) =

x y = b,

eA y ̸= b

that takes the value x at b and the identity eA elsewhere. Let Pµ be the law of the µ-

random walk. Given a trajectory w = (φn, bn)n≥0 with limit lamp configuration φ∞(w),

define

H(w) =
〈
δ
φ∞(w)(b)a(φ∞(w)(b))−1

b : b ∈ B
〉
⊆
⊕
B

A.
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That is, the subgroup H(w) is obtained by placing at each position b the element a con-

jugated by the limiting lamp value φ∞(w)(b). The map w 7→ φ∞(w) is A ≀B-equivariant.

Let g = (φ, b′) ∈ A ≀B. Then

(g · φ∞)(y) = φ(y)φ∞(b′−1y), for each y ∈ B.

Therefore

H(gw) =
〈
δ φ(y)φ∞(b′−1y)a(φ(y)φ∞(b′−1y))−1

y : y ∈ B
〉
,

and writing y = b′b yields

H(gw) =
〈
δ
φ(b′b)φ∞(b)a(φ(b′b)φ∞(b))−1

b′b : b ∈ B
〉
= g H(w).

Thus the map w 7→ H(w) is A ≀B-equivariant. The pushforward η = (H)∗Pµ is therefore

a µ-boundary supported on Subam(A ≀ B). Since a ̸= eA, the subgroup H(w) is almost

surely non-trivial, so η ̸= δ{e}.

If A is non-abelian we may choose a outside the center of A.

In this case limit configurations with lamps in different cosets of the centralizer of a in

A yield different subgroups H(w), and hence η is non-atomic. □

The group A≀B is known to be C*-simple whenever A is C*-simple; see, for example, the

short proof in [BO18, Proposition 5.5]. Alternatively, using [KK17, Theorem 1.5], one can

prove the C*-simplicity of A ≀B by exhibiting a topologically free (A ≀B)-boundary. That

is, it suffices to show the existence of a compact space X equipped with a minimal action of

A ≀B by homeomorphisms such that the closure of every (A ≀B)-orbit in Prob(X) contains

a Dirac delta measure, and such that the set of fixed points in X of every non-trivial

element of A ≀B has an empty interior. In order to do so, assume that A is C*-simple and

let XA be a topologically free A-boundary. Consider the action of A ≀ B on
∏

BX given

by (φ, c) · (xb)b∈B = (φb · xc−1b)b∈B for every φ ∈
⊕

B A, c ∈ B and (xb)b∈B ∈
∏

BXA.

This yields a topologically free boundary action of A ≀B, and hence A ≀B is C*-simple.

As a consequence of Proposition 3.2, we obtain the following.

Corollary 3.3. Let A be a countable C*-simple group and let B be a finitely generated

group of at least cubic growth. Then every C*-simple probability measure on A ≀B, in the

sense of [HK23], has infinite first moment.

3.2. Record times and the proof of Theorem A. For the construction of the measure

appearing in Theorem A we first need to introduce some general terminology.

Definition 3.4. Let p = (pj)j≥0 be a probability measure on N, and let (Xn)n≥1 be

a sequence of i.i.d. random variables with law p. For every n ∈ N>0 let us denote by

Mn := max{X1, X2, . . . , Xn} the record value of the sequence at time n. We say that the

record value Mn is simple if

|{i ∈ {1, . . . , n} : Xi =Mn}| = 1.

We say that the records of (Xn)n≥1 are eventually simple if p⊗N-almost surely there is

N ≥ 1 such that, for all n ≥ N , the record value Mn is simple. Finally, define the sequence

(Tk)k≥1 of record times of (Xn)n≥1 by T1 = 1 and Tk+1 = min{n > Tk : Xn = Mn} for

k ∈ N>0.
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The following lemma can be found in [EK23, Lemma 2.3 & Corollary 2.6]. The sufficient

condition is due to [BSW94, Theorem 3.2], while the necessary condition is due to [Qi97,

Theorem 2]. See also the proof given in [Eis09, Theorem 3, Corollaries 3.1 & 3.2].

Lemma 3.5. Let p be a probability measure on N and let (Xn)n≥1 be a sequence of i.i.d.

random variables with law p. Then (Xn)n≥1 has eventually simple records if and only if p

has an infinite support and

∞∑
j=0

(
pj

pj + pj+1 + · · ·

)2

<∞. (3.1)

The latter condition holds in particular when pj has polynomial decay as j → ∞.

Lemma 3.6 ([EK23, Lemma 2.17]). For any probability measure p on N with infinite

support there exists a non-decreasing function Φ : N → N such that almost surely Tk+1 ≤
Φ(Rk) holds for all sufficiently large k.

We will prove the following reformulation of Theorem A, which makes the construction

of the measure and the resulting boundary SRS explicit. Recall that, for a given probability

measure µ on G, we denote by Pµ the law of the µ-random walk (wn)n≥0 on G.

Theorem 3.7. Let G be a countable group, and suppose that G has a non-trivial subgroup

H such that for all finite subsets Q,Z ⊆ G there is b ∈ G such that

bZ, b−1Z ⊆
{
g ∈ G : Q ∩H = Q ∩ gHg−1

}
.

Then there exists a non-degenerate and symmetric probability measure µ on G with finite

Shannon entropy such that Pµ-almost surely the sequence (wnHw
−1
n )n≥0 converges to a

non-trivial subgroup of G. In particular, if H is amenable, the distribution of the subgroup

limn→∞wnHw
−1
n defines an amenable boundary µ-SRS of G.

Proof. Consider a probability measure p on N that gives positive mass to all non-negative

integers and that satisfies Condition (3.1), so that Lemma 3.5 ensures that a sequence of

i.i.d. random variables with law p almost surely has eventually simple records. Moreover,

we may choose p such that its Shannon entropy H(p) = −
∑

j≥0 pj log(pj) is finite.

Let us choose a sequence (Ãn)n≥0 of pairwise disjoint and symmetric subsets of G such

that Ã0 = {eG}, |Ãn| ≤ 2 for all n ≥ 0 and G =
⋃

n≥0 Ãn. We start by constructing

inductively increasing sequences of finite subsets (An)n≥0, (△n)n≥0, (Qn)n≥0 of G, along

with a sequence of elements bn ∈ G for every n ≥ 0.

We first set A0 = Ã0 = {eG}, △0 = Q0 = ∅ and b0 = eG. Now, let n ≥ 1 and suppose

that the sets △i and Qi together with the element bi have already been defined for every

0 ≤ i ≤ n. We set

An+1 = Ãn+1 \
n⋃

i=0

{bi, b−1
i }, △n+1 =

(
n⋃

i=0

Ai ∪
{
bi, b

−1
i

})Φ(n)

,

where Φ is the gauge function associated with p from Lemma 3.6. Next, we set Qn+1 to be

a finite subset of G containing Qn and such that for every d ∈ △n we have Qn+1∩dHd−1 ̸=
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{eG}. Applying the hypothesis of the theorem to the finite subsets Q :=
⋃

d∈△n
d−1Qn+1d

and Z := △n, we find bn+1 ∈ G such that for all z ∈ △n we have

Q ∩H = Q ∩ (bn+1z)H(bn+1z)
−1 = Q ∩ (b−1

n+1z)H(b−1
n+1z)

−1.

As a consequence, notice that for each d, z ∈ △n we have

Qn+1 ∩ dHd−1 = Qn+1 ∩ (dbn+1z)H(dbn+1z)
−1 = Qn+1 ∩ (db−1

n+1z)H(db−1
n+1z)

−1. (3.2)

This completes the inductive construction of the sequences (An)n≥0, (△n)n≥0, (Qn)n≥0

and (bn)n≥0.

Let us now fix an auxiliary sequence (αi)i≥1 with 0 < αi < 1 for every i ≥ 1 and such

that
∑

i≥1 αi <∞. Define a symmetric probability measure µ on G with µ(A0) = p0 and

such that for every i ≥ 1 we have

µ
(
Ai ∪ {bi, b−1

i }
)
= pi and µ

(
Ai\{bi, b−1

i }
)
≤ αipi. (3.3)

In what remains of the proof, we will justify that such a measure µ satisfies the conclu-

sions of the theorem.

First, notice that supp(µ) = G because p is fully supported and G = ∪n≥0An. In

particular, the probability measure µ is non-degenerate. Moreover, µ has finite Shannon

entropy since

H(µ) ≤ log(4) +H(p) <∞. (3.4)

Indeed, to see this it suffices to notice that µ can be sampled in two steps: first, choose

an index i ∈ N according to the distribution p, then sample gi ∈ Ai ∪ {bi, b−1
i } according

the conditional distribution of µ on that subset. Inequality (3.4) then follows from the

standard (conditional) entropy decomposition H(X) = H(X | Y ) + H(Y ) for random

variables X and Y , together with the fact that the entropy of a random variable taking

values in a set of size N is at most log(N). Since |Ai ∪ {bi, b−1
i }| ≤ 4 for every i ≥ 0, we

obtain the desired bound.

It now remains to show the Pµ-almost sure convergence of the sequence (wnHw
−1
n )n≥0

to a non-trivial subgroup of G. Let (gn)n≥1 be an independent sequence of elements of G

distributed according to µ and denote wn = g1 · · · gn for every n ≥ 1. In other words, the

process (wn)n≥1 has the law Pµ of the µ-random walk on G. For every i ≥ 1, denoteXi ∈ N
the unique value such that gi ∈ AXi ∪{bXi , b

−1
Xi

}. Then, it follows from the construction of

µ that the sequence (Xi)i≥1 is i.i.d. with law p, and hence has eventually simple records.

Denote by (Tk)k≥1 the associated record times and by Rk := XTk
the record values for

every k ≥ 1. By combining

(a) that µ(Ai\{bi, b−1
i }) ≤ αipi (Condition (3.3)) with

∑
i≥1 αi < ∞ and the Borel-

Cantelli lemma,

(b) Lemma 3.6, and

(c) the definition of eventually simple record times (Definition 3.4),

we conclude that almost surely there exists k0 ≥ 1 such that for all k ≥ k0 we have

(A) gTk
∈ {bRk

, b−1
Rk

},
(B) Tk+1 ≤ Φ(Rk), and

(C) Xm < Rk for all Tk < m < Tk+1.
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Now, let n > Tk0 and choose k ≥ k0 such that Tk ≤ n < Tk+1. Then, we can write

wn = g1 · · · gTk−1 · gTk
· gTk+1 · · · gn.

Set d = g1 · · · gTk−1 and z = gTk+1 · · · gn, so that wn = dgTk
z. It follows from Conditions

(B) and (C) above that

d, z ∈

(
Rk−1⋃
i=0

Ai ∪ {bi, b−1
i }

)Tk+1

⊆ △Rk
.

In addition, thanks to Condition (A) together with the inductive construction of bRk
, we

also have that

QRk
∩ dHd−1 = QRk

wnHw
−1
n ,

as in Equation (3.2).

Claim. For every m ≥ n, we have

QRk
∩ dHd−1 = QRk

∩ wmHw
−1
m .

Proof of the claim. Let ℓ be such that Tℓ ≤ m < Tℓ+1. Notice that since m > n, we must

have ℓ ≥ k. We prove the claim by induction on ℓ.

If ℓ = k, then the claim was already shown to hold in Equation (3.2). Now suppose

that ℓ > k and write wm = d̃gTℓ
z̃, where

d̃ = g1 · · · gTℓ−1 and z̃ = gTℓ+1 · · · gm.

As in the argument preceding the claim, we have

QRℓ
∩ d̃Hd̃−1 = QRℓ

∩ wmHw
−1
m ,

thus in particular

QRk
∩ d̃Hd̃−1 = QRk

∩ wmHw
−1
m . (3.5)

Applying the inductive hypothesis with d̃ = wTℓ−1 gives

QRk
∩ dHd−1 = QRk

∩ d̃Hd̃−1. (3.6)

Combining Equations (3.5) and (3.6) concludes the proof of the claim. □

The compactness of Sub(G) implies that the sequence (wnHw
−1
n )n≥0 has at least one

limit point K ∈ Sub(G). Since the sets QRk
form an exhaustion of G, the previous claim

shows that, for every open neighborhood U of K, the sequence (wnHw
−1
n )n≥0 eventually

remains in U . Hence the limit point is unique, and (wnHw
−1
n )n≥0 converges in Sub(G).

Finally, the limit subgroup K is non-trivial: indeed, QRk
∩ dHd−1 contains a non-trivial

element g ∈ G\{eG}, and the previous claim shows that g ∈ K. □

Remark 3.8. Theorem A requires the existence of a non-trivial subgroup H ⊆ G such

that for every pair of finite subsets Q,Z ⊆ G there exists b ∈ G with

bZ, b−1Z ⊆ {g ∈ G : Q ∩H = Q ∩ gHg−1}.

This condition admits a dynamical interpretation for the conjugation action of G on

Sub(G). The finite setQ determines a basic neighbourhood ofH in the Chabauty topology,

UQ(H) = {K ∈ Sub(G) : Q ∩K = Q ∩H}.



STATIONARY BOUNDARIES ON THE SPACE OF AMENABLE SUBGROUPS AND C*-SIMPLICITY 13

The above property then asserts that, for every such neighbourhood and every finite set

Z ⊆ G, there exists b ∈ G such that

bz ·H, b−1z ·H ∈ UQ(H) for all z ∈ Z.

In other words, any finite portion of the G-orbit of H in Sub(G) can be simultaneously

pushed arbitrarily close to H by conjugation with a single group element b as well as by

its inverse. This can be viewed as a strong form of recurrence for the action of G on the

orbit of H.

3.3. Amenable boundary µ-SRSs for Thompson’s group F . Consider the group of

orientation-preserving homeomorphisms f : R → R such that there exists a finite subset

D ⊂ Z
[
1
2

]
with the property that for each bounded connected component C of R \D, the

map f restricted to C is of the form

• x 7→ 2kx+ q where k ∈ Z and q ∈ Z[1/2] if C is bounded, and of the form

• x 7→ x+m where m ∈ Z if C is unbounded.

It is well known that the above describes a group isomorphic to Thompson’s group F ,

the group of all increasing piecewise dyadically affine homeomorphisms of the closed unit

interval [0, 1]; see, e.g., [BB05, Section 3.1]. In this representation, the commutator sub-

group [F, F ] coincides with the homeomorphisms in F which are the identity outside of a

compact interval of R.

Proof of Corollary B. We show that Thompson’s group F satisfies the hypotheses of The-

orem A. Let f : R → R be an arbitrary non-trivial element of F whose support is contained

in a proper closed subinterval of [0, 1]. For each k ∈ Z denote by tk ∈ F the translation

by k ∈ Z. Let us consider the subgroup H of F generated by all elements tkft
−1
k , k ∈ Z.

These elements commute since they have disjoint supports, so H is abelian. Notice also

that H and all of its conjugates are contained in the normal subgroup [F, F ]. Hence, to

verify the condition of Theorem A, it suffices to show that for any finite subset Q ⊆ [F, F ]

and every finite subset Z ⊆ F we can find b ∈ F such that

bZ, b−1Z ⊆ {g ∈ F : Q ∩H = Q ∩ gHg−1}.

Since Q ⊆ [F, F ], all elements of Q are the identity outside of a sufficiently large interval.

Thus we can choose N ∈ N such that supp(q) ⊆ [−N,N ] for every q ∈ Q. Next, choose

M ≥ 1 large enough so that for every z ∈ Z there exist m−
z ,m

+
z ∈ Z such that

z(x) = x+m−
z for x ≤ −M, z(x) = x+m+

z for x ≥M.

For every z ∈ Z, denote by r−z , r
+
z ∈ F the maps r−z (x) = x −m−

z and r+z (x) = x −m+
z

for x ∈ R. Then supp(zr−z ) ⊆ [−M,+∞) and supp(zr+z ) ⊆ (−∞,M ] for each z ∈ Z.

Now let b ∈ F be the translation by −M −N − 1. Using the fact that H is normalized

by any translation, for every z ∈ Z we have

bzHz−1b−1 = b(zr+z )H((r+z )
−1z−1)b−1

= (b(zr+z )b
−1)H(b(zr+z )b

−1)−1.

The support of b(zr+z )b
−1 is contained in (−∞,−N − 1], while all elements in Q have

support contained in [−N,N ]. Therefore, b(zr+z )b
−1 commutes with all elements in Q,
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implying that bZ is contained in {g ∈ F : Q ∩H = Q ∩ gHg−1}. An analogous argument

applies to b−1Z. This verifies the hypotheses of Theorem A, and the conclusion follows

from the fact that the set of abelian subgroups of Sub(F ) is closed in the Chabauty

topology. □

3.4. Amenable boundary µ-SRSs for permutational wreath products. Let A,B

be countable groups and let B ↷ X be an action on a countable set X. The permutational

wreath product G = A ≀X B is the semidirect product
(⊕

x∈X A
)
⋊ B, where B acts on⊕

x∈X A by b.(φx)x∈X = (φb−1.x))x∈X for b ∈ B, (φx)x∈X ∈
⊕

x∈X B. Here, the group B

is identified with its canonical copy inside A ≀X B, whereas A is identified with its copy

within the direct sum at a given fixed basepoint o ∈ B.

Let µ ∈ Prob(A ≀X B). As in the case of wreath products, we say that the lamp

configurations of the µ-random walk on A ≀XB stabilize almost surely if there is an infinite

orbit O ⊆ X such that for Pµ-almost every trajectory w = (φn, bn)n≥0 the configurations

(φn)n≥0 restricted to O converge pointwise to a limit function φ∞(w) ∈ AO. Stabilization

of lamps occurs whenever the induced random walk (bn.x)n≥0 on O is transient for every

x ∈ O and µ has finite first moment. In general, transience of (bn.x)n≥0 on O can be

more delicate than transience of the random walk on (bn)n≥0 on B itself. The following

proposition applies the criterion in Theorem A to construct a symmetric measure µ with

finite entropy such that this is the case.

Corollary 3.9. Let A,B be countable groups and let B ↷ X be a faithful action on a

countable set X with at least one infinite orbit O. Suppose that A is not abelian. Then

there exists a non-degenerate and symmetric probability measure on A ≀X B with finite

Shannon entropy that admits an amenable boundary µ-SRS distinct from δ{e}.

Proof. Let us fix an element a ∈ A that is not in the center of A, and consider the non-

trivial amenable subgroup H =
⊕

x∈O⟨a⟩ of A ≀X B. We will show that H satisfies the

hypotheses of Theorem A.

First, we note that H is normalized by both subgroups
⊕

x∈X\O A and B. Furthermore,

H is contained in the normal subgroup
⊕

x∈O A. In order to verify the conditions of

Theorem A, it suffices to show that for any finite subsets Z,Q ⊂
⊕

x∈O A we can find

b ∈ B such that

bZ, b−1Z ⊆
{
g ∈ A ≀X B : Q ∩H = Q ∩ gHg−1

}
.

Let Z,Q ⊂
⊕

x∈O A be finite subsets. Denote by FZ , FQ ⊂ O the union of the supports

of elements in Z,Q, respectively.

Claim. There exists b ∈ B ⊆ A ≀X B such that both bFZ and b−1FZ are disjoint from FQ.

Proof of the claim. Let µ be a non-degenerate symmetric probability measure on B, and

denote by Pµ the law of the µ-random walk (wn)n≥0 on B. Since O is infinite, it follows

from [CF25, Lemma 3.1] (see also [GMT24, Claim 2.3], or [LBM18, Lemma 3.2]) that

lim
n→∞

Pµ[wn · x = y] = 0
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for every x ∈ FZ and y ∈ FQ. A union bound then gives

lim
n→∞

Pµ[wn · FZ ∩ FQ = ∅] = 1.

For every n ≥ 1, the law of the n-th step of the random walk wn = g1g2 · · · gn is µ∗n. Since

µ is symmetric, this is the same distribution as w−1
n = g−1

n g−1
n−1 · · · g

−1
1 . It then follows

that

lim
n→∞

Pµ[(wn)
−1 · FZ ∩ FQ = ∅] = 1.

Another application of a union bound shows the existence of b ∈ B such that

b.FZ ∩ FQ = b−1 · FZ ∩ FQ = ∅. □

By an argument analogous to the one in the proof of Corollary B, for every z ∈ Z we

can write

bzHz−1b−1 = (bzb−1)Hb(bzb−1)−1,

and similarly

b−1zHz−1b = (b−1zb)H(b−1zb)−1.

By the previous claim, bzb−1 and b−1zb both commute with every element in Q, so that

bZ and b−1Z are contained in {g ∈ A ≀X B : Q ∩ H = Q ∩ gHg−1}. We conclude that

there exists an amenable boundary µ-SRS distinct from δ{e}. □

Permutational wreath products share some algebraic similarities with the usual wreath

products discussed in Subsection 3.1, but their geometric and dynamical properties can

differ significantly, particularly regarding the behavior of random walks.

Consider a random walk on A≀XB, and let bn = x1 · · ·xn be its projection to B for every

n ≥ 1, where (xn)n≥1 is the sequence of independent increments in B. In the case of usual

wreath products, the walk can be visualized as a lamplighter moving along the Cayley

graph of the base group B, modifying lamps near the vertices it visits. For permutational

wreath products, however, such an interpretation in terms of a walk on the Schreier graph

of X does not work. Indeed, the lamp configurations are modified along the so-called

inverted orbit

o, x−1
1 .o, x−1

1 x−1
2 .o, x−1

1 x−1
2 x−1

3 .o, . . . ,

which does not satisfy the Markov property and does not follow a connected path in the

Schreier graph. This makes the analysis of random walks more subtle, but also gives rise

to richer geometric phenomena. For instance, when B = G012 is the first Grigorchuk

group and X is a particular orbit of its action on the boundary of the rooted binary

tree, the growth of inverted orbits was used by Bartholdi-Erschler to show that certain

permutational wreath products, including Z/2Z ≀XG012, have intermediate growth, and to

compute the asymptotics of their growth functions [BE12, Theorem A]. These were the

first groups of intermediate growth for which such asymptotics were determined. Later,

the same authors used permutational wreath products to construct examples of finitely

generated groups of exponential growth, such as Z/2Z ≀X×X (G012 × G012), for which

every finitely supported probability measure (not necessarily non-degenerate) has a trivial

Poisson boundary [BE17, Theorem A]. This answered a previously open question by
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showing that not every group of exponential growth admits a finitely supported measure

with non-trivial Poisson boundary.

4. Boundary SRSs are supported on normalish subgroups

In this section we prove Theorem C, which relates normalish subgroups of a group G to

boundary SRSs on Sub(G). We also show that many C*-simple Baumslag-Solitar groups

have amenable normalish subgroups even though their space of amenable subgroups is

countable, so all their amenable µ-SRSs are trivial. We finally show a different proof of

triviality of amenable µ-boundaries for groups with property (CS), an operator-algebraic

property of groups formulated in terms of their unitary representations which was intro-

duced in [BKKO17].

4.1. The proof of Theorem C. Recall that the FC-center of a group G is the subgroup

FC(G) consisting of all elements of G with finite conjugacy class. A group action G↷ X

by homeomorphisms of a compact Hausdorff space X is called equicontinuous if the image

of G in Homeo(X) is relatively compact for the compact-open topology.

Proof of Theorem C. Let µ be a non-degenerate probability measure on G and let η be a µ-

stationary probability measure on Sub(G) such that the space (Sub(G), η) is a µ-boundary

of G. If η is atomic, then it must be a Dirac mass on an infinite normal subgroup, and

the result follows. We therefore assume that η is non-atomic. Let g1, . . . , gm ∈ G. We will

show that for every ε > 0 we have

η

({
H ∈ Sub(G) :

m⋂
i=1

giHg
−1
i is finite

})
≤ ε. (4.1)

Since ε is arbitrary, the above measure must be 0, and as G is countable it follows that η

is supported on normalish subgroups of G.

Claim. The measure η is not supported in the FC-center FC(G).

Proof of the claim. Consider the closed subspace Sub(FC(G)), and notice that the G-orbit

of any open set of the form

{H ∈ Sub(FC(G)) : Q ∩H = Q ∩K}, Q ⊆ FC(G) finite and K ∈ Sub(FC(G))

is finite by the definition of FC(G). Since these sets constitute a basis of the topology

of Sub(FC(G)), we conclude that the action of G on the clopen subsets of Sub(FC(G))

has only finite orbits. This implies that the action is equicontinuous: indeed, it is an

odometer in the sense of [Cor14, Définition 2.1.3]. By [Cor14, Fait 2.1.4 (iii)] it follows that

Sub(FC(G)) is a projective limit of actions of G on finite sets, so it must be equicontinuous.

Hence any µ-stationary measure on Sub(FC(G)) is invariant by [FG10, Theorem 7.4]. Thus

η cannot be supported on FC(G), since any µ-boundary which is also an invariant measure

is a Dirac mass. □

Thus there exists h ∈ G with infinite conjugacy class such that

c := η({H ∈ Sub(G) : h ∈ H}) > 0.
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Denote by bnd : GN → Sub(G) the boundary map associated with η. Given a trajectory

w = (wn)n≥0 ∈ GN of the µ-random walk on G, we can write

η({H ∈ Sub(G) : h ∈ wnHw
−1
n }) = (wn)∗η({H ∈ Sub(G) : h ∈ H})

for every n ∈ N. The fact that (Sub(G), η) is a µ-boundary implies

η({H ∈ Sub(G) : h ∈ wnHw
−1
n }) −−−→

n→∞
δbnd(w)({H ∈ Sub(G) : h ∈ H})

for Pµ-almost every trajectory w ∈ GN. In particular, we have

η
(
{H ∈ Sub(G) : h ∈ wnHw

−1
n }
)
−−−→
n→∞

1 (4.2)

for every w = (wn)n≥0 ∈ E := bnd−1 ({H ∈ Sub(G) : h ∈ H}), where

η(E) = Pµ(bnd
−1({H ∈ Sub(G) : h ∈ H})) = η({H ∈ Sub(G) : h ∈ H}) = c > 0.

Consider one such trajectory (wn)n≥0 ∈ E. The set {w−1
n hwn : n ≥ 0} is almost surely

infinite because h has infinite conjugacy class.

Let j ≥ 2. Since µ is non-degenerate, the action G↷ (Sub(G), η) is non-singular. Thus

we can choose δj > 0 such that for every measurable subset A ⊆ Sub(G) with η(A) ≥ 1−δj
we have

(gi)∗η(A) ≥ 1− ε

m2j

for every i = 1, . . . ,m. Using the convergence from Equation (4.2), we inductively con-

struct an increasing sequence (nk)k≥2 ⊆ N as follows. Let n2 ∈ N be such that

η({H ∈ Sub(G) : w−1
n2
hwn2 ∈ H}) ≥ 1− δ2.

If n2, . . . , nk are already defined, find nk+1 > nk such that

w−1
nk+1

hwnk+1
/∈
{
hwn2

, . . . , hwnk

}
and η({H ∈ Sub(G) : w−1

nk+1
hwnk+1

∈ H}) ≥ 1− δk+1.

Our choice of δk guarantees that

η({H : w−1
nk
hwnk

∈ giHg
−1
i }) = (gi)∗η({H : w−1

nk
hwnk

∈ H}) ≥ 1− ε

m2k
(4.3)

holds for every k ≥ 2 and i = 1, . . . ,m. A union bound then shows that

η

({
H ∈ Sub(G) : w−1

nk
hwnk

̸∈
m⋂
i=1

giHg
−1
i

})
≤ ε

2k

for all k ≥ 2, and hence that

η

({
H ∈ Sub(G) : (w−1

nk
hwnk

)k≥2 ̸⊆
m⋂
i=1

giHg
−1
i

})
≤ ε,

as desired, concluding the proof. □
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4.2. Baumslag-Solitar groups and normalish subgroups. The Baumslag-Solitar groups

are a family of one-relator groups

BS(m,n) = ⟨a, t | tamt−1 = an⟩, m, n ∈ Z \ {0}

introduced by Baumslag-Solitar in [BS62] that has been well-studied from geometric and

algebraic perspectives [Why01,Lev07]. They are known to be C*-simple [dlHP11, Proposi-

tion 5] wheneverm,n are both different from ±1 andm ̸= ±n. The infinite cyclic subgroup
⟨a⟩ is always normalish since ⟨a⟩ ∩ g⟨a⟩g−1 has finite index in ⟨a⟩ for all g ∈ BS(m,n) (see

[Lev07, Section 2] for instance).

Proposition 4.2 below finds the parametersm,n such that Subam(BS(m,n)) is countable.

In particular, we deduce the following.

Corollary 4.1. The group BS(2, 3) is C*-simple, admits an amenable normalish subgroup

and all its amenable µ-SRSs are trivial for every non-degenerate µ ∈ Prob(BS(2, 3)).

Proof. The first two statements are already known from [dlHP11, Proposition 5] and

[Lev07, Section 2], and Proposition 4.2 below shows that BS(2, 3) has countably many

amenable subgroups. Let µ be a non-degenerate probability measure on G = BS(2, 3),

and let η be an ergodic µ-SRS on Subam(G). Since η is supported on a countable set

it must have an atom, and by ergodicity η must be supported in a finite orbit of some

H ∈ Subam(G). If H were non-trivial, then the normal subgroup generated by H would be

a non-trivial normal amenable subgroup of G, contradicting the C*-simplicity of BS(2, 3).

Thus, H is trivial and so is η. The case when η is non-ergodic follows from ergodic

decomposition. □

Proposition 4.2. Let m,n ∈ Z \ {0} and G = BS(m,n). Then G has only countably

many amenable subgroups if and only if either

• n or m is equal to 1 or −1, or

• n = m or n = −m, or

• m/n and n/m are not integers.

The proof of Proposition 4.2 uses a result of Y. Cornulier [Cor] which states that,

whenever neitherm/n nor n/m are integers, the group BS(m,n) has no non-trivial element

admitting infinitely many roots. We replicate the proof of this statement below for the

convenience of the reader.

In the proof of Proposition 4.2 we will use the action of BS(m,n) on the Bass-Serre tree

T associated with its decomposition as an HNN-extension. For our purposes, the tree T
is the tree with vertex set BS(m,n)/⟨a⟩ and oriented edges connecting w⟨a⟩ with walt⟨a⟩
for all w ∈ BS(m,n) and 0 ≤ l ≤ n− 1. Left multiplication induces an action of BS(m,n)

on T through directed graph automorphisms. Bass-Serre theory ensures that T is indeed

a tree and that the action of BS(m,n) is transitive on oriented edges and vertices. Thus

the stabilizers of vertices (resp. edges) are conjugates of ⟨a⟩ (resp. ⟨am⟩). A non-trivial

element of BS(m,n) stabilizing no vertex on T is said to be loxodromic, and is said to

be elliptic otherwise. We refer to [Ser77, Chapitre I] as the standard reference in Bass-

Serre theory, and to [CGLMS25, Sections 1 & 2] for Baumslag-Solitar groups and their

Bass-Serre trees.
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Let us recall the following lemma, which is a small variation on [CGLMS25, Proposi-

tion2.4].

Lemma 4.3. If G is a countable group with a normal subgroup N ⊆ G such that N has

countably many amenable subgroups and every subgroup of G/N is finitely generated, then

G has countably many subgroups.

Proof. Write π : G → G/N the projection. A subgroup H of G is determined by H ∩ N
and any section of a finite generating set of π(H). There are always at most countably

many options for these sections, and if H is amenable then there are at most countably

many options for H ∩N . □

Proof of Proposition 4.2. We first prove the forward implication. If G = BS(±1,m) then

G has countably many amenable subgroups by [BLT19, Corollary 8.4]. If n = ±m, then

G is virtually Fn × Z. The group Fn × Z has countably many amenable subgroups by

Lemma 4.3, and the same is true for G by Lemma 4.3 again.

Now suppose that m/n and n/m are not integers. Let T be the Bass-Serre tree associ-

ated to the HNN-extension decomposition of G as G = ⟨a, t | tamt−1 = an⟩ and let H ⊆ G

be an amenable subgroup. Since H has no non-abelian free subgroups and the action of

G on T has no inversions, by J. Tits’ categorization of actions of groups on trees [Tit70]

either H fixes a vertex, stabilizes the axis of a loxodromic element in H or fixes an end

of ∂T . In the first case H is cyclic. In the second case, the stabilizer of the axis ℓ of a

loxodromic element in G splits as

1 −→ K −→ StabG(ℓ) −→ D∞ −→ 1

whereD∞ is the infinite dihedral group and the kernelK is a subgroup of a vertex stabilizer

(and hence either trivial or infinite cyclic). In any case, by Lemma 4.3 the countably

many subgroups StabG(ℓ) where ℓ runs through the axes of loxodromic elements of G

have countably many subgroups.

We are reduced to the case when H fixes an end ξ ∈ ∂T . Fix a one-sided geodesic

(ξn)n≥0 representing ξ, and define K ⊆ G as the subgroup of elliptic elements fixing ξ.

Then

K =
⋃
m≥0

FixG(ξ[m,∞))

is the ascending union of the pointwise fixators of the rays ξ[m,∞) = (ξm+n)n≥0, m ≥ 0.

Thus K is either trivial, infinite cyclic or a direct union of infinite cyclic groups. In the

last case, there is an element of K \ {eG} with infinitely many roots.

Claim ([Cor]). If m/n and n/m are not integers, then G = BS(m,n) contains no non-

trivial element with roots of arbitrarily large order.

Proof of the claim. Let h : G/⟨a⟩ → Z the height function associating to each coset g⟨a⟩
the signed number of t’s appearing in g. The function h is well defined (it factors through

the quotient of G by the normal subgroup generated by a).

Let g ∈ G \ {eG} that fixes a vertex v = w⟨a⟩ in T , so g = waζg(v)w−1 for a unique

ζg(v) ∈ Z \ {0}. If g also fixes a vertex v′ = walt⟨a⟩ in T that is adjacent to v (that is,



20 ANNA CASCIOLI, MARTÍN GILABERT VIO, AND EDUARDO SILVA

there is an oriented edge from v to v′ in T ), the equality

waζg(v)w−1 = waltaζg(v
′)(walt)−1

implies that ζg(v
′) = (m/n)ζg(v). By induction we see that for any pair of vertices v, v′

in the subtree Tg of fixed points of g in T we have ζg(v
′) = (m/n)h(v

′)−h(v)ζg(v). Since no

non-trivial power of m/n is an integer and the ζg(v) are always integers, we deduce that

h and ζg are bounded on Tg.
Now assume that g ∈ G \ {eG} has infinitely many roots, and let M > 0 be an upper

bound for {ζg(v) : v ∈ G/⟨a⟩}. The action of g on T cannot be loxodromic, since the

roots of g would have arbitrarily small translation length. Thus g and any of its roots are

elliptic. Now let u ∈ G with uN = g for some N ∈ N+, and let v′ be a vertex of T fixed

by u. Then

N ≤ N
∣∣ζu(v′)∣∣ = ∣∣ζg(v′)∣∣ ≤M. □

ThusK must be cyclic. If ξ is fixed by no loxodromic element of G thenH ⊆ StabG(ξ) =

K, so there are countably many options for H.

If not, let g ∈ G be a loxodromic element with minimal translation length d ∈ N+.

Then StabG(ξ) = K ⋊ Z, where the generator of the right-hand side is g and conjugation

by g sends every FixG(ξ[m,∞)) to FixG(ξ[m+d,∞)). Again, Lemma 4.3 shows that StabG(ξ)

has countably many subgroups, and since there are countably many fixed ends in ∂T by

loxodromic elements of G we conclude that H varies in a countable set. This finishes the

proof that BS(m,n) has countably many amenable subgroups.

For the reverse implication, consider m,n ∈ Z \ {0} not satisfying any of the conditions

in the statement of the proposition. Since BS(m,n) is isomorphic to BS(−m,−n) we may

assume that m > 0, and since BS(m,n) contains BS(m2, n2) (see [Lev15, Theorem 1.3]

for instance) we may assume that n > 0 too. Now m ≥ 2 and we may write n = km with

k ≥ 2.

As before, let T be the Bass-Serre tree associated to the HNN-extension decomposition

of G. Let T̃ be the subtree of T with vertex set {wt−1⟨a⟩ : w is a finite word in {a, t−1}}.
The tree T̃ is a rooted complete m-ary tree with root ⟨a⟩.

Claim. The fixed points of am in T are the vertices of T̃ .

Proof of the claim. The element am fixes ⟨a⟩ and does not fix any of its neighbors

t⟨a⟩, at⟨a⟩, a2t⟨a⟩, · · · , akm−1t⟨a⟩

because k ≥ 2, so the subtree Tam of fixed points of am is contained in T̃ . Now let wt−1⟨a⟩
be a vertex of T̃ , and write w = an1t−1an2t−1 · · · anl for some l ∈ N+ and n1, . . . , nl ∈ N,
so

amwt−1 = aman1t−1an2t−1 · · · anlt−1 = an1t−1akman2t−1 · · · anlt−1

= an1t−1an2t−1ak
2m · · · anlt−1 = · · · = an1t−1an2t−1 · · · anlt−1ak

lm

and thus am(wt−1⟨a⟩) = wt−1⟨a⟩. We conclude that Tam = T̃ . □

Let ξ1, ξ2 be distinct ends of T̃ and identify them with geodesics in T̃ starting at

⟨a⟩. Let gt−1⟨a⟩ be a vertex of ξ1 \ ξ2, so (gt−1)am(gt−1)−1 fixes ξ1 and does not fix ξ2.
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Thus the many amenable subgroups StabG(ξ), ξ ∈ ∂T̃ are pairwise distinct, and there

are uncountably many subgroups of this type since m ≥ 2. This finishes the proof of the

proposition. □

4.3. Property (CS). A countable group G is said to have property (CS) if, for every

unitary representation π : G → B(H) that is weakly contained in the left-regular repre-

sentation λ of G, there exists an neighborhood U of idH in the strong operator topology

of B(H) such that π−1(U) is contained in the amenable radical Ra(G). Recall that π is

weakly contained in λ if ∥π(f)∥ ≤ ∥λ(f)∥ for all f ∈ C[G]. This notion was introduced in

[BKKO17] as a sufficient condition for a group G to satisfy a conjecture of Connes-Sullivan

on subgroups of connected Lie groups acting amenably on homogeneous spaces, proved by

R. Zimmer [Zim78]. Linear groups and discrete groups G with H2
b(G, ℓ

2(G/Ra(G)) ̸= 0

are known to have property (CS) [BKKO17, Theorems 8.4 & 8.6].

Property (CS) is stronger than C*-simplicity: every group with property (CS) and

trivial amenable radical is C*-simple [BKKO17, Proposition 8.2]. Indeed, a discrete group

with no non-trivial finite normal subgroups and no amenable normalish subgroups is C*-

simple [BKKO17, Theorem 6.2], while property (CS) implies the absence of amenable

normalish subgroups. To see this, it suffices to note that if a subgroup H ⊆ G is amenable

and normalish, then the quasi-regular representation λG/H is weakly contained in the left

regular representation, yet the image of G under λG/H is not discrete in the strong operator

topology. Combined with Theorem C, this yields the following.

Corollary 4.4. Let G be a countable group with finite amenable radical and suppose that

there exists a non-degenerate µ ∈ Prob(G) which admits an amenable boundary µ-SRS

distinct from a Dirac mass on a finite normal subgroup of G. Then G does not have

property (CS).

In fact, the existence of an amenable boundary µ-SRS η allows us to explicitly construct

a unitary representation of G that witnesses the failure of property (CS). Following the no-

tation of [BdlH20, Section F.5], let us define the direct integralHΠ of (ℓ2(G/H))H∈Subam(G)

as the Hilbert space

HΠ =

∫
Subam(G)

ℓ2(G/H) dη(H),

that is, HΠ consists of all maps H ∈ Subam(G) 7→ vH ∈ ℓ2(G/H) such that∫
Subam(G)

∥vH∥2ℓ2(G/H) dη(H) <∞

and such that H ∈ Subam(G) 7→ (vH)gH is measurable for every g ∈ G. Then, HΠ is a

Hilbert space with inner product

⟨v, w⟩ =
∫
Subam(G)

⟨vH , wH⟩ℓ2(G/H) dη(H)

for every v = (vH)H , w = (wH)H ∈ HΠ.

Definition 4.5. We define the direct integral of the family of all quasi-regular repre-

sentations (λG/H)H∈Subam(G) as the unitary representation Π : G → B(HΠ) defined by
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(Π(g)v)H = λG/H(g)vH for every g ∈ G, v ∈ HΠ and H ∈ Subam(G). Define π to be the

cyclic subrepresentation of Π generated by the vector v = (δH)H∈Subam(G) ∈ HΠ.

Every quasi-regular representation λG/H is weakly contained in the left-regular rep-

resentation λ, since H ∈ Subam(G). Therefore, π is weakly contained in λ. The next

result shows that such representation provides a concrete witness showing that the group

G cannot satisfy property (CS).

Proposition 4.6. Let G be a countable group with finite amenable radical and suppose

that there exists a non-degenerate µ ∈ Prob(G) which admits an amenable boundary µ-SRS

distinct from a Dirac mass on a finite normal subgroup of G.

Let π be the cyclic subrepresentation of the direct integral representation Π generated

by the vector v = (δH)H∈Subam(G) (Definition 4.5). Then, the identity operator in B(Hπ)

is not isolated in the strong operator topology.

Proof. We show that, for every SOT-neighborhood U of the identity in B(Hπ), there exists

an element g ∈ G \ {eG} such that π(g) ∈ U . Since the representation π is generated by

v, it suffices to verify this for neighborhoods of the form

U = {T ∈ B(Hπ) :
∥∥π(g−1

i )Tπ(gi)v − v
∥∥
Hπ

< ε for all i = 1, . . . ,m}

for every ε > 0 and g1, . . . , gm ∈ G.

Now,one can follow the proof of Theorem C for j = 2. Indeed, the convergence from

Equation (4.2) and the non-singularity of the action G ↷ Subam(G) together imply that

there exists k ∈ N and (wn)n≥0 ∈ GN such that η({H ∈ Subam(G) : wkhw
−1
k ∈ H}) ≥ 1−δ,

where δ > 0 is chosen in such a way that

(gi)∗η({H ∈ Subam(G) : w
−1
k hwk ∈ H}) = η({H ∈ Subam(G) : w

−1
k hwk ∈ giHg

−1
i })

≥ 1− ε2/2m

for every i = 1, . . . ,m. Set g := w−1
k hwk ∈ G \ {eG}. A union bound then shows that

η({H ∈ Subam(G) : g
−1
i ggi ∈ H}) > 1− ε2/2.

We obtain ∥∥π(g−1
i ggi)v − v

∥∥2
Hπ

=

∫
Subam(G)

∥∥λG/H(g−1
i ggi)δH − δH

∥∥2
Hπ

dη(H)

= 2η({H | g−1
i ggi /∈ H}) ≤ ε2

for every i = 1, . . . ,m, which finally shows that π(g) ∈ U . □
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