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ABSTRACT. We give a sufficient condition for a countable group G to possess a probabil-
ity measure p that admits a non-trivial u-boundary modeled in the space Subam(G) of
amenable subgroups of G. In particular, for such p the space Subam(G) is not uniquely
p-stationary. This contrasts with a theorem of Hartman-Kalantar, which states that
a countable group G is C*-simple if and only if there exists p € Prob(G) such that
Subam(G) is uniquely p-stationary [HK23]. Our criterion applies to (permutational)
wreath products, which include groups that are C*-simple, and to Thompson’s group F,
whose C*-simplicity is equivalent to its non-amenability and therefore remains an open
problem. We also show that any non-trivial p-boundary modeled on Subam (G) is sup-
ported on amenable normalish subgroups, in the sense of Breuillard-Kalantar-Kennedy-
Ozawa [BKKO17]. As a consequence, we conclude that a countable group with no finite
normal subgroups and no amenable normalish subgroups acts essentially freely on all its

Poisson boundaries.

1. INTRODUCTION

The space Sub(G) of subgroups of a discrete countable group G is naturally identified
with a closed subset of {0, 1}G endowed with the product topology. The induced topology,
known as the Chabauty topology, makes Sub(G) a compact metrizable space, and the
conjugation action of G on its subgroups induces an action by homeomorphisms G ~
Sub(G). A central object in the study of this dynamical system is the class of G-invariant
probability measures on Sub(G), known as invariant random subgroups (IRSs). Notable
applications of IRSs include rigidity results such as the Stuck-Zimmer theorem [SZ94],
approximation results for the L2-Betti numbers of semisimple Lie groups [ABB*17], and
the realization of entropy spectra of stationary actions of groups [Bow15, HY18].

The set Subay, (G) of amenable subgroups of G is closed in Sub(G), and a reason to
study the dynamics of G v Subay (G) is its connection with the C*-simplicity of G. A
countable group G is said to be C*-simple if its reduced C*-algebra C}(G) contains no
non-trivial closed ideals, where the reduced C*-algebra C;(G) of G is the norm closure of
the linear span of the unitary operators defined by the left regular representation of G
on ¢?(G). This property has been well studied from the perspective of operator algebras
and group theory [Pow75, BCdIH94]. A result of M. Kennedy [Ken20], following his work
with Breuillard-Kalantar-Ozawa [KK17, BKKO17], states that a countable group G is
C* -simple if and only if the only minimal closed invariant subset of Sub,m(G) is the one
composed of the trivial subgroup {e}.

The statement of a measurable version of the previous criterion involves stationary prob-
ability measures rather than invariant ones. Recall that a probability measure p € Prob(G)
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is non-degenerate if the semigroup generated by its support is all of G, and that a mea-
surable action of G on a probability space (Z,n) is p-stationary if n = deG 1(g)gsn.
A p-stationary probability measure on Sub,y,(G) is called an amenable p-stationary ran-
dom subgroup (or amenable u-SRS). This notion turns out to be useful to characterize
C*-simplicity of countable groups by work of Hartman-Kalantar [HK23], who proved that
a countable group G is C*-simple if and only if there exists a non-degenerate probabil-
ity measure p € Prob(G) such that Sub,,(G) admits a unique p-stationary probability
measure (which must be 5{6@})' In other words, C*-simple groups possess distinguished
probability measures that witness their C*-simplicity. In this paper we address the exis-
tence of probability measures with the opposite property.

Question 1. Let G be a countable group. Does there exist a non-degenerate probability
measure 4 on G that admits an amenable p-SRS distinct from dg, 17

As observed in [HK23], if G is not C*-simple then every non-degenerate probability
measure g on G has the above property. It follows that Question 1 is of interest only
when G is C*-simple. Moreover, Hartman-Kalantar show that there are classes of C*-
simple groups for which no probability measure p admits an amenable p-SRS distinct
from dg..y. This holds for hyperbolic groups, mapping class groups and linear groups
[HK23, Theorems 4.12, 6.5 & 6.7, Example 6.6], assuming that their amenable radical (that
is, their maximal normal amenable subgroup) is trivial. This discussion suggests a graded
notion of C*-simplicity, where groups admitting no non-trivial amenable u-SRSs can be
viewed as “more” C*-simple, in the sense that their stationary dynamics on Sub,y, (G) are
highly constrained.

Our results deal with the following class of amenable SRSs.

Definition 1.1. Let u be a probability measure on a countable group G and denote by P,
the law of the right p-random walk on G. A p-stationary probability measure n on the
space Subam (G) of amenable subgroups of G is called an amenable boundary p-stationary
random subgroup if, for P,-almost every trajectory (wp)n>0 € GV, the sequence (wn«1n), o

converges in the weak*-topology to a Dirac mass in Subyy, (G).

Equivalently, n is an amenable boundary p-SRS if the space (Subam(G),n) is a u-
boundary, in the sense that it is a G-equivariant quotient of the Poisson boundary of
(G, ). Our first main theorem provides a condition that guarantees the existence of such

a measure.

Theorem A. Let G be a countable group. Suppose that there exists a non-trivial subgroup
H such that for all finite subsets Q,Z C G there is b € G such that both bZ and b='Z are
contained in

{gEG:QﬂH:QﬁgHg_l}.

Then there exists a non-degenerate, symmetric and finite-entropy probability measure

on G such that Orbg(H) supports a p-boundary SRS distinct from Ofec}-

In particular, if H is amenable then G admits an amenable boundary p-SRS distinct

Jrom dgeny-



STATIONARY BOUNDARIES ON THE SPACE OF AMENABLE SUBGROUPS AND C*-SIMPLICITY 3

The condition appearing in the statement can be viewed as a strong form of recurrence
for the action of G on the orbit of H (see Remark 3.8). The strategy we use to construct
is the method of record times used by Frisch-Hartman-Tamuz-Vahidi Ferdowsi [FHTVF19]
to prove that any non-hyper-FC-central group admits non-degenerate probability measures
with a non-trivial Poisson boundary.

In Proposition 3.2, we also present a shorter and more direct argument for wreath
products, which differs from the general proof of Theorem A. Recall that if A is a C*-simple
group, then for every countable group B the wreath product At B = @z A x B is C*-
simple. Proposition 3.2 provides examples of C*-simple groups for which any probability
measure witnessing C*-simplicity, as in the main theorems of [HK23] must necessarily
have an infinite support (see Corollary 3.3). To the best of our knowledge, these are
the first examples of this kind. A. Erschler and J. Frisch communicated to us that they
independently obtained Proposition 3.2.

The criterion in Theorem A applies to Thompson’s group F', the group of piecewise
dyadically affine homeomorphisms of the interval.

Corollary B. There exists a non-degenerate, symmetric and finite-entropy probability
measure i on Thompson’s group F such that Sub,,(F) = {H € Sub(F) : H is abelian}
supports a non-atomic p-boundary.

Remarks.

¢ The minimal closed subsystems of Sub(F") and the IRSs of F' are supported on nor-
mal subgroups (see [LBM18, Theorem 1.7, (i)] and [DM14] respectively), which are
the subgroups of F' containing the (non-abelian) derived subgroup [F, F]. Corol-
lary B shows that the dynamics of Subay,(F) are nevertheless rich enough to
support non-trivial p-SRSs. A well-known open question in group theory asks
whether F' is amenable [CFP96], which is equivalent to F' not being C*-simple by
[LBM18, Theorem 1.6]. If F' were non-amenable, it would follow that F' belongs
to a class of C*-simple groups whose amenable subgroup dynamics are richer than
those of hyperbolic groups or mapping class groups.

* The proof of Corollary B applies verbatim to the finitely presented non-amenable
group of piecewise projective homeomorphisms of R constructed by Lodha-Moore
[LM16], which is known to be C*-simple [LBM18, Theorem 1.10].

Recall that a subgroup H of G is called normalish if (., zH 27! is infinite for every
finite subset Z C G. This notion was introduced in [BKKO17, Section 6], where the
absence of normalish subgroups is shown to imply C*-simplicity. Our second main theorem
connects this concept to Question 1.

Theorem C. Let p be a non-degenerate probability measure on a countable group G and
let 7 be a p-stationary probability measure on Sub(G). Suppose that (Sub(G),n) is a p-
boundary of G, and that n is not a Dirac mass on a finite normal subgroup of G. Then n
1s supported on normalish subgroups of G.

As a consequence, we obtain the next result.
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Corollary D. Let G be a countable group with no finite normal subgroups and no amenable
normalish subgroups. Then for every non-degenerate u € Prob(G), the action of G on the
Poisson boundary of (G, ) is essentially free.

Indeed, the action of a countable group G on its Poisson boundary is amenable [Zim78,
Corollary 5.3]; see also [Kai05, Theorem 5.2] for a probabilistic proof. Elliot-Giordano
showed that the point stabilizers of an amenable action are almost surely amenable [EG93,
Proposition 1.2], so that the stabilizer map z — Stab(z) from the Poisson boundary of
(G, ) to Sub(G) takes values in Subu,(G) (see also [ADROO, Corollary 5.3.33]). The
stabilizer map thus defines an amenable boundary p-SRS on G. If the action of G on the
Poisson boundary of (G, 1) were not essentially free, Theorem C would show the existence
of an amenable normalish subgroup of G, contradicting the hypotheses of the corollary.

Examples of groups with no amenable normalish subgroups include groups with a
positive L2-Betti number [BFS14, Corollary 1.5], groups with some non-trivial bounded
cohomology with mixing coefficients, and linear groups with a finite amenable radical
[BKKO17, Propositions 6.3 & 6.4]. These hold for

* countable groups admitting non-elementary, isometric and proper actions on sim-
plicial trees, proper CAT(—1) spaces or Gromov-hyperbolic graphs of bounded va-
lency [MS06, Theorem 1.3], [MS04, Corollaries 7.6 & 7.8, Theorem 7.13], [MMS04,
Theorem 3],

« acylindrically hyperbolic groups [Osil6, Corollary 1.5], and

* countable groups admitting a non-elementary, metrically proper and essential ac-
tion on a finite-dimensional irreducible CAT(0) cube complex [CFI16, Corollary
1.8].

Remarks.

e Theorem C should be compared with the results of [HK23, Section 6], where several
classes of groups are shown to admit no probability measure p with a non-trivial
amenable pu-SRS. Their conclusions are stronger, as they rule out the existence
of any non-trivial p-stationary measure on Subay,(G), including those that may
not be a p-boundary. By contrast, the class of groups covered by Theorem C is
broader, and the proof is based on a unified argument that applies uniformly to
all groups appearing in the statement.

 Following [HK23, Theorem 5.4], A. Alpeev showed that a group G is C*-simple if
and only if, for a generic probability measure on G (in the Baire category sense),
the group G acts essentially freely on the associated Poisson boundary [Alp25, The-
orem BJ. Corollary D provides explicit hypotheses under which every probability
measure has this property, rather than just a Baire-generic subset.

Finally, in Section 4 we observe that one cannot expect a converse to Theorem C.
More precisely, we show that many Baumslag-Solitar groups have amenable normalish
subgroups but their space of amenable subgroups is countable. Thus, they admit no non-
trivial amenable u-SRSs for any non-degenerate u, see Corollary 4.1. This is the case in
particular for BS(2,3) = (a,t | ta?t~! = a3). The proof uses an unpublished result of Y.

Cornulier [Cor].
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1.1. Organization. In Section 2 we recall basic properties of boundary actions of groups
as well as their connections with C*-simplicity. We also discuss our results and further
questions. Section 3 deals with proofs showing the existence of boundary SRSs and in
particular with the proof of Theorem A. Finally, in Section 4 we prove Theorem C and
show that many Baumslag-Solitar groups have amenable normalish subgroups but no
amenable p-SRSs.
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and Adrien Le Boudec for useful conversations and acknowledges support from the ECOS
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2. BACKGROUND AND DISCUSSION

We give some background on random walks, stationary boundaries and the space of
subgroups of a group. We refer to [Fur(02, LBM18] for more details on this material.
We also discuss C*-simple measures and further questions. In this section G is always a
countable group.

Random walks and stationary spaces. Let p be a probability measure on G. The
Shannon entropy of p is the non-negative quantity H(u) = _deG wu(g)log u(g). We
denote by P, the law of the right random walk w = (wy,),>0 € G" defined by u, that is,
the image of the Bernoulli measure zY through the map

G -GN
(gn)n>0 = (Wn)n>0

where w,, = g1 - - - g, for each n > 1. The space G" is endowed with a left action of G by
multiplication, so that g(wy)n>0 = (gwn)n>0 for all g € G and (wy)n>0 € GN.

Let X be a compact metric space on which G acts by homeomorphisms. A Borel
probability measure n on X is p-stationary if n = 3 . p(g)g«n. The martingale con-
vergence theorem ensures that IP,-almost surely the limit limy, 00 (W)« = Nw exists
in Prob(X). When 7y, is P,-almost surely a Dirac mass, we call the probability space
(X,n) a p-boundary of G. In this case, we obtain a G-equivariant and S-invariant map
(GNP,) — (X,n), where S: GN — GY is the shift map S((wn)n>0) = (Wnt1)n>0. Con-
versely, if there is © € X such that P,-almost surely lim, ;. w,2 exists in X, the dis-
tribution of limy, . wnpx is p-stationary and defines a p-boundary on X. The literature
sometimes refers to p-boundaries as p-prozimal systems [FG10)].

By abuse of notation, a probability space (X,n) where G acts by nonsingular mea-
surable transformations is also called a p-boundary if it is p-stationary and admits a
compact metrizable model which is a y-boundary in the above sense. The Poisson bound-
ary of (G, p) is the maximal p-boundary of G, in the sense that any other such space
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is a G-equivariant quotient of it. It is uniquely defined up to G-equivariant measurable
isomorphisms.

We will use the following well-known result, which is a consequence of the ergodicity of
p-boundaries.

Proposition 2.1. Let i be a probability measure on a countable group G acting by home-
omorphisms on a compact metric space X. Let (X,n) be a p-boundary of G. If either n
1s G-invariant or if n has atoms, then n is a Dirac mass on a point of X which is fized by
the action of G.

Proof. Suppose first that 7 is G-invariant. Since for P,-almost every w = (wy,)n>0 there
exists an element §(w) € X such that lim, o (wn)«n = J¢(w), we deduce that 7 is a Dirac
mass on a fixed point of the action of G on X.

Now suppose that n has atoms. By looking at points in X with maximal n-measure,
we deduce that 7 gives positive mass to a finite G-orbit O. The ergodicity of 7 (see
[Jaw94, Section 2], for instance) implies that it gives full mass to O and is thus invariant.
By the previous case, n must be a Dirac mass on a fixed point. ]

Hartman-Kalantar’s characterizations of C*-simplicity. Denote the left-regular
representation of the group G by A : G — U(F*(G)). Recall that a state on the reduced
C*-algebra C;(G) is a positive linear functional p : C}(G) — C such that p(Ae,) = 1.
The canonical trace 1y is the state on C}(G) that satisfies 79(\g) = 0 for all g € G\ {eg}.
The group G acts on a state p as (gp)(a) = p(Ag-144) for each g € G and, given a
probability measure p on G, the state p is called p-stationary if p = > p(g)gp. Since
the canonical trace is invariant under the action of G, it is in particular p-stationary for
every u € Prob(G).

Hartman-Kalantar define a C*-simple measure as a probability measure p on G such
that the canonical trace is the unique p-stationary state on C(G) [HK23, Definition at
the top of page 4]. Their first main theorem states that a countable group G is C*-simple
if and only if G possesses a C*-simple probability measure [HK23, Theorem 5.2]. Their
second main theorem shows that a countable group G is C*-simple if and only if G admits
a probability measure p for which the space Sub,, (G) of amenable subgroups is uniquely
p-stationary [HK23, Corollary 5.7]. The following implication between these two notions
of unique stationarity is proved and used in [HK23].

Proposition 2.2. Let p be a probability measure on a countable group G. Suppose that

Subam(G) admits a p-SRS distinct from 6.y. Then the space of states on the reduced

C*-algebra C}(G) is not uniquely p-stationary.

Proof. Let 1 be an amenable y-SRS distinct from dy..,y. By [HK23, Lemma 2.3], the map
p(Ag) =n({H € Suban(G) : g € H}), g €G,

extends to a state p on C}(G). Furthermore, since 7 is p-stationary and distinct from
dfeq}s the state p is p-stationary and it differs from the canonical trace. O

Our criterion in Theorem A for the existence of probability measures p € Prob(G) such
that Subapy, (G) is not uniquely p-stationary therefore shows that these measures are not
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C*-simple in the sense of Hartman—Kalantar. However, we remark that we do not know
whether the converse to Proposition 2.2 is true. In principle, there may exist probability
measures 4 on G that are not C*-simple even though Subay, (G) is uniquely p-stationary.

2.1. SRSs that are not y-boundaries. Let 1 be a probability measure on a countable
group G. All results in this paper concern amenable p-stationary random subgroups for
which the space (Subam(G),n) is a p-boundary (see Definition 1.1). It follows from work
of H. Furstenberg [Fur73, Theorem 14.1] and Glasner-Weiss [GW 16, Theorem 8.5] that, if
G acts by homeomorphisms on a compact metric space X, then the following conditions

are equivalent:

« For every p-stationary probability measure v on X, the space (X,v) is a pu-
boundary.

» There exists a unique p-stationary probability measure v on X, and the space
(X,v) is a py-boundary.

In particular, when X = Sub,,(G), Question 1 asks for probability measures p on G
such that Sub,y, (G) is not uniquely p-stationary. The equivalence above shows that, in
this setting, our methods cannot identify all amenable p-stationary random subgroups,
since there will necessarily exist some that do not arise as py-boundaries of GG. This leads
to the natural question of whether Theorem C extends to arbitrary stationary random
subgroups of G.

Question 2. Let p be non-degenerate probability measure on a countable group G, and
let 17 be an ergodic p-stationary probability measure on Sub(G) that is not a point mass
on a finite normal subgroup of G.

¢ Is it true that n must be supported on normalish subgroups of G?
* Suppose further that 7 is supported on amenable subgroups of GG. Is it true that
all L?-Betti numbers of G must vanish?

We remark that if 7 is an IRS of a countable group G supported on subgroups whose L?2-
Betti numbers all vanish, then it is known that the same conclusion holds for GG. Indeed,
as shown by Abert-Glasner-Virag, every IRS of G arises as the image of a p.m.p. action of
G under the stabilizer map [AGV 14, Proposition 13]. This gives rise to the “principal ex-
tension” of groupoids in the language of [ST'10, Section 5.3]. It follows from [ST10, Lemma
5.1] that the L2-Betti numbers of the stabilizer groupoid vanish. Then [ST10, Theorem
1.3] shows that the L2-Betti numbers of the groupoid of the action G ~ (Sub(G),n) van-
ish as well, and these coincide with the L2-Betti numbers of G (see [CGdlS21, Theorem
5.4] for instance). We are grateful to Sam Mellick and Damien Gaboriau for bringing this

argument to our attention.

3. EXISTENCE OF AMENABLE BOUNDARY u-STATIONARY RANDOM SUBGROUPS

This section presents results on the existence of non-trivial amenable boundary sta-
tionary random subgroups in countable groups. We begin with a short proof for wreath
products (Proposition 3.2), which also serves as motivation for the proof of Theorem A,
where we establish a general criterion guaranteeing their existence. We then apply this
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criterion to Thompson’s group F' (Corollary B) and to permutational wreath products
(Corollary 3.9).

3.1. A short proof for wreath products. Let A, B be countable groups. Their wreath
product is A B = @z A x B, where @z A denotes the group of finitely supported
functions ¢ : B — A, and the action of B on @z A is given by

(@ o)) =wl@ly), zyeB
Thus the multiplication in A1 B is (p,b) (¢, ¢) = (¢- (b-1), be), where (b-9)(y) = ¢¥(by),
for each b,c € B and ¢,9 € @y A.

Given a probability measure p € Prob(A!B), the p-random walk w = (wy,)p>0 on A1 B
can be written using the semidirect product structure as w, = (¢n, by). Here ¢, € @z A
is called the lamp configuration at time n, and b, € B is the position at time n. In general
(¢n)n>0 does not define a random walk on @z A, whereas (b, )n>0 is a random walk on
the base group B.

Definition 3.1. We say that the lamp configurations of the p-random walk on A B
stabilize almost surely if there exists a conull set of trajectories w = (¢n, bp)n>0 such that
for every b € B there exists N for which ,(b) = @n(b) for alln > N.

Under this assumption, there is an almost everywhere defined map (A B)N — AP
which assigns to P,-almost every trajectory w = (¢n,, by)n>0 the limit lamp configuration
Yoo(W) defined by

©Yoo(W)(b) = lim ¢, (D), be B.
n—o0

Lamp configurations do not always stabilize: for every £ > 0 there exist probability
measures p with finite (1 — ¢)-moment for which stabilization fails [Kai83]. However, a
sufficient condition for stabilization is that p has finite first moment and the induced ran-
dom walk on B is transient [Ers11]. If B is finitely generated with at least cubic growth,
then a theorem of Varopoulos [Var86] implies that every non-degenerate probability mea-
sure on A B induces a transient random walk on B. In particular, in this case one may

choose p to be finitely supported.

Proposition 3.2. Let A, B be non-trivial countable groups and let u be a non-degenerate
probability measure on A ! B such that the lamp configurations of the p-random walk
stabilize almost surely. Then there exists a measure n # oy on Subam (A B) such that
(Subam (A B),n) is a p-boundary.

If in addition A is non-abelian, then n is non-atomic.

Proof. Fix a € A\ {ea}. For b € B and x € A denote by 6 € @y A the configuration

r  y=b,
ea y#b

that takes the value x at b and the identity e4 elsewhere. Let P, be the law of the u-

G (y) =

random walk. Given a trajectory w = (¢p, bp)n>0 with limit lamp configuration @.o(w),
define
—1
H(w) = 5bsooo(W)(b)a(<poo(W)(b)) . beB)C @A.
( <@
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That is, the subgroup H(w) is obtained by placing at each position b the element a con-
jugated by the limiting lamp value oo (W)(b). The map w — @ (W) is A B-equivariant.
Let g = (,b') € AU B. Then

(9 voo)(y) = @(y) sooo(blfly), for each y € B.

Therefore
H(gw) = <5f(y)sooo(b'*y)a(w(y)%o(b’—ly))—l g€ B>,

and writing y = b'b yields
H(gw) = <(5b,£ Jpoo (Balp(t)po ()™, ) € B> =g H(w).

Thus the map w — H(w) is Al B-equivariant. The pushforward n = (H),P, is therefore
a p-boundary supported on Subay, (A B). Since a # ea, the subgroup H(w) is almost
surely non-trivial, so 7 # dycy.

If A is non-abelian we may choose a outside the center of A.

In this case limit configurations with lamps in different cosets of the centralizer of a in
A yield different subgroups H(w), and hence 7 is non-atomic. O

The group A!B is known to be C*-simple whenever A is C*-simple; see, for example, the
short proof in [BO18, Proposition 5.5]. Alternatively, using [KK17, Theorem 1.5], one can
prove the C*-simplicity of A? B by exhibiting a topologically free (A B)-boundary. That
is, it suffices to show the existence of a compact space X equipped with a minimal action of
A B by homeomorphisms such that the closure of every (A! B)-orbit in Prob(X) contains
a Dirac delta measure, and such that the set of fixed points in X of every non-trivial
element of A B has an empty interior. In order to do so, assume that A is C*-simple and
let X4 be a topologically free A-boundary. Consider the action of A B on [[5 X given
by (¢,¢) - (zo)ven = (@b - Te-1p)pep for every ¢ € @A, ¢ € B and (zp)eep € [[5 Xa.
This yields a topologically free boundary action of A B, and hence A B is C*-simple.

As a consequence of Proposition 3.2, we obtain the following.

Corollary 3.3. Let A be a countable C*-simple group and let B be a finitely generated
group of at least cubic growth. Then every C*-simple probability measure on Al B, in the
sense of [HK23], has infinite first moment.

3.2. Record times and the proof of Theorem A. For the construction of the measure
appearing in Theorem A we first need to introduce some general terminology.

Definition 3.4. Let p = (pj)j>0 be a probability measure on N, and let (Xy)p>1 be
a sequence of i.i.d. random wvariables with law p. For every n € Nsq let us denote by
M, = max{Xy, Xo,..., X, } the record value of the sequence at time n. We say that the

record value M, is simple if
Hie{l,...,n}: X; = M,}| = 1.

We say that the records of (Xy)n>1 are eventually simple if p®N_almost surely there is
N > 1 such that, for alln > N, the record value M, is simple. Finally, define the sequence
(Tk)k>1 of record times of (X,)p>1 by T1 = 1 and T4 = min{n > T}, : X,, = M,} for
k € N>[).
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The following lemma can be found in [EK23, Lemma 2.3 & Corollary 2.6]. The sufficient
condition is due to [BSW94, Theorem 3.2], while the necessary condition is due to [Qi97,
Theorem 2]. See also the proof given in [Eis09, Theorem 3, Corollaries 3.1 & 3.2].

Lemma 3.5. Let p be a probability measure on N and let (X,)n>1 be a sequence of i.i.d.
random variables with law p. Then (X,,)n>1 has eventually simple records if and only if p
has an infinite support and

i <pj>2 < 0. (3.1)

=0 \Pj T Pj+1
The latter condition holds in particular when p; has polynomial decay as j — oo.

Lemma 3.6 ([EK23, Lemma 2.17]). For any probability measure p on N with infinite
support there exists a non-decreasing function ® : N — N such that almost surely T1q1 <
®(Ry) holds for all sufficiently large k.

We will prove the following reformulation of Theorem A, which makes the construction
of the measure and the resulting boundary SRS explicit. Recall that, for a given probability
measure p on G, we denote by P, the law of the y-random walk (wy,)n,>0 on G.

Theorem 3.7. Let G be a countable group, and suppose that G has a non-trivial subgroup
H such that for all finite subsets Q,Z C G there is b € G such that

bZ,b'ZC{geG:QNH=QnNgHg'}.

Then there exists a non-degenerate and symmetric probability measure p on G with finite
Shannon entropy such that P, -almost surely the sequence (wpHw, Y)p>o converges to a
non-trivial subgroup of G. In particular, if H is amenable, the distribution of the subgroup
lim,,— 00 wnngl defines an amenable boundary pu-SRS of G.

Proof. Consider a probability measure p on N that gives positive mass to all non-negative
integers and that satisfies Condition (3.1), so that Lemma 3.5 ensures that a sequence of
i.i.d. random variables with law p almost surely has eventually simple records. Moreover,
we may choose p such that its Shannon entropy H(p) = — ijo pjlog(p;) is finite.

Let us choose a sequence (Ay,),>0 of pairwise disjoint and symmetric subsets of G such
that Ay = {eq}, |A,| < 2 forall n > 0 and G = Un>0 A,. We start by constructing
inductively increasing sequences of finite subsets (An)nz_o, (Ap)n>0, (Qn)n>0 of G, along
with a sequence of elements b,, € G for every n > 0.

We first set Ag = Ao ={eg}, Do = Qo=@ and by = ei. Now, let n > 1 and suppose
that the sets /A\; and Q; together with the element b; have already been defined for every
0<7<n. Weset

» n n @(n)
Api1 =450\ U{bi,b;l}, Dp1 = (U A U {bhbil}) ;
=0

i=0
where @ is the gauge function associated with p from Lemma 3.6. Next, we set Q41 to be
a finite subset of G' containing Q,, and such that for every d € A, we have Q,,s1NdHd ! #
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{ec}. Applying the hypothesis of the theorem to the finite subsets Q == Jgen, d'Qpi1d
and Z = /A, we find b,11 € G such that for all z € A\,, we have

QNH=QN (byy12)H(bpy12) " = QN (b 112)H (b, 1,2) "
As a consequence, notice that for each d, z € /\,, we have
Qui1 NdHd™ " = Quy1 N (dbyi12)H (dbyi12) ™" = Quia N (dby 4, 2)H(db,112)"" . (3.2)

This completes the inductive construction of the sequences (A, )n>0, (On)n>0, (@n)n>0
and (by,)n>0-

Let us now fix an auxiliary sequence (o;);>1 with 0 < a; < 1 for every ¢ > 1 and such
that > .o, a; < co. Define a symmetric probability measure p on G with p(Ag) = po and
such that for every i > 1 we have

ol (AZ U {bi, bl_l}) =p; and u (AZ\{bZ, bl_l}) < a;p;. (3.3)

In what remains of the proof, we will justify that such a measure p satisfies the conclu-
sions of the theorem.

First, notice that supp(u) = G because p is fully supported and G = U,>0A4,. In
particular, the probability measure p is non-degenerate. Moreover, u has finite Shannon
entropy since

H(p) <log(4) + H(p) < oo. (3.4)

Indeed, to see this it suffices to notice that p can be sampled in two steps: first, choose
an index i € N according to the distribution p, then sample g; € A; U {b;, b, 11 according
the conditional distribution of p on that subset. Inequality (3.4) then follows from the
standard (conditional) entropy decomposition H(X) = H(X | Y) + H(Y) for random
variables X and Y, together with the fact that the entropy of a random variable taking
values in a set of size N is at most log(N). Since |A; U {b;,b;'}| < 4 for every i > 0, we
obtain the desired bound.

It now remains to show the IP,-almost sure convergence of the sequence (w, Hw;,, Do
to a non-trivial subgroup of G. Let (gn)n>1 be an independent sequence of elements of G
distributed according to p and denote w, = g1 - - - g, for every n > 1. In other words, the
process (wp)n>1 has the law P, of the g-random walk on G. For every i > 1, denote X; € N
the unique value such that g; € Ay, U{bx;, b)_(zl} Then, it follows from the construction of
p that the sequence (X;);>1 is i.i.d. with law p, and hence has eventually simple records.
Denote by (T})r>1 the associated record times and by Ry = Xr, the record values for
every k > 1. By combining

(a) that p(A;\{bi,b;'}) < a;p; (Condition (3.3)) with 3".o; a; < oo and the Borel-
Cantelli lemma, -

(b) Lemma 3.6, and

(c) the definition of eventually simple record times (Definition 3.4),

we conclude that almost surely there exists kg > 1 such that for all k > kg we have
(A) g1, € {br,, b5, },
(B) Tk+1 S @(Rk), and
(C) X < Ry for all T, <m < Tpqq.
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Now, let n > T}, and choose k > kg such that T, <n < Tj4;. Then, we can write

Wpn = g1 9T —1 * 9T}, " 9T3+1 " " Gn-

Set d =g1---97,—1 and 2 = g1, 41 - * gn, so that w, = dgr,z. It follows from Conditions
(B) and (C) above that

Rj—1 Tt
d,z € ( U Aiu{bi,b;1}> C Ag,.
1=0

In addition, thanks to Condition (A) together with the inductive construction of bg, , we
also have that
Qr, NdHd™ " = Qr, w, Hw, ",

as in Equation (3.2).
Claim. For every m > n, we have
Qr, NdHd™' = Qr, Nwy,Hw,,'.

Proof of the claim. Let £ be such that Ty < m < Ty,q1. Notice that since m > n, we must
have ¢ > k. We prove the claim by induction on £.

If ¢ = k, then the claim was already shown to hold in Equation (3.2). Now suppose
that ¢ > k and write w,, = EingZ'zV, where

d=g1--91,—1 and Z = g7,41 " - Gm-
As in the argument preceding the claim, we have
Qr,NdHd™ = Qgr, Nwy, Hw,,!,

thus in particular

Qr, NdHd™ = Qg, Nw,Hw,!. (3.5)

Applying the inductive hypothesis with d= wr,—1 gives
Qr, NdHd™" = Qr, NdHd . (3.6)
Combining Equations (3.5) and (3.6) concludes the proof of the claim. O

The compactness of Sub(G) implies that the sequence (w,Hw,!),>0 has at least one
limit point K € Sub(G). Since the sets QQr, form an exhaustion of G, the previous claim
shows that, for every open neighborhood U of K, the sequence (w, Hw,!),>o eventually
remains in U. Hence the limit point is unique, and (w,Hw,!),>0 converges in Sub(G).
Finally, the limit subgroup K is non-trivial: indeed, Qr, N dHd ™! contains a non-trivial
element g € G\{eg}, and the previous claim shows that g € K. O

Remark 3.8. Theorem A requires the existence of a non-trivial subgroup H C G such
that for every pair of finite subsets @), Z C G there exists b € G with

bZ, b 'ZC{geG:QNH=QNgHg '}.

This condition admits a dynamical interpretation for the conjugation action of G on
Sub(G). The finite set () determines a basic neighbourhood of H in the Chabauty topology,

Ug(H) ={K € Sub(G): QN K = QN H}.
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The above property then asserts that, for every such neighbourhood and every finite set
Z C @, there exists b € G such that

bz-H, b~ 'z HeUg(H) forallzeZ.

In other words, any finite portion of the G-orbit of H in Sub(G) can be simultaneously
pushed arbitrarily close to H by conjugation with a single group element b as well as by
its inverse. This can be viewed as a strong form of recurrence for the action of G on the
orbit of H.

3.3. Amenable boundary p-SRSs for Thompson’s group F'. Consider the group of
orientation-preserving homeomorphisms f: R — R such that there exists a finite subset
DcCZ [%] with the property that for each bounded connected component C of R\ D, the

map f restricted to C' is of the form

o 2+ 2F2 4+ ¢ where k € Z and q € Z[1/2] if C is bounded, and of the form
e £ +— x4+ m where m € Z if C' is unbounded.

It is well known that the above describes a group isomorphic to Thompson’s group F,
the group of all increasing piecewise dyadically affine homeomorphisms of the closed unit
interval [0, 1]; see, e.g., [BB05, Section 3.1]. In this representation, the commutator sub-
group [F, F] coincides with the homeomorphisms in F' which are the identity outside of a

compact interval of R.

Proof of Corollary B. We show that Thompson’s group F' satisfies the hypotheses of The-
orem A. Let f: R — R be an arbitrary non-trivial element of F' whose support is contained
in a proper closed subinterval of [0,1]. For each k € Z denote by t; € F the translation
by k € Z. Let us consider the subgroup H of F' generated by all elements #j, ft,;l, ke Z.
These elements commute since they have disjoint supports, so H is abelian. Notice also
that H and all of its conjugates are contained in the normal subgroup [F, F/|. Hence, to
verify the condition of Theorem A, it suffices to show that for any finite subset @ C [F, F]
and every finite subset Z C F we can find b € F' such that

bZ,b1ZC{ge F:QNH=QnNgHg '}.

Since @ C [F, F, all elements of @ are the identity outside of a sufficiently large interval.
Thus we can choose N € N such that supp(q) C [N, N] for every ¢ € Q. Next, choose
M > 1 large enough so that for every z € Z there exist m;, m} € Z such that

z(x) =x+m] forx < —M, z(x) =x+m} for x > M.

For every z € Z, denote by r;,rf € F the maps r; (z) = —m; and rf(x) =z — m]
for € R. Then supp(zr; ) C [-M, +o0) and supp(zr}) C (—oo, M] for each z € Z.
Now let b € F' be the translation by —M — N — 1. Using the fact that H is normalized

by any translation, for every z € Z we have

bzHz 07 = b(zrN)H((r )t et

= (b(zrf)b™ ) H(b(zrf )b~ )7L

The support of b(zr})b~! is contained in (—oo, —N — 1], while all elements in @ have
support contained in [~N, N]. Therefore, b(zr})b~! commutes with all elements in @Q,
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implying that bZ is contained in {g € F: QN H = QNgHg '}. An analogous argument
applies to b=1Z. This verifies the hypotheses of Theorem A, and the conclusion follows
from the fact that the set of abelian subgroups of Sub(F') is closed in the Chabauty
topology. ]

3.4. Amenable boundary pu-SRSs for permutational wreath products. Let A, B
be countable groups and let B ~ X be an action on a countable set X. The permutational
wreath product G = Alx B is the semidirect product (EBIE x A) X B, where B acts on
Docx A by b.(pr)rex = (Pp-12))zex for b € B, (pr)rex € @,cx B. Here, the group B
is identified with its canonical copy inside A l!x B, whereas A is identified with its copy
within the direct sum at a given fixed basepoint o € B.

Let p € Prob(Ax B). As in the case of wreath products, we say that the lamp
configurations of the y-random walk on Alx B stabilize almost surely if there is an infinite
orbit O C X such that for P,-almost every trajectory w = (¢n,, bn)n>0 the configurations
(¢n)n>0 restricted to O converge pointwise to a limit function ¢ (W) € A®. Stabilization
of lamps occurs whenever the induced random walk (b,,.x),>0 on O is transient for every
x € O and p has finite first moment. In general, transience of (b,.x),>0 on O can be
more delicate than transience of the random walk on (by)n>0 on B itself. The following
proposition applies the criterion in Theorem A to construct a symmetric measure p with

finite entropy such that this is the case.

Corollary 3.9. Let A, B be countable groups and let B ~ X be a faithful action on a
countable set X with at least one infinite orbit O. Suppose that A is not abelian. Then
there exists a non-degenerate and symmetric probability measure on Alx B with finite
Shannon entropy that admits an amenable boundary p-SRS distinct from dy.y.

Proof. Let us fix an element a € A that is not in the center of A, and consider the non-
trivial amenable subgroup H = @, .n(a) of Aix B. We will show that H satisfies the
hypotheses of Theorem A.

First, we note that H is normalized by both subgroups @, X\0 A and B. Furthermore,
H is contained in the normal subgroup @,.» A. In order to verify the conditions of
Theorem A, it suffices to show that for any finite subsets Z,Q C €
b € B such that

zco A we can find

bZ,b ' Z C{ge AixB:QNH=QnNgHg '}.

Let Z,Q C @, A be finite subsets. Denote by Fy, Fi; C O the union of the supports
of elements in Z, @), respectively.

Claim. There exists b€ B C Alx B such that both bFy; and b= Fy are disjoint from Fg.

Proof of the claim. Let u be a non-degenerate symmetric probability measure on B, and
denote by P, the law of the p-random walk (wp)n>0 on B. Since O is infinite, it follows
from [CF25, Lemma 3.1] (see also [GMT24, Claim 2.3], or [LBM18, Lemma 3.2]) that

nh_)rgo]P’“[wn cx=yl=0
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for every x € Fz and y € Fip. A union bound then gives

lim Pu[wn~F2ﬂFQ :Q] =1.

n—oo

For every n > 1, the law of the n-th step of the random walk w,, = g192 - - gn, is p*". Since
p is symmetric, this is the same distribution as w,;! = g, 19;_11 gy L Tt then follows
that

lim P,[(w,)" " FzNFp=2]=1.

n—oo

Another application of a union bound shows the existence of b € B such that
bE;NFy=b""1 FzNFy=2. O

By an argument analogous to the one in the proof of Corollary B, for every z € Z we

can write

bzHz b7t = (bzb ) Hb(b2b™ 1)L,
and similarly

b lzHz'b = (b t2b)H (b 12b) L.

By the previous claim, bzb~! and b~'zb both commute with every element in @, so that
bZ and b~1Z are contained in {g € Aix B: QN H =Qn gHg_l}. We conclude that
there exists an amenable boundary p-SRS distinct from dy,y. U

Permutational wreath products share some algebraic similarities with the usual wreath
products discussed in Subsection 3.1, but their geometric and dynamical properties can
differ significantly, particularly regarding the behavior of random walks.

Consider a random walk on Alx B, and let b, = x1 - - - x,, be its projection to B for every
n > 1, where (zy,)n>1 is the sequence of independent increments in B. In the case of usual
wreath products, the walk can be visualized as a lamplighter moving along the Cayley
graph of the base group B, modifying lamps near the vertices it visits. For permutational
wreath products, however, such an interpretation in terms of a walk on the Schreier graph
of X does not work. Indeed, the lamp configurations are modified along the so-called

inverted orbit

-1 -1,.—1 -1,-1,-1
0, T .0, T} Ty .0, T Ty Ty .0, ...,

which does not satisfy the Markov property and does not follow a connected path in the
Schreier graph. This makes the analysis of random walks more subtle, but also gives rise
to richer geometric phenomena. For instance, when B = (G2 is the first Grigorchuk
group and X is a particular orbit of its action on the boundary of the rooted binary
tree, the growth of inverted orbits was used by Bartholdi-Erschler to show that certain
permutational wreath products, including Z/2Z1x Go12, have intermediate growth, and to
compute the asymptotics of their growth functions [BE12, Theorem A]. These were the
first groups of intermediate growth for which such asymptotics were determined. Later,
the same authors used permutational wreath products to construct examples of finitely
generated groups of exponential growth, such as Z/2Z 1x«x (Goi2 X Goi2), for which
every finitely supported probability measure (not necessarily non-degenerate) has a trivial
Poisson boundary [BE17, Theorem A]. This answered a previously open question by
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showing that not every group of exponential growth admits a finitely supported measure

with non-trivial Poisson boundary.

4. BOUNDARY SRSS ARE SUPPORTED ON NORMALISH SUBGROUPS

In this section we prove Theorem C, which relates normalish subgroups of a group G to
boundary SRSs on Sub(G). We also show that many C*-simple Baumslag-Solitar groups
have amenable normalish subgroups even though their space of amenable subgroups is
countable, so all their amenable p-SRSs are trivial. We finally show a different proof of
triviality of amenable p-boundaries for groups with property (CS), an operator-algebraic
property of groups formulated in terms of their unitary representations which was intro-
duced in [BKKO17].

4.1. The proof of Theorem C. Recall that the FC-center of a group G is the subgroup
FC(G) consisting of all elements of G with finite conjugacy class. A group action G ~ X
by homeomorphisms of a compact Hausdorff space X is called equicontinuous if the image
of G in Homeo(X) is relatively compact for the compact-open topology.

Proof of Theorem C. Let u be a non-degenerate probability measure on G and let 7 be a u-
stationary probability measure on Sub(G) such that the space (Sub(G),n) is a y-boundary
of G. If n is atomic, then it must be a Dirac mass on an infinite normal subgroup, and
the result follows. We therefore assume that 7 is non-atomic. Let ¢1,..., 9, € G. We will

show that for every € > 0 we have

n ({H € Sub(G) : ﬁgiﬂg;1 is ﬁnite}) <e. (4.1)

i=1
Since ¢ is arbitrary, the above measure must be 0, and as G is countable it follows that

is supported on normalish subgroups of G.
Claim. The measure 1 is not supported in the FC-center FC(G).

Proof of the claim. Consider the closed subspace Sub(FC(G)), and notice that the G-orbit

of any open set of the form
{H € Sub(FC(GQ)) : QN H=QNK}, Q@ CFC(GQ) finite and K € Sub(FC(GQ))

is finite by the definition of FC(G). Since these sets constitute a basis of the topology
of Sub(FC(G)), we conclude that the action of G on the clopen subsets of Sub(FC(G))
has only finite orbits. This implies that the action is equicontinuous: indeed, it is an
odometer in the sense of [Corl4, Définition 2.1.3]. By [Corl4, Fait 2.1.4 (iii)] it follows that
Sub(FC(Q)) is a projective limit of actions of G on finite sets, so it must be equicontinuous.
Hence any p-stationary measure on Sub(FC(G)) is invariant by [F'G10, Theorem 7.4]. Thus
n cannot be supported on FC(G), since any u-boundary which is also an invariant measure
is a Dirac mass. U

Thus there exists h € G with infinite conjugacy class such that

c:=n({H € Sub(G):he H}) > 0.
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Denote by bnd: G — Sub(G) the boundary map associated with 7. Given a trajectory
W = (Wp)n>0 € GN of the p-random walk on G, we can write

n({H € Sub(G) : h € w,Hw,'}) = (wy)«n({H € Sub(G) : h € H})
for every n € N. The fact that (Sub(G),n) is a u-boundary implies
n({H € Sub(G) : h € w,Hw,'}) —— dbna(w)({H € Sub(G) : h € H})
for P,-almost every trajectory w & GN. In particular, we have

n({H € Sub(G) : h € w,Hw,'}) —— 1 (4.2)

n—oo

for every w = (wp)n>0 € F :=bnd ! ({H € Sub(G) : h € H}), where
n(E) =P,(bnd ' ({H € Sub(G) : h € H})) =n({H € Sub(G) : h € H}) =¢ > 0.

Consider one such trajectory (wp)n>0 € E. The set {w;, thw,, : n > 0} is almost surely
infinite because h has infinite conjugacy class.

Let j > 2. Since p is non-degenerate, the action G ~ (Sub(G), n) is non-singular. Thus
we can choose §; > 0 such that for every measurable subset A C Sub(G) with n(A4) > 1—4;

we have

€
(9i)n(A4) =1 - v
for every ¢ = 1,...,m. Using the convergence from Equation (4.2), we inductively con-

struct an increasing sequence (ny)r>2 C N as follows. Let ng € N be such that
n({H € Sub(G) : w;, hw,, € H}) > 1 — 5.
If ng, ..., ng are already defined, find ngy1 > ng such that

wil g, ¢ {h%, .. .,hwnk} and n({H € Sub(G) : w!, hw,, ., € H}) > 1 — 6541.

Nk+1 Nk+1

Our choice of d; guarantees that

_ _ _ 3
DH 2w, € giH'Y) = (g)en({H s wylhw,, € H) 21— (43)

holds for every k> 2 and ¢ = 1,...,m. A union bound then shows that
_ ~ _ €
n ({H € Sub(G) : wnklhwnk ¢ ﬂgngi 1}) < o
i=1
for all k£ > 2, and hence that
n ({H € Sub(G) : (wrjklhwnk)k22 Z ﬂgiﬂgfl}) <e,
i=1

as desired, concluding the proof. ]
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4.2. Baumslag-Solitar groups and normalish subgroups. The Baumslag-Solitar groups
are a family of one-relator groups

BS(m,n) = (a,t | ta™t™ ! = a™), m,n € Z\ {0}

introduced by Baumslag-Solitar in [BS62] that has been well-studied from geometric and
algebraic perspectives [Why01,Lev07]. They are known to be C*-simple [dIHP11, Proposi-
tion 5] whenever m, n are both different from +1 and m # 4+n. The infinite cyclic subgroup
(a) is always normalish since (a) N g{a)g~! has finite index in (a) for all g € BS(m,n) (see
[Lev07, Section 2] for instance).

Proposition 4.2 below finds the parameters m, n such that Subay, (BS(m, n)) is countable.
In particular, we deduce the following.

Corollary 4.1. The group BS(2,3) is C*-simple, admits an amenable normalish subgroup
and all its amenable p-SRSs are trivial for every non-degenerate u € Prob(BS(2,3)).

Proof. The first two statements are already known from [dIHP11, Proposition 5| and
[Lev07, Section 2], and Proposition 4.2 below shows that BS(2,3) has countably many
amenable subgroups. Let u be a non-degenerate probability measure on G = BS(2,3),
and let 7 be an ergodic u-SRS on Sub,,(G). Since 7 is supported on a countable set
it must have an atom, and by ergodicity n must be supported in a finite orbit of some
H € Subuy(G). If H were non-trivial, then the normal subgroup generated by H would be
a non-trivial normal amenable subgroup of G, contradicting the C*-simplicity of BS(2, 3).
Thus, H is trivial and so is 7. The case when 7 is non-ergodic follows from ergodic

decomposition. O

Proposition 4.2. Let m,n € Z \ {0} and G = BS(m,n). Then G has only countably
many amenable subgroups if and only if either

en orm is equal to 1 or —1, or
en=m orn=—m, or

e m/n and n/m are not integers.

The proof of Proposition 4.2 uses a result of Y. Cornulier [Cor] which states that,
whenever neither m/n nor n/m are integers, the group BS(m, n) has no non-trivial element
admitting infinitely many roots. We replicate the proof of this statement below for the
convenience of the reader.

In the proof of Proposition 4.2 we will use the action of BS(m, n) on the Bass-Serre tree
T associated with its decomposition as an HNN-extension. For our purposes, the tree T
is the tree with vertex set BS(m,n)/(a) and oriented edges connecting w{a) with wa't{a)
for all w € BS(m,n) and 0 <1 <n — 1. Left multiplication induces an action of BS(m,n)
on 7T through directed graph automorphisms. Bass-Serre theory ensures that 7 is indeed
a tree and that the action of BS(m,n) is transitive on oriented edges and vertices. Thus
the stabilizers of vertices (resp. edges) are conjugates of (a) (resp. (a™)). A non-trivial
element of BS(m,n) stabilizing no vertex on 7 is said to be lozodromic, and is said to
be elliptic otherwise. We refer to [Ser77, Chapitre I] as the standard reference in Bass-
Serre theory, and to [CGLMS25, Sections 1 & 2] for Baumslag-Solitar groups and their
Bass-Serre trees.
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Let us recall the following lemma, which is a small variation on [CGLMS25, Proposi-
tion2.4].

Lemma 4.3. If G is a countable group with a normal subgroup N C G such that N has
countably many amenable subgroups and every subgroup of G /N is finitely generated, then

G has countably many subgroups.

Proof. Write m: G — G/N the projection. A subgroup H of G is determined by H N N
and any section of a finite generating set of m(H). There are always at most countably
many options for these sections, and if H is amenable then there are at most countably
many options for H N N. O

Proof of Proposition /.2. We first prove the forward implication. If G = BS(%1,m) then
G has countably many amenable subgroups by [BLT19, Corollary 8.4]. If n = +m, then
G is virtually F,, x Z. The group F, X Z has countably many amenable subgroups by
Lemma 4.3, and the same is true for G by Lemma 4.3 again.

Now suppose that m/n and n/m are not integers. Let 7 be the Bass-Serre tree associ-
ated to the HNN-extension decomposition of G as G = (a,t | ta™t™! = a™) and let H C G
be an amenable subgroup. Since H has no non-abelian free subgroups and the action of
G on T has no inversions, by J. Tits’ categorization of actions of groups on trees [Tit70)]
either H fixes a vertex, stabilizes the axis of a loxodromic element in H or fixes an end
of 9T. In the first case H is cyclic. In the second case, the stabilizer of the axis £ of a
loxodromic element in G splits as

1 — K — Stabg(f) — Do —> 1

where D, is the infinite dihedral group and the kernel K is a subgroup of a vertex stabilizer
(and hence either trivial or infinite cyclic). In any case, by Lemma 4.3 the countably
many subgroups Stabg(¢) where ¢ runs through the axes of loxodromic elements of G
have countably many subgroups.

We are reduced to the case when H fixes an end £ € 07. Fix a one-sided geodesic
(&n)n>0 representing &, and define K C G as the subgroup of elliptic elements fixing &.
Then

K = | Fixa(&m,0)
m>0
is the ascending union of the pointwise fixators of the rays ¢}, o) = (§mtn)n>0, m > 0.
Thus K is either trivial, infinite cyclic or a direct union of infinite cyclic groups. In the
last case, there is an element of K \ {eg} with infinitely many roots.

Claim ([Cor]). If m/n and n/m are not integers, then G = BS(m,n) contains no non-

trivial element with roots of arbitrarily large order.

Proof of the claim. Let h: G/{a) — Z the height function associating to each coset g{a)
the signed number of #’s appearing in g. The function h is well defined (it factors through
the quotient of G' by the normal subgroup generated by a).

Let g € G\ {eg} that fixes a vertex v = w(a) in T, so g = wa%®w=! for a unique
¢y(v) € Z\ {0}. If g also fixes a vertex v/ = wa't(a) in T that is adjacent to v (that is,
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there is an oriented edge from v to v/ in T), the equality
wa% ™! = walta® ) (walt) !

implies that (4(v") = (m/n)(4(v). By induction we see that for any pair of vertices v, v’
in the subtree 7, of fixed points of g in 7" we have ¢, (v') = (m/n)"*)=M¥)¢,(v). Since no
non-trivial power of m/n is an integer and the (4(v) are always integers, we deduce that
h and (4 are bounded on 7.

Now assume that g € G \ {eg} has infinitely many roots, and let M > 0 be an upper
bound for {(,(v) : v € G/(a)}. The action of g on 7 cannot be loxodromic, since the
roots of g would have arbitrarily small translation length. Thus g and any of its roots are
elliptic. Now let u € G with u" = ¢ for some N € N, and let v be a vertex of T fixed
by u. Then

N < N|Gu(v)| = |¢G()] < M. O

Thus K must be cyclic. If £ is fixed by no loxodromic element of G then H C Stabg (&) =
K, so there are countably many options for H.

If not, let ¢ € G be a loxodromic element with minimal translation length d € Nj.
Then Stabg(§) = K x Z, where the generator of the right-hand side is g and conjugation
by g sends every Fixg (§[m,o0)) t0 FiXg(§jmtd,00))- Again, Lemma 4.3 shows that Stabg(§)
has countably many subgroups, and since there are countably many fixed ends in 97T by
loxodromic elements of G we conclude that H varies in a countable set. This finishes the
proof that BS(m,n) has countably many amenable subgroups.

For the reverse implication, consider m,n € Z \ {0} not satisfying any of the conditions
in the statement of the proposition. Since BS(m,n) is isomorphic to BS(—m, —n) we may
assume that m > 0, and since BS(m,n) contains BS(m?,n?) (see [Lev15, Theorem 1.3]
for instance) we may assume that n > 0 too. Now m > 2 and we may write n = km with
k> 2.

As before, let T be the Bass-Serre tree associated to the HNN-extension decomposition
of G. Let T be the subtree of T with vertex set {wt~(a) : w is a finite word in {a,t '}}.
The tree T is a rooted complete m-ary tree with root {a).

Claim. The fixed points of a™ in T are the vertices of T.

Proof of the claim. The element a™ fixes (a) and does not fix any of its neighbors
t<a>a at<a>a a2t<a>7 e 7akm_1t<a>

because k > 2, so the subtree Tym of fixed points of a™ is contained in 7. Now let wt ™ (a)
be a vertex of T, and write w = a™t 1a™t~1 ... a™ for some | € N, and nq,...,n; € N,
S0

amwtfl — amanltflangtfl . anltfl — anltflakmangtfl . anltfl
_ anlt—lanzt—laka L. anlt_l = anlt—langt—l . anlt—laklm
and thus a™(wt~!(a)) = wt~'(a). We conclude that Tgm = T . O

Let &1,& be distinct ends of T and identify them with geodesics in T starting at
{a). Let gt~'{a) be a vertex of & \ &2, so (gt~ H)a™(gt~1)~! fixes & and does not fix &.
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Thus the many amenable subgroups Stabg(§),¢ € dT are pairwise distinct, and there
are uncountably many subgroups of this type since m > 2. This finishes the proof of the
proposition. ]

4.3. Property (CS). A countable group G is said to have property (CS) if, for every
unitary representation 7: G — B(#) that is weakly contained in the left-regular repre-
sentation A of GG, there exists an neighborhood U of idy in the strong operator topology
of B(H) such that 7~1(U) is contained in the amenable radical R,(G). Recall that 7 is
weakly contained in X if |7(f)| < [JA(f)|| for all f € C[G]. This notion was introduced in
[BKKO17] as a sufficient condition for a group G to satisfy a conjecture of Connes-Sullivan
on subgroups of connected Lie groups acting amenably on homogeneous spaces, proved by
R. Zimmer [Zim78]. Linear groups and discrete groups G with HZ(G, (*(G/R.(G)) # 0
are known to have property (CS) [BKKO17, Theorems 8.4 & 8.6].

Property (CS) is stronger than C*-simplicity: every group with property (CS) and
trivial amenable radical is C*-simple [BKKO17, Proposition 8.2]. Indeed, a discrete group
with no non-trivial finite normal subgroups and no amenable normalish subgroups is C*-
simple [BKKO17, Theorem 6.2], while property (CS) implies the absence of amenable
normalish subgroups. To see this, it suffices to note that if a subgroup H C G is amenable
and normalish, then the quasi-regular representation Ag,p is weakly contained in the left
regular representation, yet the image of G under Ag,fr is not discrete in the strong operator
topology. Combined with Theorem C, this yields the following.

Corollary 4.4. Let G be a countable group with finite amenable radical and suppose that
there ezists a non-degenerate 1 € Prob(G) which admits an amenable boundary p-SRS
distinct from a Dirac mass on a finite normal subgroup of G. Then G does not have
property (CS).

In fact, the existence of an amenable boundary p-SRS 7 allows us to explicitly construct
a unitary representation of G that witnesses the failure of property (CS). Following the no-
tation of [BAIH20, Section F.5], let us define the direct integral i of (£*(G/H)) gresubom(c)
as the Hilbert space

H = / (G/H) dy(H),
Subam (G)

that is, Hy consists of all maps H € Suban (G) — vy € £2(G/H) such that
/ v |2 Gy dn(H) < oo
UDam G)

and such that H € Suban(G) — (vh)gn is measurable for every g € G. Then, Hy is a
Hilbert space with inner product

(v, w) = / (vrwi)e ) dn(H)
Subam (G)

for every v = (vg) g, w = (wg)g € Hi.

Definition 4.5. We define the direct integral of the family of all quasi-regular repre-
sentations (Aq/H)HeSubam(G) a8 the unitary representation Il : G — B(Hn) defined by
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(I(g)v)n = Ag/u(g)vy for every g € G, v € Hyp and H € Subay(G). Define w to be the
cyclic subrepresentation of Il generated by the vector v = (01 ) HeSubam(G) € Hil-

Every quasi-regular representation Ag/p is weakly contained in the left-regular rep-
resentation A, since H € Subam(G). Therefore, 7 is weakly contained in A. The next
result shows that such representation provides a concrete witness showing that the group
G cannot satisfy property (CS).

Proposition 4.6. Let G be a countable group with finite amenable radical and suppose
that there exists a non-degenerate p € Prob(G) which admits an amenable boundary p-SRS
distinct from a Dirac mass on a finite normal subgroup of G.

Let m be the cyclic subrepresentation of the direct integral representation II generated
by the vector v = (1) HeSubam(c) (Definition 4.5). Then, the identity operator in B(Hr)
1s not isolated in the strong operator topology.

Proof. We show that, for every SOT-neighborhood U of the identity in B(#,), there exists
an element g € G\ {eg} such that 7(g) € U. Since the representation 7 is generated by
v, it suffices to verify this for neighborhoods of the form

U={T € B(Hx) : ||m(g; )T(g;)v <eforali=1,...,m}

““HHW
for every € > 0 and ¢1,...,9m € G.

Now,one can follow the proof of Theorem C for j = 2. Indeed, the convergence from
Equation (4.2) and the non-singularity of the action G ~ Sub,y (G) together imply that
there exists k € N and (wy,)n>0 € G such that n({H € Subam(G) : wghw, ' € H}) > 14,
where 0 > 0 is chosen in such a way that

(9:)sn({H € Subam(G) : w;, 'hwy, € H}Y) = n({H € Subam(G) : wy 'hwy € giHg; '})
>1—¢2/2m

for every i = 1,...,m. Set g == w;, "hwy, € G\ {eg}. A union bound then shows that

n({H € Subam(G) : g; '99; € H}) > 1 — /2.

We obtain
I g0 vl = [ [Pt g0 — dul, dncan
=2n({H | g; '99: ¢ H}) < €
for every i = 1,...,m, which finally shows that 7(g) € U. O
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