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Résumé

Cette these est consacrée a I’étude des actions proximales de groupes dénombrables en dimension
un et zéro depuis la perspective de la dynamique et des probabilités. Les résultats sont de nature
assez variée. Un fil conducteur, parmi d’autres, est la présence des groupes de Thompson F,T et
V; presque la totalité des résultats s’appliquent & I'un de ces exemples, et sont parfois motivés
par ceux-ci.

Le Chapitre 2 donne une nouvelle preuve d’une version dynamique de l’alternative de Tits
pour le groupe de Thompson V', qui se généralise aisément aux groupes de presque automor-
phismes d’un arbre enraciné localement fini agissant sur son bord.

Le Chapitre 3 montre une version probabiliste de 'alternative de Tits dynamique, due a G.
Margulis, pour les groupes agissant minimalement et proximalement par difféomorphismes de
S1, dont la preuve est inspiré par le méme phénomene pour marches aléatoires sur une groupe
linéaire non virtuellement résoluble. La méthode requiert des hypothéses de moment sur les
mesures de probabilité pertinantes, et un énoncé plus faible (et plus simple de prouver) reste
vrai sans hypotheéses de moment pour des sous-groupes d’homéomorphismes de S*.

Dans le Chapitre 4 on étudie la question de déterminer sous quelles conditions le bord de
Poisson d’un groupe dénombrable agissant sur S* proximalement et minimalement, équipé avec
une mesure de probabilité, s’identifie avec S! muni de sa unique mesure stationnaire. Nous
démontrons que c’est jamais le cas si I’action n’est pas topologiquement libre et la mesure de
probabilité sur le groupe a entropie de Shannon finie. Ceci s’applique au groupe de Thompson 7',
pour lequel on peut donner une preuve alternative et plus courte qui se généralise a des groupes
de homéomorphismes affines par morceaux de S!, et répond & une question de B. Deroin et
d’Andrés Navas. Ce travail est issu d’une collaboration avec Cosmas Kravaris et Eduardo Silva.

Le Chapitre 5 étudie I’existence de bords stationnaires sur ’espace de sous-groupes moyennables
d’'un groupe dénombrable, motivé par des liens avec la C*-simplicité de groupes dénombrables.
On trouve un critere sur la dynamique du groupe agissant par conjugaison sur son espace de
sous-groupes moyennables pour assurer 1’existence d’un bord dans tel espace (pour une certaine
mesure de probabilité sur le groupe) et on 'applique & des produits en couronne et au groupe
de Thompson F. On exhibe une vaste classe de groupes exhibant de la courbure non positive
et qui n’admettent pas de tels bords pour n’importe quelle mesure de probabilité. Ce travail est
issu d’une collaboration avec Anna Cascioli et Eduardo Silva.

Finalement, le Chapitre 6 étudie la classe de groupes dénombrables tels que la relation de
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conjugaison entre ses actions minimales par homéomorphismes de la droite admet une transver-
sale Borélienne. On démontre que cette classe est close pour certaines opérations entre groupes,
et qu’elle inclut tous les groupes de type fini qui se plongent dans le groupe d’homéomorphismes
projectifs par morceaux de la droite. Ce travail est issu d’une collaboration avec Joaquin Brum
et Nicolds Matte Bon.



Abstract

This thesis is devoted to the study of proximal actions of countable groups in dimensions one
and zero from the perspective of dynamics and probability. The character of the results is fairly
diverse. A common theme, among others, is the presence of Thompson’s groups F,T and V;
almost all the results can be applied to one of these examples, and are sometimes motivated by
them.

Chapter 2 gives a new proof of a dynamical version of the Tits alternative for Thompson’s
group V, which generalizes to groups of almost automorphismes of a rooted locally finite tree
acting on its boundary.

Chapter 3 shows a probabilistic version of the dynamical Tits alternative, due to G. Margulis,
for groups acting minimally and proximally by diffeomorphisms of S', whose proof is inspired
by the same phenomenon for random walks on non-virtually solvable linear groups. The method
requires moment hypotheses on the corresponding probability measures, and a weaker statement
(which is easier to prove) holds true without moment hypotheses on subgroups of homeomor-
phisms of S!.

In Chapter 4 we study the question of determining under which conditions the Poisson bound-
ary of a countable group acting minimally and proximally on S!, endowed with a probability
measure, can be identified with S* equipped with its unique stationary measure. We show that
this is never the case if the action is not topologically free and the probability measure on the
group has finite Shannon entropy. The result applies to Thompson’s group 7', for whom we can
give an alternative and shorter proof which generalizes to groups of piecewise affine homeomor-
phisms of S!, and answers a question of B. Deroin and of A. Navas. This work is the result of a
collaboration with Cosmas Kravaris and Eduardo Silva.

Chapter 5 studies the existence of stationary boundaries with values on the space of amenable
subgroups of a countable group, motivated by links with C*-simplicity of countable groups. We
find a criterion for the dynamics of the group acting by conjugation on its space of amenable sub-
groups that ensures the existence of a boundary on this space (for a certain probability measure
on the group) and we apply it to wreath products and to Thompson’s group F. We exhibit a
large class of groups exhibiting non-positive curvature that do not admit such boundaries for any
probability measure. This work is the result of a collaboration with Anna Cascioli and Eduardo
Silva.

Finally, Chapter 6 studies the class of countable groups such that the conjugacy relation

vii
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between their minimal actions by homeomorphisms of the real line admits a Borel transversal.
We show that this class is closed under natural group-theoretic operations, and that it contains
all finitely generated groups that embed into the group of piecewise projective homeomorphisms
of the line. This work is the result of a collaboration with Joaquin Brum and Nicolds Matte
Bon.
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Chapter 1

Introduction

This chapter contains an overview of the general context surrounding my mathematical activity,
an outline of the objects that appear recurrently in my results along with a brief presentation of
some of these, and a list of related open questions. The subsequent chapters are revised versions
of several papers or preprints written by myself (Chapters 2 and 3) or in collaboration with
others (Cosmas Kravaris and Eduardo Silva for Chapter 4, Anna Cascioli and Eduardo Silva for
Chapter 5 and Joaquin Brum and Nicolds Matte Bon for Chapter 6), and are self-contained.

Generative Al tools have not played a relevant role in the work presented in this thesis.

1.1 Context and results

Geometric group theory is the study of finitely generated groups G as coarse geometric objects
through the collection of word distances dg coming from all finite generating sets S C G. Though
originally drawing from combinatorial group theory, it was born as a subject following work of
Gromov, Milnor, Mostow, Stallings and many others in the second half of the 20th century.
A distinguished line of inquiry in this theory is the study of groups exhibiting some degree of
non-positive curvature or admitting a rich enough action on some non-positively curved space,
motivated by the families of fundamental groups of hyperbolic surfaces or 3-manifolds and other
groups arising in geometric topology or differential geometry (e.g. mapping class groups of such
surfaces or lattices in semisimple Lie groups).

The main object of study of this thesis is the class of countable groups acting proximally on
X by homeomorphisms or diffeomorphisms, where X € {R,S!,{0,1}"}. Here, a group action
G ~ X is said to be prozimal if for every z,y € X there exists z € X and (gn)n>0 € G such that
(gn-x)n>0 and (gn-y)n>o converge to z. Although many groups of geometric origin fall into this
family (for instance, PSLy(R) and its discrete subgroups act proximally on the projective space
of lines of R2, which is S'), the class we consider does not sit a priori inside this framework. The
comparative simplicity of the spaces on which these groups act, as opposed to higher-dimensional

manifolds, allows for a rather large supply of examples and non-examples: as an extreme instance
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of the former, any countable group acts faithfully on the Cantor space by considering the full-
shift on itself, while restrictions related to the left-orderability or circular-orderability of groups
acting faithfully on 1-dimensional manifolds illustrate the latter.

As a consequence the richness of this class of groups comes from variety of behaviours that
they can accomodate: for instance, a recurrent feature is the possibility of having a proximal and
micro-supported action on the space X. Here, a group action G ~ X by homeomorphisms is
said to be micro-supported if for every non-empty open set U C X the rigid stabilizer Gy = {g €
G: g| X\ = idx\¢} is non-trivial. The contrast with the aforementioned groups of geometric
origin lies in the fact that while many of these do admit proximal actions on compact spaces (a
hyperbolic group acting on its Gromov boundary or a non-virtually solvable linear group acting
irreducibly on projective space are the prime examples), these actions tend to be topologically
free, that is, such that the set of fixed points of any non-trivial element has empty interior.
Another way to make this contrast apparent is the following situation: suppose that G ~ X
is micro-supported, and that there is an non-empty open U C X and g € G such that the
g"(U),n € Z are pairwise disjoint. Then (g, Gy) is the wreath product Gy 1Z = @, Gy x Z
where Z acts on €, Gy by shifting coordinates. Even though this subgroup has no reason to
be well embedded in G, many results of this thesis (notably from Chapter 4 onwards) exploit
phenomena occuring in lamplighters.

In what follows, when X is a 1-manifold we denote by Homeog(X) the group of orientation-
preserving homeomorphisms of X, and similarly with the orientation-preserving diffeomorphisms
Diffg(X) and piecewise affine homeomorphisms with finitely many breakpoints PAffo(X) (for

some fixed, unmentioned affine structure on X).

Thompson groups

The Thompson groups F,T and V are finitely presented groups introduced by R. Thompson in
1965 [Tho65]. We refer to [CFP96] for a more complete introduction to these groups.

To define them, consider two partitions Py, Ps of {0, 1} into an equal number of cylinders,
that is, clopen sets of the form

[w] = {z € {0,1}" : 29 ju 1] = w}

where w is a finite word on the alphabet {0, 1}, of length |w|. We identify the cylinders in the
P; with the finite words they are specified by. Hence for every z € {0, 1} we may write the
infinite word z as the concatenation w(z)z; where w(z) is the unique finite word in P; such
that z € [w(z)]. If 0: Py — Py is a bijection we obtain a homeomorphism of {0, 1}V by setting
7(z) = o(w(z))zy for every z € {0, 1}V,

The family of all homeomorphisms of {0, 1} obtained in this way is Thompson’s group V,
which locally respects the lexicographic linear order < on {0, 1} coming from the obvious orders
on every copy of {0,1}. The requirement that the homeomorphisms respect the order < (resp.
the circular order on {0,1}" induced by <) defines Thompson’s group F (resp. Thompson’s
group T).
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The groups T and V are simple and contain non-abelian free groups, while F' has simple
commutator [F, F|] with quotient F/[F, F] = Z? and, even though it contains no non-abelian free
groups [BS85], its amenability is an outstanding open problem. A positive answer would show
that F' is a natural example of an amenable group that is not elementarily amenable (that is,
that cannot be constructed from finite or abelian groups through group extensions and direct
unions), and a negative answer would show that F is a natural example of a non-amenable group
without non-abelian free groups. At the time of its definition, T was the first example of an
infinite, simple and finitely presented group.

When dealing with F' and T" we will use their realizations as groups of piecewise dyadically
affine homeomorphisms of the interval and the circle, respectively. That is, an element f €
Homeoy ([0, 1]) belongs to F if and only if there is a finite subset B C [0, 1] such that on every
connected component of [0,1]\ B, f is of the form x — 2¥ + ¢ for some k € Z, ¢ € Z[1/2]. The
realization for T is the same replacing [0, 1] by R/Z and Z[1/2] by Z[1/2]/Z, and both follow
from the fact that partitions of {0, 1} into clopen sets correspond naturally to partitions of [0, 1]
and of R/Z into dyadic intervals. The commutator [F, F] corresponds in this realization to the
elements of F' that have derivative equal to 1 near the endpoints of [0,1]. By conjugating this
representation of F' by a homeomorphism h: (0,1) — R sending Z[1/2] N (0,1) to Z[1/2], we see
that F' is the group of piecewise dyadically affine homeomorphisms of R which are translations
on neighborhoods of +oc.

There is a vast literature on combinatorial, homological and algebraic approaches to the study
of the Thompson groups and their many variations, which yield results on their finiteness prop-
erties, their metric properties, their automorphism groups or their subgroups (see the references
in [FH24, BCM ™24, GP25], for instance). Our methods rely mostly on the dynamics of their
defining actions instead. An abstract reason why this might be possible is a result of M. Rubin
[Rub89], asserting that a group may admit at most one sufficiently rich micro-supported action
on a locally compact space. Concretely, a group action G ~ X on a Hausdorff, locally compact
and perfect space X is said to be Rubin if for every x € X and open neighborhood U C X of x
the closure of the orbit Gy.z contains a neighborhood of . Then Rubin’s theorem says that if

G ~ X, G ~ Y are Rubin actions, then X and Y are G-equivariantly homeomorphic.

Dynamical Tits alternatives

Several groups of geometric origin satisfy the Tits alternative (see the references in [dIHO00,
Section IT B, Complement 42]), which states that their subgroups are either virtually solvable or
contain non-abelian free groups. While many groups of homeomorphisms such as Thompson’s
group F' or the first Grigorchuk group do not satisfy this alternative, a fruitful replacement is the
following: a group G acting on a compact space X is said to verify the dynamical Tits alternative
if for every subgroup H C G, either the action of H on X preserves a probability measure or
H contains a ping-pong pair, that is, two elements g,h € H such that there are disjoint open
sets Uy,Us, V1, Vo € X with g(X \ U;) C V7 and h(X \ Us) C V4. In the latter case, the group
generated by g, h is free by the Klein ping-pong lemma.
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Examples of groups satisfying this dichotomy are Thompson’s group V [HM19] and the
homeomorphism group of the circle [Mar00]. Our first result gives a new proof of the statement
for V' that generalizes to the group of almost-automorphisms of a locally finite rooted tree T,
which relies on the dynamics of individual almost automorphisms following [GL21, SD10]. At
least in the case when T is the infinite binary rooted tree, the group of almost-automorphisms
AAut(T) is known as the Neretin group [Ner92] and is a locally compact simple subgroup of
Homeo(OT) generated by V' and the rooted tree automorphisms of 7. See Chapter 2 below and
[GL18] for more background on these groups.

Theorem (Chapter 2). Let T be a locally finite rooted tree. Then AAut(T) satisfies the dynam-
ical Tits alternative.

Moreover, if H is a finitely generated subgroup of AAut(T) that locally preserves a linear
order on JT, then either the action of H on 0T has a finite orbit or H admits a ping-pong pair.

There are several strengthenings of the Tits alternative of a qualitative or quantitative nature.
An elementary one states that when G is a connected non-solvable Lie group, the set of pairs
in G x G that generate a non-abelian free group has full Haar measure [Eps71]. An analoguous
statement for homeomorphisms of the circle is the fact that the set of pairs in Homeo(S') x
Homeo(S!) that generate a non-abelian free group is Baire-generic [Ghy01, Proposition 4.5].

We will be interested in probabilistic strengthenings of the Tits alternative, for which we
need some notation. A probability measure pu on a group G is said to be non-degenerate if the
semigroup generated by the support of 4 is all of G. In this case, we denote by (f7),>0 € GV
the left random walk driven by p, where fN = f, o fo,,_, 0o+ 0 f, for every N € N and
(fun )n>0 is a random variable on GN with distribution u®N. A result of R. Aoun [Aoull, Aoul3]
asserts, in one of its forms, that if G is a non-virtually solvable linear group over R and p1, o are
non-degenerate measures on G such that each fGi llg]l° dps(g) is finite for some & > 0 (where |||
is any matrix norm), then M?N ® ,u?N—almost surely there is an N € N such that for all n > IV,
the left random walk fJ} driven by p; and the left random walk f, driven by po generate a
non-abelian free group. The main result of Chapter 3 is a version for circle diffeomorphisms that
follows a similar strategy as Aoun’s results, and applies in particular to Thompson’s group 17" by
[GS87].

Theorem (Chapter 3). Let G1,Gs C Difftl)(Sl) be a countable groups acting prozimally on S!

and p1, o be non-degenerate measures on G1, Gy respectively such that the integrals

[ mae {1} )

i

are finite for some § > 0. Then M?N ® u?N—almost surely there is an N € N such that for all
n > N, the left random walk f] driven by p1 and the left random walk f, driven by po generate

a non-abelian free group.

After the appearance of the preprint [GV25], I. Choi in [Cho25] generalized the previous
theorem to measures y; supported on Homeog(S') with no moment conditions by adapting S.

Gouézel’s pivoting technique [Gou22] to this setting.
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Poisson boundaries

Given a probability measure u on a group GG, a measurable action of G on a standard probability
space (X,v) is said to be p-stationary if v =73 o pu(g)g«v. The Poisson boundary of a locally
compact group G equipped with a probability measure p is a p-stationary system (9,G,v,)
introduced by H. Furstenberg [Fur63] that parametrizes all p-harmonic measures on G in a
fashion that generalizes the Poisson integral formula for harmonic functions on the disk. Other
characterizations, in terms of the stationary dynamics of (G, 1) and in terms of the asymptotic
events of the right random walk on G driven by g, explain the central role of this object in
rigidity problems [Fur71, Mar91, Zim84] and in the study of growth of groups [EZ20] (see [BF14]
and [Ers10] respectively, and the references therein). These developments have followed from
contributions by Furstenberg, Vershik, Kaimanovich, Derrienic, Margulis, Zimmer and many
more.

A common theme in this theory is, given a countable group G, to identify (9,G,v,) with
natural p-stationary G-systems constructed from combinatorial, geometric or algebraic features
of G. The usual tool to do so is Kaimanovich’s conditional entropy criterion [Kai85, Kai00],
a numerical condition which requires the measure p to have finite Shannon entropy H(u) =
— > gec H(9)log p(g) (the necessity of this condition was recently established in [CF25]). To
mention two exemplary instances of this kind of result, denote by w = (wy,)n>0 the right random
walk driven by p, where wy = gog1---gn for every N € N and (gn)n>0 € GY is a random
variable with distribution p®N.!

« Let G be a Gromov-hyperbolic group and p a non-degenerate measure on G. A qualitative
argument originally due to H. Furstenberg in the linear setting [Fur63] shows that almost
surely the right random walk w = (w,)n,>0 converges to a random point {(w) in the
Gromov boundary dg,G. The correspondence w — £(w) defines a u-stationary measure
on Jg,G, which is known to be a model for the Poisson boundary of (G, ) when different
finiteness conditions are imposed on p [Anc87, Kai00, CFFT25].

« Let G = A B be a wreath product of countable groups A, B where A is non-trivial and B
is infinite. Let p be a non-degenerate finitely supported measure such that the pushforward
of pu to B induces a transient random walk. If we write w,, = (¢, bn) € @y A x B for every
n € N, then [KV83] shows that the configurations (y,),>0 stabilize to an random function
o(w) € AB. Again, this correspondence defines a j-stationary measure on A®, which is
known to coincide with the Poisson boundary of (G, 1) by imposing finiteness conditions
on p or geometric conditions on B [Ersll, LP21, FS23].

If G C Homeog(S?) is a countable group acting proximally on S! with no finite orbits, then
[DKNO7] shows that for any p € Prob(G) there is a unique p-stationary probability measure
v on S1. Since (S!,v) is known to coincide with the Poisson boundary of (G, ) when p is a

finite entropy measure on a lattice G of PSLy(R), it is natural to ask whether this holds for any

IThe difference in notation between left and right random walks owes to differing conventions in the commu-

nities studying random dynamical systems and random walks on groups rather than to a conscious decision.
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countable group G acting proximally on S' with no finite orbits. The proof of the dynamical
Tits alternative in [Mar00] shows that one may assume that the action of G on S' is minimal,
and we give a general obstruction for (S, v) to be the Poisson boundary of (G, ) in this case.

Theorem (Chapter 4). Let G C Homeog(S') be a countable group acting minimally, prozimally
and non-topologically freely on S, and let i € Prob(G) be a non-degenerate measure with finite
entropy. Then (S*,v) is not the Poisson boundary of (G, ).

The previous theorem applies in particular to Thompson’s group 7', answering questions
posed by B. Deroin [Der13b] and A. Navas [Nav18]. It also contrasts with the positive results in
this direction proven in [Derl3b]. The proof adapts a method of A. Erschler [Ers04] (originally
employed to show that a large class of random walks on wreath products have non-trivial Poisson
boundary) to a conditional entropy setting. An alternative, slightly shorter proof is given in
Section 4.8 below for groups of piecewise affine homeomorphisms of R/Z, and uses a specific
quotient of the Poisson boundary first constructed by V. Kaimanovich for Thompson’s group F
[Kail7]. Both rely on analogies with wreath products.

Quotients of the Poisson boundary (9,G,v,,) are called pu-boundaries, and are a special kind
of ergodic p-stationary systems with opposite behaviour than measure-preserving systems. Our
next results study the existence of p-boundaries in the Chabauty space Sub(G) of subgroups of
G, which is a compact metrizable space when equipped with the topology generated by the sets

{HecSub(G): QNH=QNK}, K € Sub(G), Q C G finite

on which G acts by homeomorphisms through conjugation.

We show that Thompson’s group F' admits a u-boundary on its space of amenable subgroups
Sub,m (F), which is a closed subspace of Sub(F). This state of affairs contrasts with the fact
that all ergodic invariant measures and minimal closed subsystems of Sub(F') come from normal
subgroups [DM14, LBMBI18|.

Theorem (Chapter 5). There is a symmetric and fully-supported measure p € Prob(F) with
finite entropy such that Sub,, (F) admits a non-atomic p-boundary.

The proof uses the notion of record times introduced in [FHTVF19] and systematized in
[EK23], along with a dynamical criterion inspired from the case of wreath products (that admit
many measures with the properties mentioned in the theorem statement, see the introduction of
Chapter 5).

One motivation to consider dynamics on the Chabauty space, and particularly on its closed
space of amenable subgroups, is a theorem of M. Kennedy [Ken20] (drawing from his work with
Breuillard-Kalantar-Ozawa [KK17, BKKO17]) stating that a countable group G is C*-simple, a
strong form of non-amenability that corresponds to the absence of closed non-trivial ideals in the
reduced C*-algebra C ;(G), if and only if there are no closed minimal subsystems of Subam (G).
A formulation in terms of stationary dynamics is given by Hartman-Kalantar in [HK23], and

proves that this condition is equivalent to the existence of a non-degenerate u € Prob(G) such
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that the action G ~ Sub,,(G) admits a unique p-stationary measure, namely the Dirac mass
on the trivial subgroup.

For some classes of C*-simple groups exhibiting non-positive curvature, [HK23] shows that
any non-degenerate p € Prob(G) verifies this property. The previous theorem says that F' cannot
verify this extreme form of C*-simplicity (which is relevant since F' is non-amenable if and only
if it is C*-simple [LBMBI18]). In contrast, Theorem J below shows that a large class of groups
G exhibiting some degree of non-positive curvature do not admit non-degenerate p € Prob(G)
such that Sub,,(G) supports a non-atomic p-boundary.

Theorem (Chapter 5). Let G be a countable group, p € Prob(G) be non-degenerate and let n
be a p-boundary on Sub(G) that is not a Dirac mass on a finite normal subgroup. Then 1 gives

full measure to normalish subgroups of G.

Here, we say a subgroup H of G is normalish if (,. , zH z~! is infinite for every finite subset
Z C @. This notion was introduced in [BKKO17] to give new criteria of C*-simplicity of groups.
Several classes of groups are known to not admit amenable normalish subgroups, such as groups
with some positive £2-Betti number [BFS14], non-trivial bounded cohomology or linear groups
with trivial amenable radical [BKKO17].

Structure theory for proximal actions on R

While initially motivated by the theory of circle diffeomorphisms and of codimension-one real foli-
ations, the study of countable groups acting on 1-dimensional manifolds by homeomorphisms has
developed into an independent subject in the last 30 years following work of Ghys, Matsumoto,
Witte-Morris, Navas, Calegari and many others. It now plays a role in questions related to left-
orderability [Nav10] and circular-orderability [Cal04] of countable groups, hyperbolic structures
on compact surfaces [Mat87, MW24] and 3-manifold topology [BGW13], among other topics
(see [DNR16], [Man23] and [CR16, Cal07] respectively, and the references therein). We refer to
[Ghy01, Nav11, KK21] for more complete treatments of the subject, and [Nav18] for a survey of
problems.

Recall that a group action on a topological space X is said to be minimal if all orbits of
points of X are dense in X. When G is a countable group, a theorem of E. Ghys [Ghy87]
gives a complete invariant (in terms of the bounded cohomology of G) of minimal actions of
G by homeomorphisms of S* up to conjugacy. The existence of such an explicit invariant for
actions up to conjugacy is a result by itself, and can be framed in the study of Borel equivalence
relations. S. Matsumoto [Mat86] reformulated Ghys’ theorem in more concrete terms, from
which one shows that this invariant is Borel: that is, there is a Borel map from the space of
minimal actions Rep,,;,(G,S?) of G on S! to a standard Borel space whose fibers are exactly
the conjugacy classes.

When considering minimal actions of G on R by orientation-preserving homeomorphisms, the
existence of a complete invariant depends on G: for instance, the answer is positive for abelian
groups [Hol01], more generally for groups with no non-abelian free subsemigroups [Pla75], and

for solvable Baumslag-Solitar groups [Riv10]. The answer is negative for the non-abelian free
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group Fy (see [BMBRT24, Section 14.4] or Example 6.2.3 below), and we are led to study the
following class of groups.

Definition 1.1.1 (Chapter 6). Define C as the class of countable groups G such that there is a

complete Borel invariant of minimal actions of G on R.

Given the preceding examples, a natural question is if all amenable (or elementary amenable)

groups are in C. We do not know do answer, but our theorems show that the class C is large.
Theorem (Chapter 6). Let G be a finitely generated group.

« If there is a normal subgroup H C G such that G/H and H belong to C, then G € C.

o If (Hn)n>o0 are finitely generated groups in C, then @nzo H, €C.

o If ®: H — K is an isomorphism between finite-index subgroups H, K of G which belong to
C, then the HNN-extension G® is in C.

In particular, the class C contains all finitely generated solvable groups, all Baumslag-Solitar
groups BS(m,n) = (a,b | ab™a=t = b") for m,n € Z\ {0} and is closed under wreath products
of finitely generated groups.

Theorem (Chapter 6). Let G be a finitely generated group of piecewise affine homeomorphisms
of R. Then G € C.

While the previous results go in the direction of the complexity of Borel equivalence relations
(as expounded in [BK96, Hjo00]) what may be more relevant for the general context of this thesis
is the method of proof. The statement G € C is equivalent to a purely dynamical condition on
proximal minimal actions G ~¥ R, essentially saying that any sequence of homeomorphisms
of R asymptotically centralizing ¢ eventually converges to the identity. The verification of this
condition in the different cases at hand uses extensively a sort of structure theory for subgroups
of Homeog (R).

The proof of the dynamical Tits alternative for Homeog(S*) from [Mar00] provides more
detailed dynamical information for an action of a countable group G on S'. Indeed, if there is
no invariant probability measure for G ~¥ S, up to collapsing wandering intervals and passing
to a quotient of the circle by a finite-order homeomorphism centralizing G we obtain an action
G A% S' which is extremely proximal, that is, such that for every pair of non-empty open
intervals I, J C S! there is g € G such that J(g).] C J. A similar statement is true for actions
on R, but adds the caveat that when G is not finitely generated, it may happen that an action
on R does not admit a closed invariant set where every orbit is dense (i.e. a minimal set).
This situation appears even when considering finitely generated groups, by restricting actions to
infinitely generated subgroups.

One of the contributions of [BMBRT24] is a way to obtain more structure in this context: if
G ¥ R is a minimal action such that N C G is a normal subgroup that admits no minimal

set on R, then ¢ is laminar, that is, preserves a closed, unbounded and non-crossing set of
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intervals in {(z,y) € R? : < y} constructed from N ~%¥ R. The normality condition can
be considerably weakened so as to be applied to many suitable conjugation-invariant families of
subgroups, such as rigid stabilizers of a given action of G on R. Following [BMBRT24, Chapter
9], this gives enough structure on the class of all actions of a micro-supported group to prove the
last statement of the previous theorem. We remark that Thompson’s F' was shown to belong to
C in [BMBRT24, Chapter 16] through structural results on the class of its minimal actions on R
which are unavailable for a general subgroup of PAffy(R).

1.2 Open questions

The following are some hopefully tractable open questions that I find stimulating. Some of these
are repeated in later chapters.

Concerning Chapter 2:

« The whole homeomorphism group of the Cantor space (or even the group of biLipschitz
homeomorphisms of Cantor space) does not verify the alternative.? Nevertheless, does the
dynamical Tits alternative hold for the higher dimensional Brin-Thompson groups defined
in [Bri04] acting on Cantor space? Does it hold for the group of homeomorphisms of the
Cantor space defined by asynchronous transducers as in [GNS00] or by bi-synchronizing
transducers as in [BCM*24]? If G is a groupoid of germs of a compact metric space X
which is hyperbolic in the sense of V. Nekrashevych [Nekl5], does the action of the full
group F'(G) on X satisfy the alternative?

« Let X be a compact metric space and R ~"Y X a free, continuous flow. Let X be the
group of homeomorphisms of X that preserve the orbits of ¥. Does K ~ X satisfy the
alternative? Through the existence of the harmonic space Harm(G) of a countable group G
(see the introduction of Chapter 6), a positive answer would imply a conjecture of P. Linnell
asserting that a left-orderable group with no non-abelian free subgroups is locally indicable.
The general case seems out of hand at the moment, but the two following variations may

be more amenable to analysis. Both were pointed out to me by Nicolds Matte Bon.

Let h be a self-homeomorphism of the Cantor space and let X be the suspension of h.
A basis of the topology of X is given by flow boxes U C X homeomorphic to K x [
where K is the Cantor space and I C R is an open interval. Following [MBT20], call a
homeomorphism g of X locally transversally constant if for sufficiently small flow boxes
g is of the form g: (k,z) — (k,gu(x)) where gy is some homeomorphism between real
intervals. Denote by H; the group of locally transversally constant homeomorphisms of X.
Does H; ~ X satisfy the dynamical Tits alternative?

Let Ha be the group of smooth diffeomorphisms of the torus S* x S! preserving a (given)

irrational linear flow on S x S'. Does Hy ~ S* x S! satisfy the dynamical Tits alternative?

2Take any non-amenable countable group G without non-abelian free subgroups. Since G is non-amenable,
there is a subshift X C {0,1}¢ with no invariant probability measures [FKSV25, Theorem 5.13]. X cannot be
countable, so it contains a G-invariant Cantor subset Y. The action G ~ Y does not satisfy the alternative.
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Concerning Chapter 3:

« As a general program, to what extent can methods used to study hyperbolic (resp. non-
virtually solvable linear groups) acting on their Gromov boundary (resp. projective space)
be adapted to the setting of a group acting proximally on S'? For hyperbolic groups one
can use [Cho25] as a starting dictionary between both worlds. As a test example, does a
version of the Abels-Margulis-Soifer lemma [AMS95] (see [KP25] for a version for groups
acting on Gromov-hyperbolic spaces by isometries) apply to proximal representations of
countable groups on Homeo(S')?

For linear groups, [BM24] employs spectral methods used initially to study random walks
on semisimple real Lie groups (in the line of [BQ16]) to deduce limit laws for random walks
on subgroups of Diff(l)"'o‘(Sl) preserving no probability measure on S'. A fundamental
input seems to be the inequality stated in Theorem 3.4.2 below (which is certainly not
the first instance of this inequality in the literature). This inequality allows one to prove
the following: fix f1,...,fq € Diffé‘*'CK (S1) acting proximally with no global fixed point on
S, and let p be the function assigning to each p € [0,1]¢ with >, p; = 1 the Lyapunov
exponent of the measure ), p;df,. Then p is analytic (with the same proof as in the linear
case [Per91]).

Concerning Chapter 4:

o Let u be a non-degenerate finitely supported measure on Thompson’s group 7. Does the
Poisson boundary of (T, i) coincide with the breakpoint boundary defined in Section 4.8?3
Does it coincide with the stationary joining of the breakpoint boundary with (S!,v) where
v is the unique p-stationary measure on S'? As a strictly weaker version of this question,

is (S1,v) a quotient of the breakpoint boundary?

« If 41 is any non-degenerate measure on Thompson’s group 7', is it still true that (S*,v) is
not the Poisson boundary of (T, u)? If true, the proof would have to bypass techniques
based on Avez entropy entirely, as in [CF25].

Concerning Chapter 5:

o Theorem J and [BFS14] show that if G admits a y-boundary on Sub(G) whose support
consists of subgroups with vanishing ¢2-Betti numbers, then the ¢2-Betti numbers of G
vanish. This is well known when the y-boundary is a Dirac mass on a normal subgroup. Is
this true for invariant random subgroups or, more generally, for u-stationary random sub-
groups? The answer is positive for an invariant random subgroup supported on amenable
subgroups of G by [BDL16], who prove that in this case the invariant random subgroup is
supported on subgroups of the amenable radical of G.

3The same question for Thompson’s group F is also open. In both cases a positive answer seems to encounter
the same problems as when extending the results of [FS23] (which make explicit the Poisson boundary of wreath
products of groups for a vast class of measures) to permutational wreath products.
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« The extension of Corollary I (the existence of non-degenerate p € Prob(F) admitting
non-atomic p-SRSs on abelian subgroups of F') to Thompson’s T and V' should be true
but appears to require new ideas. There is a canonical procedure to produce IRSs of an
overgroup G given IRSs of a group H [KQ19]. A version for SRSs is plausible but faces

the problem of choosing a non-degenerate measure on G given one on H.

« As a general program, to what extent can the properties of p-stationary measures (or p-
boundaries) on the space of subgroups of a countable group be made to reflect known results
for uniformly recurrent subgroups? Results of A. Alpeev [Alp25] indicate that the analogy
should hold between URSs and p-stationary measures (or u-boundaries) for a Baire-generic
i € Prob(G). For instance, Corollary I shows that an exact analogue of the absence of non-

trivial URSs of Thompson’s F' from [LBMB18] fails for certain non-degenerate measures.

« What are the generalized Baumslag-Solitar groups with only countably many amenable
subgroups? There are two possible applications of an answer: first, [dIHP11, Proposition
5] states that a Baumslag-Solitar group is C*-simple if and only if its amenable radical
is trivial (this is true for GBS groups [MV25, Proposition 9.1]). By [BKKO17, Theorem
6.11], a GBS group G with countably many amenable subgroups satisfies a strengthening
of this property, since a (possibly non-finitely generated) subgroup H of G is C*-simple if
and only if its amenable radical is trivial. Second, a group with countably many amenable
subgroups cannot contain groups with uncountably many amenable subgroups. In both
cases, we do not know if this gives new non-finitely generated C*-simple groups acting on
trees or new obstructions to embeddings between GBS groups, see [MWY25] and [Lev15]
respectively.

Concerning Chapter 6:

« Is the conjugacy relation between minimal actions of a non-finitely generated countable
group G by orientation-preserving homeomorphisms of R essentially hyperfinite? Are all
the orbit equivalence relations induced by actions of Homeog(R) essentially countable?
Equivalently, does Homeog(R) admit a turbulent action in the sense of G. Hjorth (see
[Hjo00, Chapter 3])?

« Are all amenable or elementary amenable groups contained in C? Is there a hyperbolic
or acylindrically hyperbolic group in C that admits a faithful minimal action on R by
homeomorphisms? If G C Homeog(R) is a group in C, is the group of piecewise-G home-
omorphisms of R in C? Can the conditions of finite generation required in Theorem L on

closure properties of C under group-theoretic operations be dispensed with?

« M. Brin observed in [Bri96] that the fact that the standard action of F' on R is highly
transitive in an adequate sense implies, by Rubin’s theorem [Rub89] (actually a stronger
variant by McCleary-Rubin [MRO5]), that the automorphism group of F is canonically
identified with a subgroup of the normalizer of F' in Homeo(R). The results of [Brio6]
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describe Aut™ (F) = Aut(F) N Homeoy(R) as a short exact sequence
l—F — At (F) —TxT—1

by showing that Aut™(F) is the group of piecewise dyadically affine homeomorphisms of
R that eventually commute with the translation x — x + 1 and have a discrete set of
breakpoints. Since both F and T' x T are in C and Aut™(F) is finitely generated (see
[BC13] for a finite presentation) we conclude that Aut™(F) is in C. To which degree does
this hold true for a the automorphism group of finitely generated piecewise affine group G
acting in a sufficiently transitive way on R (so that an index-two subgroup of Aut(G) is a
subgroup of Homeoy(R))? [BG98] shows that the structure of these automorphism groups
is more intricate when G is one of the generalizations F,, or F}, o, n > 2 of F' defined in
[Bro87]. Indeed, not all the homeomorphisms coming from the automorphism group are

piecewise affine in this case.

A similar argument shows that the commensurator group Comm(F') of F also admits
an index-two subgroup with an explicit embedding in Homeog(R) as piecewise dyadically
affine homeomorphisms that are eventually periodic and have a countable discrete set of
breakpoints [BCRO08], but Comm(F) turns out to be infinitely generated. We do not know
if it lies in C.



Chapter 2

Dynamical Tits alternative for
groups of almost automorphisms

of trees

This chapter corresponds to the paper [GV26].

We prove a dynamical variant of the Tits alternative for the group of almost automorphisms
of a locally finite tree 7: a group of almost automorphisms of 7 either contains a non-abelian
free group playing ping-pong on the boundary 97, or the action of the group on J7 preserves
a probability measure. This generalises to all groups of tree almost automorphisms a result of
Hurtado-Militon [HM19] for Thompson’s group V', with a hopefully simpler proof.

2.1 Context and contributions

The Tits alternative is a celebrated theorem by J. Tits [Tit72] that shows a sharp dichotomy for
linear groups over a field of characteristic zero: either they are virtually solvable or they contain
a non-abelian free group. A group G is said to satisfy the Tits alternative if for every subgroup
H of G, H is virtually solvable or contains a non-abelian free group. This group property has
been established for a great deal of countable groups (see the references in [dIH00, Section II B,
Complement 42]), usually by applying the Klein ping-pong lemma to exhibit free subgroups.
There are also many countable groups known to fail this alternative, as do many groups of
homeomorphisms of compact spaces. For instance, the group Homeo(S!) of homeomorphisms of
the circle and the group of automorphisms Aut(7) of a regular tree 7 of degree > 3: the former
contains Thompson’s group F of piecewise dyadically affine homeomorphisms of [0, 1], the latter
contains the first Grigorchuk group, and these subgroups are not virtually solvable and do not
contain free groups (see [CFP96] and [Gri80], respectively). Nevertheless, these two examples

satisfy a dynamical variant of this condition which we formulate as follows.

13
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Definition 2.1.1. Let X be a compact topological space and G a group of homeomorphisms of X .
We say that the action of G on X satisfies the dynamical Tits alternative if for every subgroup
H of G one of the following holds.

e The action of H preserves a regular probability measure on X.

o There exists a ping-pong pair for the action of H, that is, there exist g,h € H and disjoint
open sets Uy, Us, V1, Vo C X such that

GX\U)CVi  and h(X\Us) C Vi, (2.1.1)

This dynamical alternative is a property of a group action, not merely of a group. Nonetheless,
if g,h € H belong to a ping-pong pair, the ping-pong lemma shows that g, h generate a non-
abelian free group. Moreover, the conditions in Definition 2.1.1 exclude each other and it suffices
to verify them on finitely generated subgroups of GG, see the beginning of the proof of Theorem
A.

Remark. Previous work [MM23, HM19] involving this notion define the dynamical Tits alterna-
tive as a weaker condition, where every subgroup H is required to preserve a probability measure
or to contain a non-abelian free group. We prefer our definition since this weaker notion is not
a dichotomy, and moreover all known proofs of the alternative yield the stronger condition. For
instance, whenever G ~ X satisfies Definition 2.1.1, a subgroup H of G preserves a probability
measure on X if and only if every pair of elements of H preserve a common probability measure
on X.

Examples. A first family of examples comes from one-dimensional dynamics: the action on S!
of the group of homeomorphisms of S! satisfies the dynamical Tits alternative by a theorem of
G. Margulis [Mar00]. A related example is the Higman-Thompson group V acting on the triadic
Cantor set, which also satisfies the alternative by work of Hurtado-Militon [HM19, Theorem 1.3].
A generalization of both statements is given in [MM23, Theorem 1.3], where it is shown that for
any compact K C R, the defining action of the group of locally monotone homeomorphisms of K
satisfies the alternative. It is notable that the proof in [MM23] finds sufficiently proximal elements
on a group G that does not preserve a measure on K by running a random walk on GG, whereas
the arguments in [Mar00, HM19] are “deterministic”. Groups acting by homeomorphisms on
dendrites also satisfy the alternative by work of Duchesne-Monod [DM18, Theorem 1.6].

A second family of examples consists of groups acting on the boundary of Gromov-hyperbolic
spaces: a first elementary instance of this class is the action of automorphism group of a locally
finite tree 7 on its boundary 97, as follows easily from the well-known dynamical classification
of subgroups of Aut(7), see [Tit70]. More generally, if (M, d) is a Gromov-hyperbolic and proper
metric space such that Isom(M, d) acts cocompactly on M, then the action of Isom(M, d) on the
Gromov boundary OM satisfies the dynamical Tits alternative (see [CCMT15], and also [AS22,
Theorem 1.10] for a probabilistic version).

This chapter is concerned with almost automorphism groups of locally finite trees, which

are a large family of locally compact and totally disconnected groups that arise as follows:
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let 7 be a locally finite rooted tree and 07 be its space of ends. The group of rooted tree
automorphisms Aut,(7) acts on 9T preserving the so-called visual metric. The group AAut(7)
of almost automorphisms of 97T consists of all homeomorphisms of 97 that are local homothecies
for this metric, that is, that locally rescale it. The natural group topology on AAut(7) is not
the compact-open topology, but the unique group topology such that Aut(7) is a compact open
subgroup of AAut(7). See Section 2.2 for more precise statements.

Ifd>2, k> 1and 74y is the rooted tree where the root has k children and all other vertices
have d children, then AAut(7g) is known as a Neretin group. These groups are known to be
simple [Kap99], compactly presented [LB17] and to contain the Higman-Thompson group Vg
as a dense subgroup. They are the first examples of compactly generated simple groups without
lattices [BCGM12] and moreover admit no invariant random subgroups by a result of T. Zheng
[Zhe19).

We show that the action of AAut(7) on 9T satisfies the dynamical Tits alternative for any
locally finite rooted tree T .

Theorem A. Let T be a locally finite rooted tree. The action of AAut(T) on the boundary 0T

satisfies the dynamical Tits alternative.

Some interesting groups to which Theorem A applies are the groups Vi considered by V.
Nekrashevych in [Nek18], where G C Aut,(72,2) is a self-similar group. Here Vg is the subgroup
of AAut(73,2) generated by G and Higman-Thompson’s V.

Fix a linear order on J7 that is compatible with the tree structure. We denote by V7 the
group of elements of AAut(7") acting in a locally order-preserving manner. For instance, V7, ,
is the Higman-Thompson group associated to Tq 1, and all topological full groups of irreducible
infinite one-sided shifts of finite type are naturally subgroups of some V7, see [Led20, Theorem
3.8]. We call Vi the Higman-Thompson group associated to T, although this name is not stan-
dard. The proof of Theorem B below gives a shorter and hopefully more conceptual approach

to [HM19, Theorem 1.3] when specialized to the Higman-Thompson group V.

Theorem B. Let H be a finitely generated subgroup of V. Then the action of H on T has a

finite orbit or admits a ping-pong pair.

We emphasize that Theorem B is not new, since the proof of [HM19, Theorem 1.3] shows
that V' verifies the (slightly stronger) conclusion of Theorem B and general arguments allow to
extend the result from V to any group V7.

Two important ingredients in both proofs are a characterization of relatively compact sub-
groups of AAut(7) by Le Boudec-Wesolek [LBW19] and a description of the dynamics of in-
dividual elements of AAut(7) by Goffer-Lederle [GL21] (building on work of O. Salazar-Diaz
[SD10)).
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2.2 Preliminaries

We give some background on AAut(7 ), describe the dynamics of individual elements of AAut(7T),
recall the definition of the Vietoris topology on closed subsets of a space and fix some notation.
For more details on this material, see [GL21, LBW19, GL18§].

Notation

Given a metric space (X,d), A C X and € > 0, we denote A* = {x € X : d(z, A) <e}. When T
is a rooted tree, we write Aut,(7) for the group of tree automorphisms of 7 that fix the root.

Almost automorphism groups of trees

Let 7 be a locally finite rooted tree with no leaves. We denote its root by vg, and assume that
all edges are directed away from vg. A caret is a subtree of T consisting of a vertex, its children,
and the edges between them. A subtree is complete if it is a union of carets, and when Ty, 73
are rooted complete subtrees of 7 we denote by 72 \ 71 the union of all carets in 75 that are not
included in 7;. The set of leaves of a tree T is denoted by L7 .

Let OT be the space of ends of T, that is, the set of (one-sided) infinite directed paths starting
at vg. We equip &7 with the topology induced by the visual metric defined as d(¢,£") = 27 N(&£)
for £,& € OT where N(&,¢') € N is the smallest integer n such that &, # £,. The space (9T ,d)
is totally disconnected and compact, and its topology has a basis of clopen balls given by the
sets 0T, = {£ € 9T : v is in £} where v € V(T).

An almost automorphism of T is a homeomorphism g of T such that there exists a partition
of 9T into clopen balls Dy,..., D, and positive numbers A1, ..., A, such that d(g(y),g(z)) =
Ajd(y, z) for all y, z € D;. Such a partition is said to be admissible for g. Another way of viewing
an almost automorphism is the following: take 77, 73 finite subtrees of T with root vg, so T \ 71,
T \ T3 are naturally rooted forests. Then any isomorphism g: 7 \ 71 — 7T \ Tz of rooted forests
determines a g € AAut(7), and conversely any almost automorphism arises in this manner,
although not uniquely so.

Call an almost automorphism g € AAut(7T) elliptic if there exists a partition P of 9T into
clopen balls that is admissible for g and g-invariant, that is, such that gP = P. The following
theorem is stated for Neretin groups in [LBW19], but the proof for any locally finite tree 7 is

the same word by word.

Proposition 2.2.1 ([LBW19, Corollary 3.6]). Let H be a finitely generated subgroup of AAut(T).

The following are equivalent.

o H is relatively compact in AAut(T).
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o BEvery element of H is elliptic.
o There is a partition P of OT into clopen balls such that P is admissible for every h € H.

Moreover, if these conditions hold and Q is any partition of OT into clopen balls such that Q is

admissible for every element of some generating set of H, then P can be chosen to be finer than

Q.

Fix a family of total linear orders {<, : v € V(7T)} indexed by the vertices of T, where
<, is an order on the children of v € V(7). This family induces a linear order < on 97 by
declaring & < & if £, € OT and &, <¢, , &,, where n = N(§,¢) € N. We call g € AAut(7)
a Higman-Thompson element if there exists an admissible partition P for g such that g|D is
order-preserving for all D € P. The subset of Higman-Thompson elements of AAut(7) is a
group that we denote by V3. We omit {<, : v € V(T)} from the definition of V7 to keep the
notation uncluttered, but for non-regular trees 7 the group V7 may depend on the choice of
these orders.

Since the elliptic elements of V- are exactly the elements of finite order in V7, as in [LBW19]
Proposition 2.2.1 yields the following result.

Corollary 2.2.2 ([LBW19, Corollary 3.7]). Any finitely generated subgroup of Vi composed

entirely of elliptic elements is finite.

Dynamics of almost automorphisms

We will make use of a description of the dynamics of individual elements of AAut(7), which is
one of the subjects of [GL21]. Again, the proofs are given for 7 = 74 but a careful reading
shows that all arguments hold in the general case.

We need some definitions, following [GL21]: a tree pair is a tuple (k, T1, 72) where 71,72 C T
are finite complete trees with root vy and x: LT; — LT3 is a bijection between the leaves of Ty
and the leaves of 7T3. We say that a tree pair (k, T1, Tz2) is associated to an element g € AAut(7) if
g arises from an isomorphism of rooted forests g: 7\ 71 — T\ Tz such that x = | 7, In this case
{0Ts }verT; is an admissible partition for g. We will only consider tree pairs that are associated
to some almost automorphism of 7. All tree pairs are associated to almost automorphisms when
T = Ta but this is not true in general since the connected components of 7\ 71 and T \ 73
need not be isomorphic.

Consider an orbit O = {ug,...,u,} € LT3 ULT; of the partial action of x on LT; U LT3, that
is, O is such that uo,...,up,—1 € LT1, u1,...,u, € LTz, £(u;) = ujyq forall j =0,...,n—1
and either

e ug & LT3 and u, ¢ LT1, or
e up € LT3, uy € LT7 and k(uy) = ug.

The orbit O is said to be
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o an attracting chain if u, is a descendant of ug in 7, in which case w,, is called the attractor
of the orbit,

o a repelling chain if ug is a descendant of u, in 7, in which case uq is called the repeller of
the orbit,

« a periodic chain if k(u,) = ug, and

o a wandering chain if ug ¢ T2 (that is, ug is a descendant of some leaf in £73) and u,, ¢ Ty

(that is, u,, is a descendant of some leaf in LT7).

These options are mutually exclusive. We say that (k, 71, T2) is a revealing tree pair if each
connected component of 7; \ 72 contains a repeller and each connected component of 75 \ 71
contains an attractor. In this case, if C C 77 \ Tz is a connected component containing a repeller
ug, the orbit {ug,...,u,} is such that w, is the root of C' and wg is the unique repeller in
C. Similarly, if C C 75\ 71 is a connected component containing an attractor w,, the orbit
{ug,...,un} is such that ug is the root of C and u, is the unique attractor in C. Revealing
tree pairs were introduced by O. Salazar-Diaz in [SD10] to describe the dynamics of individual
elements of Thompson’s V.

If (k,T1,7T2) is a revealing tree pair, then every orbit O is an attracting, repelling, periodic
or wandering chain: assume that O is not periodic, so it must end in an element u,, € LT3\ LT1
and begin in an element ug € L77 \ LT2. If ug € Tz, then wg is the root of its component of
T2\ 71 and u,, must be the attractor in this component. If w, € T;, then u, is the root of its
component in 77 \ 72 and up must be the repeller in this component. If neither happen, then O

is wandering.

Theorem 2.2.3 ([GL21, Lemma 2.17]). Every element of AAut(T) is associated to some re-

vealing tree pair.

As a consequence we deduce the following corollary, the proof of which uses ideas present in

[GL21, Section 3.1] (compare [HM19, Lemma 5.5] for Higman-Thompson’s group V).

Corollary 2.2.4. If g € AAut(T) there is a partition 0T = U, UV, into g-invariant clopen
subsets such that Uy is equal to the open subset of & € OT that admit a neighborhood U C 0T
such that some positive power ofg’U is an isometry onto U. Moreover, the following properties

are verified.
o There is a positive power of g|U that is an isometry (for the visual metric of OT ).
g
« There are finitely many g-periodic points in V,, which we denote Pernyp(g).

o There is a partition Perny,(g) = Peryep(g) UPerat (g) into repelling and attracting periodic
points, such that for every € > 0, there exists N € N so that for all k > N we have

gk(Vg \ Perrep(9)°) C Perai(9)°  and g_k(Vg \ Perais(9)°) C Peryep(9)©. (2.2.1)
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Proof. Let (k,T1,7T2) be a revealing pair associated to g. Write (79 = | |07, where the union is
over all vertices u € L7; U L7, that are in periodic chains, and set ‘79 =0T \ [79. The sets (79
and IN/g are g-invariant and clopen, and if 97, C 179 where u € LT7 U L7, there exists n € N
such that ¢"(97,) = 0T, and g”|a7_u is an isometry. By taking appropriate powers of g we see
that there is a & € N such that gk|(7g

Now let 07, C \79 where u € L7 U LT3 is in an attracting chain {uo,...,u,}. We have that
9" (0Tu,) € 0Ty, and g"}m_uo is a contraction, so in particular ¢"(97,) € 97T, and g"|67_u is a

is an isometry.

contraction. Thus there exists a unique g"-fixed point &, € 97,, and which must also verify

Ni>o g*(0T,) = {&4}- Set
Perai(g) = {&, : u is in an attracting chain}.

If 07, C ‘7;7 where u € L7; ULT3 is in a repelling chain instead, the argument of the previous
paragraph applied to g~! shows that for some n € N there exists a unique ¢g"-fixed point &, € 07T,
such that ;5 g~ (0T,) = {&.}. Set

Peryep(g) = {&, : w is in a repelling chain}.

The sets Peryyt(g) and Peryep(g) are disjoint and finite. Moreover, their union gives all g-
periodic points in 179 since any £ € 07, where u € L7 U LT3 is in a wandering chain cannot be a
g-periodic point: indeed, if the orbit {ug,...,u,} is wandering, then the connected component
of u, € LT3\ 71 in T2 \ 71 has a root u, € LT; which must be the first element of an attracting
orbit. Thus

d (9" (9T) o (60)) 0
for every k = 0,...,n. In the same way, the root u, € LT3 of the connected component of

ug € LT\ T2 in T1 \ T3 is the last element of a repelling orbit, so
d (g5 (0Tu) 077 () 270

for every k =0,...,n. Since &,, # &,,, there are no periodic points in any 97, for k =0,...,n.

To prove that ‘79, Perai(g), Perrep(g) verify the last item of the corollary, by symmetry it
suffices to prove the first statement in (2.2.1). To do this, take a clopen U C ‘79 \ Peryep(9)
and € > 0, and let u € LT7 U LT73. If uw is in an attracting or wandering chain, it is clear that
there is an N € N such that ¢*(U N 9T,) C Pera(g)¢ for all k > N. If u is in a repelling orbit
{ug,...,un}, then the equality

o *OT)nUNIT,) =2

k>0
shows that there is a | € N such that ¢~ *"(0T,) N (U NAJT,) = @ for all k > I. The sets
g"(0T.), r = 0,...,n — 1 are pairwise disjoint, and we conclude that 97, N ¢*¥(U N IT,) = @
for all £k > nl. Upon replacing U by ¢"(U) for some sufficiently big » € N we may assume that
U N 9T, is empty for all uw € LT; U LT3 in a repelling orbit. Hence (2.2.1) holds for a sufficiently
large N € N.
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Up to now, (79, XN/g satisfy all the required properties except that 17g could still contain some
points that admit a neighborhood U C 97 such that some positive power of g’U is an isometry
onto U. Call the set of such points Z C V;. All elements in V \ (Peryep(g) U Perag(g)) admit
a neighborhood U such that ¢/(U) NU = @ for all j # 0, so Z C Peryep(g) LI Perag(g) is finite.
Thus setting U, = ﬁg UZ, Vg = ‘N/g \Z ensures that all properties in the statement of the corollary
are verified. O

In contrast with the trees 74, the boundary of an arbitrary locally finite tree 7 may contain
isolated points and the three items in the previous corollary do not specify Uy, V,; uniquely. The

definition of U, in the statement of the corollary gives a canonical definition in any case.

Vietoris topology

Given a topological space X, we denote by 2% the space of closed subsets of X equipped with
the Vietoris topology, defined as the topology with subbasis

{Ke2X ' KNU+#2, KNV =g}

where U, V range over all open subsets of X. If X is compact metrizable then 2% is also compact
metrizable [Eng89, Section 4.5], and in this case any action by homeomorphisms of a countable

group on X induces naturally an action by homeomorphisms on 2% [Eng89, Section 3.12].

2.3 Proofs

We first gather some useful lemmas.

Lemma 2.3.1 (Neumann’s lemma, [Neu54, Lemma 4.1]). Let G be a group acting on a set X
and assume that the action has no finite orbits. Then for every pair of finite subsets A, B of X
there exists an element g € G such that g(A) N B is empty.

Lemma 2.3.2 ([MM23, Proposition 1.16]). Let G be a group acting by homeomorphisms on a

compact metric space (X,d). Assume that

i. there exists a positive integer p such that for any € > 0 there exist non-empty finite sets
A, B C X of cardinality at most p with g(X \ A%) C B¢ for some g € G, and

1. there are no finite G-orbits.
Then the action of G on X has a ping-pong pair.

Proof. Notice that condition (i) is equivalent to the existence of finite sets A, B of X that work
for any € > 0: a pair (A, B) of non-empty subsets of X of cardinality at most p is called a
contraction pair if for every neighborhood U,V of A, B respectively there exists g € G such that
g(X\U) C V. Then condition (i) and the compactness of X imply that there exists a contraction

pair.
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Moreover, if (A, B) is a contraction pair and u,v € G then (u(A),v(B)) is a contraction pair
too. Thus, by (ii) and Lemma 2.3.1, our contraction pair (A, B) can be taken such that A and
B are disjoint.

Using (ii) and Lemma 2.3.1 again we deduce that there exist two contraction pairs (41, B1),
(Ag, Bs) where the Ay, Ay, By, Bo are pairwise disjoint. If U;,V;,i = 1,2 are pairwise disjoint
neighborhoods of A;, B;,i = 1,2 respectively, we can find g1,g2 € G such that ¢;(X \ U;) C V;
for i = 1,2. These constitute a ping-pong pair. O

Lemma 2.3.3. Let G be a compact topological group and g € G. For every neighborhood U
of the identity there exists a strictly increasing sequence (n;);>0 € N such that " € U for all
jeN.

Proof. Let p be the normalized Haar measure on G, so that u is a probability measure of complete
support on G and left multiplication by g preserves p. Let V' C U be an open neighborhood of
the identity such that V- V= C U. Since (V) > 0, Poincaré’s recurrence theorem implies that
there is a strictly increasing sequence (n;);>0 C N such that u(V Ng™V) > 0 for all j € N. In
particular ¢g"s € V- V~1 C U for all j € N. O

The core of the proof of Theorem A is the following statement, which uses ideas from
[LBMB22, Proposition 5.2] and implies the extreme contraction properties required by Lemma
2.3.2. For an almost automorphism g € AAut(7) we use the same notation as Corollary 2.2.4, so
we write U, C 0T for the stable set of g and Pernyp(g), Perrep(g) for the hyperbolic and repelling
points of g respectively.

Recall that we denote by 297 the compact metrizable space of all closed subsets of 97T
equipped with the Vietoris topology.

Proposition 2.3.4. Let H be a subgroup of AAut(T) and assume that (), oy Un is empty. Then
there exists a finite set B C OT such that for every e > 0 there is a h € H with h(0T \ B®) C Be.

Proof. By compactness there exist elements hqy,...,hy € H such that ﬂle Up, is empty. By
taking powers of the h; we can assume that every h; |Uj is an isometry. Set B = U?Zl Pernyp(h;)
and Cy =0T \ B°.

Now hj restricted to Uy, is an isometry. Since isometry groups of compact spaces are compact
for the compact-open topology, Lemma 2.3.3 and a diagonal argument shows that there exists a

strictly increasing sequence (n;);>0 € N such that

sup d (k)" (), ) <
erhl

(-

for all j € N.
For any closed D C 9T denote by Orby (D) the closure of the H-orbit of D in 297. By
taking a limit point of (h}?(C1));>0 in 227 we obtain a closed Cy € Orby (Cy) with

Cy C (01 NUp, )L Pel“hyp(hl).
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Lemma 2.3.3 applied to hy gives again the existence of a sequence (n})jzo C N such that

sup d(h;; (x),x) <

1
:EGth j

for all j € N. The finite set Percp(h2) can only intersect Cy in Perpy,(hi1), so by taking again a
limit point of (h;j (C3)) >0 we obtain a closed C5 € Orby(Cs) C Orby(Ch) with

C5 C (CQ N Uhg) LJ Pel“hyp(hg) - (Cl NUp, N th) L (Perhyp(hl) U Perhyp(hg)) .

Notice that, again, the finite set Perycp(h3) can only intersect Cs in Perpyp,(hi) U Perpyp (ho).
By iterating this argument inductively we produce, for every j = 2,...,k+ 1, a closed subset
Oj € OI‘bH(C]‘_l) - OI‘bH(Cl) such that

7—1
Cj - (ijl n Uhj—l) L Perhyp(hj,l) - (Cl N Uh1 [AEEENA Uhj_l) L <U Perhyp(hi)> .
=1

In particular Cgy1 C Ule Peryyp(hi) = B, and we are done. O

Proof of Theorem A. Take a subgroup H of AAut(7) and suppose that H does not preserve
a probability measure on dT. If every finitely generated subgroup of H preserves a probability
measure on 7, the compactness of Prob(97T) equipped with the weak-* topology implies that
H preserves a probability measure on 7. We may assume then that H is finitely generated.
Suppose that the set Uy = (,cy Un is non-empty. Since every Uj, is dynamically defined
(see the definition of U, in Corollary 2.2.4), we have that Uy is H-invariant. The closed set Uy
may be written as 97" for some rooted subtree 7/ C T, and we equip Uy with the restriction of
the visual metric of T, which coincides with the visual metric of 97’. Every element of H has
a proper power that acts as an isometry on 977, so the action of H on 97" is by elliptic almost
automorphisms of 7. Since H is finitely generated, Proposition 2.2.1 shows that the image of H
in AAut(7”) is relatively compact. Thus H preserves a measure on 97’ C 9T, a contradiction.
We conclude that Upg is empty, and in this case Proposition 2.3.4 and Lemma 2.3.2 imply that
there exists a ping-pong pair for the action of H. O

Remark. The proof of Theorem A shows a slightly stronger statement, namely that for any
finitely generated subgroup H of AAut(T), either H contains a ping-pong pair or there exists a

non-empty closed set C' C 07 such that the action of H on C' is equicontinuous.

Recall that V7 denotes the Higman-Thompson group associated to 7T .

Proof of Theorem B. Fix a linear order on d7 as in the definition of V. Take H a finitely
generated subgroup of V- and suppose that H acts without finite orbits on 7. If Uy = (,c gy Un
is non-empty, consider again a rooted subtree 7' C T such that Uy = 97", so H acts on Uy by
elliptic Higman-Thompson elements of AAut(7") for the induced order on &7". Corollary 2.2.2
shows that the image of H in AAut(7”) is finite, and thus there exists a finite H-orbit in Uy.
This is a contradiction, hence Uy is empty. Again Proposition 2.3.4 and Lemma 2.3.2 show that

there exists a ping-pong pair for the action of H. O
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2.4 Open questions

We finish with some hopefully tractable open questions.

Question. The whole homeomorphism group of the Cantor space does not verify the dynamical
Tits alternative.! Nevertheless, Grigorchuk-Nekrashevych-Sushchansky introduce in [GNS00]
the group R of homeomorphisms of Cantor space defined by asynchronous transducers, which
is known [BB17] to contain the higher-dimensional Brin-Thompson groups from [Bri04]. On
the other hand, the automorphism group of a Higman-Thompson group V;  coincides with the
subgroup of bi-synchronizing transducers inside R [BCM™24]. Does the natural action of any of

these groups on the Cantor set satisfy the dynamical Tits alternative?

Question. Let G be a group of homeomorphisms of a compact topological space X such that its
groupoid of germs is hyperbolic in the sense of V. Nekrashevych, see [Nek15]. Does the action of
G on X satisfy the dynamical Tits alternative? Theorem A shows that this is true for the groups

V&, whose groupoid of germs is hyperbolic whenever G is a contracting self-similar group.

!Take any non-amenable countable group G without non-abelian free subgroups. Since G' is non-amenable,
there is a subshift X C {0,1}¢ with no invariant probability measures [FKSV25, Theorem 5.13]. X cannot be
countable, so it contains a G-invariant Cantor subset Y. The action G ~ Y does not satisfy the alternative.
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Chapter 3

Probabilistic Tits alternative for

circle diffeomorphisms

This chapter corresponds to the paper [GV25].

To state the main result, let p1, po be probability measures on Diff(l)(S 1) satisfying a suitable
moment condition and such that their supports genererate discrete groups acting proximally on
St Let (f™)n>0, (f™)n>0 be two independent realizations of the random walk driven by s, po
respectively. We show that almost surely there is an IV € N such that for all n > N the elements
o, f generate a non-abelian free group. The proof is inspired by the strategy by R. Aoun for
linear groups. A weaker (and easier) statement holds for measures supported on Homeog(S?')

with no moment conditions.

3.1 Context and contributions

The Tits alternative is a celebrated theorem by J. Tits which asserts that finitely generated linear
groups are either virtually solvable or contain a non-abelian free group [Tit72]. This alternative
fails for groups of homeomorphisms of the circle, but a weaker alternative (sometimes called a
dynamical Tits alternative, see [MM23]) still holds.

Theorem 3.1.1 (G. Margulis [Mar00], see also V. Antonov [Ant84)). Let G be a subgroup of
Homeo(S'). Then either

i. G is elementary, that is, the action of G preserves a probability measure on S', or

1. G contains a ping-pong pair, that is, two elements f,g € G such that there are pairwise

disjoint open subsets Uy, Us, V1, Va of ST with f(S*\ Uy) C Vi, g(S*\ Uz) C Va.

The previous options are mutually exclusive and, by the ping-pong lemma, condition (ii)

implies that f, g generate a non-abelian free group in G.

25
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We are interested in how generic these two elements are. As a first approximation, there is a
dense G5 subset W of Homeo(S') x Homeo(S!) such that any pair of elements in W generate a
non-abelian free group [Ghy01, Proposition 4.5] (see also [Tril4, Theorem 6.9]). Our viewpoint
will be probabilistic instead of topological, inspired by the following result of R. Aoun for linear
groups. We first fix some notation: a probability measure g on a group G is said to be non-
degenerate if the semigroup generated by its support is all G. Given non-degenerate probability
measures fi1, fg on groups Gy, Go we let (€;,P;), i = 1,2 be the probability space (GI?,,LL?N),
and we write w = (f,, )n>0 for an element of Q; and w' = (fur Jn>0 for an element of Q. Also,

denote f for the right random walk f,,, o f,, _, o0 fo, at time n € N,

Theorem 3.1.2 (R. Aoun [Aoull, Aoul3]). Let G be a real algebraic linear group that is
semisimple and with no compact factors, and let Gy, Go be Zariski-dense subgroups of G. If
11, o are non-degenerate probability measures on G1,Go respectively with finite exponential mo-
ment, then there exists p € (0,1) such that

Py @ Py [(w,w') € Q1 x Qo such that f7, I are a ping-pong pair] > 1 — p"
for all sufficiently large n € N.

In the previous statement, two elements f,g € GL4(R),d € N are said to be a ping-pong
pair if the conditions in (ii) hold for their natural action on the projective space PR?, and the
measure p is said to have exponential moment if fG||g||(S dp(g) is finite for some § > 0 (here |||

is any norm on d x d matrices).

In,w’

Jn,w’

Figure 3.1

When specialized to PSLz(R) acting on S, the proof shows that the situation depicted in
Figure 3.1 occurs with probability converging to 1 exponentially fast in n € N. That is, there exist
disjoint intervals I, «, In ws Inw, Jn.w C St that testify that f7, ., are a ping-pong pair. The
intervals I, o, I, v can be taken centered around f(z), " (y) where z,y € S! are arbitrary and
fixed beforehand. The intervals J, ., Jn o converge as n increases to the repellers o(w),o(w’) of
the random walks f7, f7, (see the next section for the definition of o). To control the probabilities

that they intersect, their diameters decrease to 0 exponentially fast in n.
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The main result of this chapter shows that this situation remains typical for a pair of inde-
pendent random walks on countable subgroups of Diff(l)(S 1), the group of orientation-preserving
diffeomorphisms of S*, provided the action of the subgroups on S! is proximal. This condition
is almost always fulfilled for a group acting on S' admitting no invariant measures on S!, see

Theorem 3.2.2 below for a precise statement. For a function ¢: S — R, set

Bl = sup 2D =W
Lip z£yeSt d(LII, y)

Theorem C. Let G1, G3 be countable subgroups of Diff(l)(Sl) such that the actions of G1 and of

Go on St are prozimal. Let 11, pa be non-degenerate probability measures on Gv, Go respectively

such that there exists § > 0 so that the integral

)
/Gv max {|g|Lip’ |971|Lip} du(g)

k3

is finite fori=1,2.
Then there exists p € (0,1) such that

Py @ Py [(w,w') € Q1 x Qo such that f7, I are a ping-pong pair] > 1 — p"
for all sufficiently large n € N.
As with Theorem 3.1.2, the Borel-Cantelli lemma immediately implies the following.

Corollary D. Let u1, us be probability measures on Diff[l) (S1) satisfying the same assumptions
as in Theorem C. For P; @ Pa-almost every (w,w') there exists N € N such that f1, fI' generate

a non-abelian free group for alln > N.

The conclusion of Theorem C is known to be true in other settings: if M is a proper hyperbolic
space such that Isom(M) acts cocompactly on M and p is a measure on Isom(M) generating a
non-elementary group, then this is [AS22, Theorem 1.10]. The case of non-elementary hyperbolic
groups acting on their Gromov boundary and finitely supported p was treated previously in
[GMO10].

We do not know if the statement in Corollary D is true for groups of bi-Lipschitz homeo-
morphisms of S'.! To put this in perspective, we show that a weakening of Corollary D is true
for groups of homeomorphisms of S!, even without moment assumptions on the measures ;
and relaxing the proximality assumption on the G; to the absence of G;-invariant probability
measures on S1. It is an application of results in [DKNO7], but has not appeared previously in
the literature up to our knowledge. Denote by Homeog(S!) the group of orientation-preserving

homeomorphisms of S*.

Theorem E. Let Gi, Gy be countable subgroups of Homeog(S') such that the actions of G4

and Gy on St do not admit any invariant probability measures, and let ji1, po be non-degenerate

IThe relevance of the bi-Lipschitz condition comes from the fact that any countable subgroup of Homeog(S')
is conjugated to a group of bi-Lipschitz homeomorphisms, see [DKNO07, Théoréme D].
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probability measures on G1, Go respectively. Then for Py @ Pa-almost every (w,w’) € Q1 x Qq,
the set of n € N such that f7, fI, are a ping-pong pair has density 1, that is,

J\IIEHOO %\{0 <n<N:fo fl are a ping-pong pair}| = 1.

The proof of Theorem E requires only the tools developped in [DKNO7, Appendice] and
general statements on contracting random dynamical systems from [Mall7]. In contrast, the
proof of Theorem C requires more ingredients. For instance, to apply the strategy of [Aoull]
in this context it is essential to know that exponential contractions occur in mean and that
the stationary measure is Holder continuous (see Theorems 3.4.2 and 3.2.6 below respectively).
The first condition has been already proven in different situations in the literature by Gelfert-
Salcedo [GS23], Gorodetski-Kleptsyn [GK21] and Barrientos-Malicet [BM24], all of which require
(at least) that p be supported on Diﬂ(l)(S 1), The second one is a very general theorem by
Gorodetski-Kleptsyn-Monakov [GKM22]. One important difference with the linear setting lies
in the dynamics of individual elements of Homeog(S!): very “contracting” homeomorphisms of
the circle do not have a canonically defined repeller or attractor. Proposition 3.4.4 below deals

with this issue.

Remark. Theorem C and Corollary D are also true when the supports of the probability mea-
sures u; only generate semigroup (as opposed to a groups), with the same proofs. However, the
proof of Theorem E uses the existence of maps 7;: S' — S! intertwining the given actions of the
G; with minimal proximal actions. When G; is only a semigroup with no invariant probability

measure such a map may not exist, see [KKO18, Section 9.5].
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3.2 Preliminaries

We review some basic theory on random dynamical systems and groups acting on the circle, and
introduce some notation. For more details on this material, see [Ghy01, DKNO7, Mall7].

Notation

Given a metric space (X,d), A C X and € > 0, we write A° = {z € X : d(z,A) < e}. We
also write 14 for the indicator function on A and ¢, for the Dirac mass on a point z € X.
We will denote by d the metric on S coming from a fixed identification S = R/Z, so that

diam(S') = 1/2. Probability measures on S! in this chapter are always assumed to be Borel.
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Random dynamical systems

For us, a random dynamical system (G,u) ~ X (or a random walk on X) is the data of a
countable group G acting by homeomorphisms on a compact metric space (X, d) and of a prob-
ability measure p on G. We always assume that p is non-degenerate, that is, that the semigroup
generated by the support of u is G. We remark that this notation does not coincide with that
of [Mall7], where a measure on a semigroup is said to be non-degenerate if its support generates
the whole semigroup. Since we deal only with groups no confusion will arise.

Denote by (2,P) the probability space (GV, u®N) and set f? = f, o---o f,, when n € N,
w = (fu)k>0 € Q. A p-stationary measure is a Borel probability measure on X such that
W* v =v, where

prv(A) =Y ugv(g—A)
geG

for all Borel A C X.

We say that (G, u) ~ X is locally contracting if for all x € X, P-almost surely there exists a
neighborhood B C X of « such that diam(f7(B)) — 0.

Proposition 3.2.1 ([Mall7, Propositions 4.8 and 4.9]). Suppose (G, 1) ~ X is locally contract-
ing. Then there are finitely many ergodic u-stationary measures vy, ...,Vq, and their supports
are exactly the minimal G-invariant sets in X.

Moreover, for every x € X and P-almost every w € Q) there exists a unique index i = i(w, ) €
{1,...,d} such that f2(x) equidistributes towards v;, that is

N
1
Nz%éfg(x) N—o0 Vi

n=

in the weak *-topology.

Groups acting on the circle

We say that a group action G ~ S! is prozimal if for every strict subinterval I C S and £ > 0
there exists g € G such that diam(g(I)) < e. The action is said to be locally prozimal if every
x € S! is the endpoint of an interval I C S! such that for all € > 0 there exists g € G with
diam(g(I)) < e. In this context, we say that a group action G ~?% S! is semiconjugate to
G ~Y¥ S if there exists a continuous surjection 7: S — S such that ¥(g) o = 7o ¢(g) for all
g € G, and such that 7 is locally non-decreasing and has degree one (this means that any lift of
7 to m: R — R is non-decreasing and satisfies 7(z + 1) = 7(x) + 1 for all z € R). When such a
7 does not necessarily have degree 1, we call it a factor map.

The following theorem is essentially equivalent to Theorem 3.1.1 from the introduction: in
cases (ii.b) and (ii.c) below G always contains a free group, and there exists an invariant proba-
bility measure for G in cases (i) (a mean of Dirac masses on a finite orbit on S') and (ii.a) (the
image of Lebesgue measure under a conjugacy to a group of rotations).

Theorem 3.2.2 (see [Ghy01]). Consider an action G ~% S by orientation-preserving homeo-
morphisms. Then exactly one of the following options is satisfied.
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i. There exists a finite orbit.

ii. There exists a unique closed minimal set A, which is either S or a Cantor set. In the latter
case, by collapsing the countably many connected components of S\ A we can semiconjugate

¢ to a minimal group action G ~ S*.
Moreover, in the minimal case a further distinction exists: either
ii.a the action is free and thus conjugated to an action by rotations, or
11.b the action is proximal, or

1i.c the action is locally proximal and not prorimal, and there exists d € Ny, d > 2 and a

continuous d-to-one covering mw: S' — S that intertwines ¢ with a prozimal action.

Thus whenever G ~® S does not preserve any probability measure on S!, there exists
d € N, and a factor map 7: S' — S that is d-to-one on the minimal set of G (except for a
countable number of points), and that intertwines ¢ with a proximal and minimal action. We

will call this integer d the degree of proximality of ¢, but this notation is not standard.

Random walks on S!

In this subsection, fix a countable group G and a non-degenerate probability measure p on G.
The random walk on S* defined by a proximal group action G A% S! has been well studied.

Theorem 3.2.3 ([DKNO07, Appendice]). Consider an action G ~ St by orientation-preserving

homeomorphisms with no invariant probability measure on S*.

i. There exists a unique p-stationary probability measure v on S, which is atomless and is

supported on the minimal set of G.

ii. If the action of G on S' is prowimal, there exists a random variable w € Q +— o(w) € St

such that for P-almost every w we have

(fﬁ)_ly — 60(0.})

n—oQ

in the weak-+ topology.

We call the random variable o(w) from the previous theorem the repeller of the random walk
(f™)n>0- Its distribution is the unique fi-stationary measure on S* where i € Prob(G) is defined
on g € G as u(g~'), and is thus non-atomic.

Notice that the measure (f7)~1v is given by v(f?(I)) on every interval I C S*, so the state-
ment in (ii) says that f7(I) is contracted into a v-null set unless I contains o(w), in which case it
is expanded to the whole circle. As a consequence, for all 2,y € S' we have P-almost surely that
x and y are not o(w) since the law of o(w) is non-atomic, and hence lim,, o, d(f7(z), f2(y)) =0
This conclusion is the subject of [KN04] (see also [Ant84]), and justifies the fact that we will use
f7(0) (or f7(x) for some non-random x € S1) as an “attractor” for f in the proofs below.

When G ~ S! is not necessarily proximal a similar statement holds, and even more is true:

the rate of contraction of f(I) when o(w) & I is exponential.
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Theorem 3.2.4. Consider an action G ~ S' by orientation-preserving homeomorphisms with
no invariant probability measure on S'. Let d € N be the degree of prozimality of G ~ S*.

There exist measurable functions o1, ...,0q4: @ — S such that the following hold.

i. [Mal17, Theorem D] There exists A > 0 such that for P-almost every w and every closed
interval I C S*\ {o1(w),...,0q(w)} we have

diam(f(I)) < e ™
for all sufficiently large n € N.
it. [Mall7, Proposition 4.3] P-almost surely, the set {o1(w),...,0q4(w)} has size d.

The random set {o1,...,04} from the previous theorem is called the repelling set of the
random walk (f7),>0. In this setting, let 7: S — S! be a factor map to a minimal and
proximal action and A C S! be the minimal set of G ~ S'. Define E C S' as the countable
set of images of connected components of S\ A, so for all x € S\ E, the fiber 7~!(z) has size
d. Denote by o(w) the repeller of the random walk in the image of 7. If o(w) € S\ E (which

happens P-almost surely, since the distribution of ¢ is non-atomic), then

7 o(w)) = {o1(w),....04w)}
by the defining properties of o(w) and {o1(w),...,0q(w)}. We record this as a proposition.

Proposition 3.2.5. Consider an action G ~ S' by orientation-preserving homeomorphisms
with no invariant probability measure on S*. Denote by w: S' — S' a factor map to a minimal
and prozimal action, and by w — o(w) the repeller of the random walk induced in the image of
.

Then P-almost surely the repelling set F(w) = {o1(w),...,04(w)} of (fI)n>0 satisfies the
equality 771 (0(w)) = F(w).

We finish with the Holder regularity of the unique p-stationary measure of a proximal random
dynamical system (G, ) ~ S*. The original statement in [GKM22, Theorem 2.3] is written for
a subgroup G of Diff* (M) for any compact smooth manifold M, but [GKM22, Remark 2.10]
shows that differentiability of the maps in G is not essential: what is truly needed is that all
maps of G be bi-Lipschitz.

Theorem 3.2.6 ([GKM22, Theorem 2.3]). Consider an action G ~ S* by orientation-preserving
diffeomorphisms of class C' with no invariant probability measure on S*, and assume that for
some § > 0 the integral

§
/G max {9l 50 97y | (o)

is finite.
Then there exist C,a > 0 such that any p-stationary probability measure v on St is (C,a)-
Holder continuous, that is, v(B(z,r)) < Cr® for allz € S* and r > 0.
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3.3 Probabilistic Tits alternative in Homeog(S?)

This section proves Theorem E. All the relevant tools were already introduced in the previous

section.

Proof of Theorem E. Fix u1, po two non-degenerate probability measures on countable sub-
groups G1, G of Homeog(S!) that do not preserve any probability measure on S!. For i = 1,2,
let

+ v; be the unique p;-stationary measure on S' and A; C S' the minimal set of Gj,
+ d; € N, be the degree of proximality of G; ~ S*, and

o m;: ST = S be a factor map of G; ~ S! to a minimal proximal action of G; such that 7;

is d;-to-one v;-almost everywhere.

Recall that the degree of proximality of G; ~ S! is the unique integer such that the map 7;
exists, see the discussion after Theorem 3.2.2.

For w € Q1 we write

¢ (g")n>0 for the random walk driven by p1 acting on the image of m and o(w) € S* for its

repelling point, and
« F(w) C S! for the repelling set of the random walk (f7),,>0.

Recall also that 7; intertwines the action G; ~ S* with a minimal proximal action of G4, so the
random walk (g’),>o verifies the conclusion of Theorem 3.2.3, (ii). When w’ € Q3 we denote by
g, o(w') and F'(w’) the same objects associated to pe.

Fix once and for all z € S*, y € S* such that 7, ' (z) and 75 *(y) have size dy, do respectively

and are disjoint.
Claim. The following properties are true for P1 ® Pa-almost every (w,w’) € Q1 x Qs.

i. The sequence {(f7(a), f™(b))}n>o0 C S' x S equidistributes with respect to 11 ® vy for

every a € my*(z) and b € w5 1 (y).
ii. The equalities F(w) = 7y ' (0(w)) and F(W') = 7y *(o(w’)) hold.
iii. The sets F(w), F(w'), 77 (z) and 7y (y) are pairwise disjoint.

Proof of the claim. (i) The random dynamical system (G7 x Ga, 1 ® pa) ~ St x St is locally
contracting since (Gy, 1) ~ S, (Ga, ) ~ St are locally contracting. Moreover, for any pair
(z,y) € ST x ST the orbit Orbg, xa,((z,y)) accumulates on A; x Az, so A; X Az is the unique
G x Go-minimal set and Proposition 3.2.1 shows that S! x S! has a unique j; ® po-stationary
measure, namely 1; ® vs. Again Proposition 3.2.1 gives equidistribution P; ® Po-almost surely.
(ii) This is Proposition 3.2.5.

(iii) By independence it suffices to show that Py [z € F(w)] = P2 [z € F(w')] = 0 for any fixed
z € S1, but this follows from Py [z € F(w)] = P [r1(2) = o(w)] and the fact that the distribution
of o(w) is non-atomic. O
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We will assume in what follows that the pair (w,w’) € 1 x5 satisfies the previous properties.
Fix ¢ > 0 and pick § > 0 such that any interval I C S with |I| < § has vy (I), (1) < € and
also 11 ® vo(A%) < e where A C S' x S' is the diagonal (here S* x S! is equipped with the
£2°-metric). Choose x = x(w,w’) € (0,6/2) such that F(w)X and F(w')X are disjoint.

Suppose that I C S* has diameter at most 2y and consider a € Wfl(x), b eyt (y). Equidis-
tribution implies that the quantities

1 1
limsupﬁ|{0§n< N : fl(a) € I}, limsupNHO <n<N:fl(b)el}
N —o00

N—o00

and limsup%HO <n<N:(fl(a), f0 (b)) € AXY}

N—o00

are all smaller than e. By considering all the combinations in which the intervals in f7 (7 *(z))X,

f (5 ()X, F(w)X and F(w')X can intersect, we conclude that

1
limsup {0 <n < N :f5(m (@), fo(m (),
N—o0 N
F(w)X and F(w')X are not pairwise disjoint}| (3.3.1)
is at most (d? + d% + 3d1da)e. More explicitly, (3.3.1) is at most
1
> timswp ({0 <n < N d(f2(a), S2(8) < 2}

aEﬂ'l_l(x),bE'frz_l(y) N=oo
JEF(w),f'eF(w)

+ {0 << N:d(fi(a), £) < 20} + {0 < n < N : d(f2(b), f) < 2x}]
+1{0 <0 < N d(f2(a), ) < 20 + {0 < n < N2 d(f2(0), f) < 2}
< dydae + d%e 4 d3e + dydae + dydae,

as desired.
Take x > 0 such that for ¢ = 1,2, the connected components of ;" 1([ ) have diameter at
most x if I C S* has diameter at most Y. By Theorem 3.2.3, P; ® Py-almost surely we can find

ng = ng(w,w’) € N such that for all n > ng the inclusions
g5(S"\o(W)¥) Cgi(@)X  and g5 (8" \ o(w)Y) C gl (y)X
hold, so F(w) = 7, }(o(w)), F(w') = 75 *(0(w')) shows that
RS\ F@) € frr @) and (ST PO C ML @)Y (332)
The inclusions (3.3.2) imply that every n in the set
N ={n>ng: f2(x (@)X, fo(my " (y)X, F(w)X and F(w')X are pairwise disjoint}
is such that f7, f! are a ping-pong pair. Thus

1 1
lim {0 <n < N:f5, f are a pingpong pair}| > lim —\" N[0, ]|

w
N—oc0 N—o0

>1-— (d? + d% + 3d1d2)6,

and since € > 0 was arbitrary the conclusion follows. O
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3.4 Probabilistic Tits alternative in Diffj(S)

The purpose of this section is to prove Theorem C. Subsection 3.4.1 gives some preliminary
inequalities for groups of diffeomorphisms acting proximally on S* (Theorem 3.4.2 and Proposi-
tion 3.4.3), and Subsection 3.4.2 gives the proof of Theorem C. In this section G is a countable
subgroup of Diff(l)(S’ 1) that acts proximally on S* and p is a non-degenerate probability measure
on G such that

1
there exists 6 > 0 so that / max {|g|Lip’ ‘g—l|Lip} du(g) is finite. (M)
G

3.4.1 Preliminary statements

We now state and prove Theorem 3.4.2, which gives (uniform) exponential contractions in mean in
our context. It is a variation on similar statements that have appeared independently in [GK21,
Proposition 4.18] and [GS23, Theorem 1.3, assuming that u has finite support in Diff§(S).
The proof follows [GK21, Proposition 4.18] closely, along with additional input from [BM24,
Proposition 4.5]. This is the only point in the proof where we use that p is supported in
Diff§(S'), namely to obtain inequality (3.4.1) below.

Theorem 3.4.1 ([BM24, Proposition 4.5]). If u satisfies the condition (M), there exist constants
r,A> 0, s € (0,1] and k € N1 such that

E [d(f5 (), f5 ()] < e d(x,y)® (3.4.1)
for all z,y € St such that d(z,y) <r and all s € (0, sg].
Theorem 3.4.2. There exist Ay > 0, s € (0,1] and N € N such that for alln > N we have

d(f£($)7fﬁ(y))s —A4n
a:?fll/lEpSl]E d(x7y)q = .

In particular, for alln > N we have

sup E[d(f5(x), [3(y))] < e ™7
x,yesSt

Proof. Take r,A > 0, sp € (0,1] and k; = k € N4 given by Theorem 3.4.1, so that (3.4.1) holds
for all z,y € S with d(x,y) <r and all s € (0, s].

Claim. For every e1,e9 > 0 there exists ko € N such that
P [d(f¥ (2), fE2(y)) < 1] > 1 — &2
for all x,y € S*.

Proof of the claim. This is [GK21, Lemma 4.23], but we give the proof for completeness.
Let | € N be large enough so that the points z; = j/l € S, 0 < j <1 — 1 satisfy

Plo(w) € (zj,zj4+1)] < e2/4
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for each j. When 0 < j < [ — 1 denote by I; the open interval with endpoints z;, =11 and
length 1 —1/I. By the defining property of o(w), we may choose ko € N large enough so that for
every 0 < j <[l —1, we have

P [dlam(f:j?(]])) <eé& | U(w) S (J?j,$j+1)] >1- 52/2.
If x,y € S', then x,y € I; for all indices 0 < j < [ — 1 except at most two values ji, jo. Thus
J

P [d(fk2 (), fE2(y)) < e1] is bounded below by

-1
> Pldiam(f52 (1)) < &1 | o(w) € (@), 2511)] Plo(w) € (25,2541)] > (1 —£2/2)(1 — 222/4)

J#d1,52
2 1 — &9. O

Fix s € (0, so] and find ks € N such that
P [d(fE (@), fi2(y)) < r/aV*] > 1= /4

for all z,y € S'. If we take x,y € S! such that d(z,y) > r, then by conditioning on whether
d(fk2(z), f*2(y)) is smaller or larger than r/4 we obtain

E [d(f52 (@), 152 0))°] < Pa(r (@), f2 @) > r/47°] + (517 ) B [d0fs (@), £ () < /4
< g + ; < %d(m,y)s. (3.4.2)

For every k € Ny and x,y € S!, define a random variable Kj;(w) € Ny (which depends
on z,y) as follows: if d(x,y) < r (resp. d(z,y) > r) apply ki (resp. ks) random iterations of
w = (fu, )n>0 to the pair x,y. Repeat the process on the pair f¥1 (), fk1(y) (vesp. f&2(z), f*2(y))
applying iterations of (fu, 4, Jn>0 (resp. (fu, ., )n>0) until the total number of iterations exceeds
k for the first time. By definition we have k < Ky < k + max{ky, k2}.

Claim. The inequality

E [ (f50) @), gl (y))s] < max { (;) g ,e-kﬁ} d(z,y)* (3.4.3)

holds.

Proof. Define r1(w) as the (random) number of times where k; elements of the (f.,)i>0 were
applied in the definition of K (w) and define ro(w) similarly, so r1(w)k; +ro(w)ke = Ki(w). The
Markov property and inequalities (3.4.1), (3.4.2) show that

s 1 ro(w)
E[a(f5 @), 15 ) | <B (2> e @) | d(z ). (3.4.4)
Set 7 = 71 (w)ky + ro(w)ks and ¢; = e, co = 1/2, s0

ri(w)kr lne;  ro(w)ks Incy Inc; Ineo
< — . 3.4.5
. " + . s < rmax i Ty ( )

ri(w)lne +ra(w)lney =7 <
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The right-hand side of (3.4.5) is at most kmax{h;cﬁ7 h}cﬁ} since the ¢; belong to (0,1) and
1 2

r > k. By exponentiating we obtain

ro(w) .
(;) i e~ Arw) < max{(;) " ,e’fl)‘} ;

which together with (3.4.4) proves the desired conclusion. O

The f,, are independent and distributed along u, and hence

—11® s
1 _118
e T eelic, ]

—1 s —1s

S E |: Wk+max{ky,ko} Lip o {fwk ’Llp:|
_1 s max{ky,k

_ / g [ ) ). (3.4.6)

G

We deduce that
s/2
E |d(f5(@), f5w)"?] <E

’(fka 0"'0fwk.)71

4 (1) (@), f10) <y))s/2]
1/2

E[d (#5C)@), ) )]

Lip
s 1/2
<E

’(fka O"'Ofwk>71

Lip

_1(smax{ky,k2} 1/2 1 % — B s/2
S G|g |Lip d:u(g) max 5 € 2h1 d($7y) ’

where we have used (3.4.3) and (3.4.6) in the last inequality. If s < §/max{k,k2}, where 6 > 0
is provided by the condition (M), the term fG’g_l ’igax{kl’kﬂ dp(g) is also finite. But the term
max { (%)% ,eiﬁ/\} converges to 0 as k — 0o, and hence there exists k € N and A > 0 such
that

E[d(f5(x), f5()*] < e Md(z,y)°
for all z,y € S and 0 < s < min{s/2,3/(2k1),/(2k2)}. By the Markov property, for all n € N
we have

E[d(f2(2), f2())°] < e MM d(a,y)* < ere " Fd(w,y)*.
The conclusion follows by setting A, = \/(2k) and choosing N € N so that e*e MV/(F) < 1. O

Remark. The previous theorem says that (G, ) ~ St is p-contracting, according to the termi-
nology of Benoist-Quint in [BQ16, Section 11.1]. As a consequence, all of the limit laws available
for cocycles in this setting (that is, the central limit theorem, the law of the iterated logarithm
and large deviations estimates, see [BQ16, Section 12.1]) hold in this setting. In particular the
Lyapunov cocycle (g,z) — log¢’(x) satisfies these limit laws. This recovers [GS24, Theorem
1.14], for instance. However, [BQ16, Theorem 12.1] requires the cocycle to be Lipschitz with in-
tegrable Lipschitz constant, but the proofs go through without relevant changes if the Lipschitz
condition is replaced by a 7-Holder one.
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Denote by (f.)n>o the left (or inverse) random walk f., = fu, © fu, © -+ fu,. Define the
random variable T'(w) € S* as the repeller of the random walk ( “lofl o..0 f‘l) o
nz

Wn, Wn—1 wo

The following is an analogue of [Aoull, Theorem 4.16].

Proposition 3.4.3. Let A; > 0 be the constant provided by Theorem 3.4.2. There exist constants
A_ >0, N € N such that

S;lglE [d((f2) (@), 0(w))] <e " (3.4.7)
and
su 'z w e A+ 4.
sup B [d (FL(2), 7)) | < (348)

hold for n > N. Moreover, there exist C_,a_ > 0 such that the distribution of T is (C—,«a_)-
Holder continuous.

Proof. By applying (3.4.7) to the random walk on Diff§(S") driven by 7 where 7i(g) = u(g™")
for all g € Diff§(S') we conclude that (3.4.8) holds. The Holder continuity of the distribution
of T also follows from Theorem 3.2.6 since this distribution is p-stationary. It suffices then to
prove (3.4.7).

Take n,k € N with 0 < n < k and fix ,y € S'. We have that

E[d((f2)" (@), 0(w))] <E[d((/2) (@), (f5) )] +E[d((f5) " W), 0w))] -
Theorem 3.4.2 applied to the random walk driven by & gives A_ > 0 such that

sup E[d( “lg...0 71(u) “ls...0 71(1}))]<67>“"

Wn wo ?Jwn wo —
u,veST

for all sufficiently large n € N. In particular we deduce that

E [d ((f2)" (@), (f2) ' W)] = / E[d((f2) " (2), (f) 7 oy ()] dp* =M (9)
< sup E[d((2) " (w), (f2) "' (v))]

u,veS!

= sup E[d(f; o o f ' (u) _10--~of_1(v))]<e_’\‘"

wo I Wn wo
u,veSt

where we have used that the f,,; are independent and identically distributed in the last equality.

Hence the inequality

sup E [d (/1) (2),0(w))] < e " +E[d ((F5) "), o(w))] (3.4.9)

zeSt

holds, and by integrating (3.4.9) in dv(y) we conclude that

sup B[ (1) (@) o@)] < -+ 8| [ (1) 00w )]

zeS?t

—n | [ o)l )]
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The dominated convergence theorem and Theorem 3.2.3, (ii) imply that

B | [ o)y v)| o B | [ o) ] =0

k—o0

0 (3.4.7) holds. O

3.4.2 Proof of Theorem C

The proof of Theorem E (when the subgroups of Homeog(S') act proximally) involves trying
to find for a given n € N small disjoint open intervals U,V C S! containing o(w) and f7(0)
respectively such that f7(S'\ U) C V. Here, the diameters of U,V depend on w but not on n.
In this sense, o(w) and f7(0) are a repeller-attractor pair for f7 in a weak sense that is sufficient
for the proof of the qualitative statement in Theorem E.

On the other hand, to show Theorem C we need to show that P [f2(S'\ U,) C V,,] is ex-
ponentially close to 1 as n increases, where U, and V,, are disjoint intervals centered around
o(w) and f7(0) respectively such that diam(U,), diam(V,,) are exponentially small in n. The
fact that this contraction takes place does not follow from the definition of o(w), since o(w) is
defined by an asymptotic condition saying that P-almost surely any fixed closed interval inside
S1\ {o(w)} is eventually contracted by f”. Nevertheless, the following proposition shows that
o(w) and f(0) are a repeller-attractor pair for f” in a strong sense suitable for our purposes.

This is one of the main points where the strategy deviates from the linear case.

Proposition 3.4.4. There exists € € (0,1) such that

1 n n
lim sup — log P [f:j (S’l \ o(w)® ) is not contained in f(0)* | < 0.

n—oo N

Proof. Let A >0, N € N be the constants given by Theorem 3.4.2, so

sup E[d (f3(x), f3(y))] < e (3.4.10)

z,yeS?t

for all n > N.
For n > N define K,, = Le)‘”/?’J, the grid 2} = k/K,, € St 0< k<K, —1 and the event

Vi ={w e Qud(fi(ap), f2 (2)4,)) < e 2 forall 0 < k < K, — 1},

so we have

=

n

PV <Y Pl (£ ). (i) = e 2] < e, < e,

E
I
-

where we have used the Markov inequality and (3.4.10).
Notice that if w € V;,, then there exists a unique interval J, . C St of the form [x?, x?ﬂ)
such that diam (f7(J,.)) > 1 —e /2,

Claim. There exists C > 0 such that E[d(Jp..,0(w)) | Vi) < Ce™" for all sufficiently large
n € N, where A\ = max{\/6,\_} and A_ is given by Proposition 3.4.3.
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Proof of the claim. Given w € V,,, define j, ., € S by

oo e
" (f)~%(1/2)  otherwise.

Since diam (f7(J,.0)) > 1 — e /2 for all n > 2log2/\ we have that f7(J, ) contains 0 or
1/2, 80 jnw € Jnw. Thus

Eld(Jnw: o)) | Vo] < E[diam(Jy,0) + d(jnw, o(w)) [ Va]

< o +E[A(UD710).0) | Va] +E 4 () 71(1/2)0() | V2]
< PV E ()00, o)) +E[d ()7 (1/2).0()])

K,
for n > max{2log2/A, N}. From the bound (3.4.7) and the fact that P[V,] is bounded away

from 0 we obtain the conclusion. O

Let C,\; > 0 be the constants given by the previous claim and take € € (e~*,1), so that

P2 (5" \ o) 2 220" | <P[f2 (S"\ o)) £ f2 (0 | Va] + P (V]

<P e £ o@) or £2 (S \ Jnw) € F2OF | Va] + PV

(3.4.11)

for all n € N large enough. Since ¢ > e~ /3 and K,, = [e*/3], there exists a constant C’ > 0

such that the inequalities

Vo] < Pld(nn 0() 2 " = diam( ) | V)

< E [d(Jn,wa U(w) | Vn]
- en —1/K,

() (mem) =0 (%) oo

hold, so the right-hand side of (3.4.12) decreases with exponential speed towards 0 by the choice
of €. Here, the first inequality follows from the fact that whenever diam(J,, o) +d(Jy 0, 0(w)) < ™
then necessarily J,, , is included in o(w)".

Similarly, since €™ > e~ /6 > diam (f:} (Sl \me)) for all sufficiently large n € N, we see
that

P [me z a(w)en

P2 (S"\ ) € S2O)F |Va] SPIO€ Juw| Vil

<P {0 € Jpw and Jp . C a(w)en

<Pd(0,0(w)) <[ Vo] +C' (eh )n ;
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where we have used (3.4.12) in the second inequality. Moreover, Theorem 3.2.6 applied to the
distribution of & (which is fi-stationary, where fi(g) = u(g—?1) for g € G) provides C”, & > 0 such
that

P[d(0,0(w)) <e"] < C"e™",

and from (3.4.11) we conclude that

P2 (S"\ Ju) Z J2O) |Va] <PV OV 4 Cf <€:1> . (3.4.13)

The bounds (3.4.13) and (3.4.12) show that the right-hand side of (3.4.11) is exponentially small
in n. This finishes the proof of the proposition. O

From now on, the rest of the proof of Theorem C follows the strategy of [Aoull]. Recall that

(Fo)nso denotes the inverse random walk f. = fu, © fu, © -+ fu, -

Proposition 3.4.5. For every t € (0,1) we have

lim sup % log P[d(f5(0),0(w)) <t"] < 0.

n—oo

Proof. We start with a version of [Aoull, Theorem 4.35] (which in turn is inspired by [Gui90,
Lemme 8]), which states that the variables f(0) and o(w) become asymptotically independent
with exponential speed as n — oo.

Claim. There exists a random variable S(w) € St independent of o and constants C, X > 0 such
that for any Lipschitz function v: S' x S — R we have

E[¢ (£2(0),0(w))] = E[¢ (0(w), SW))]| < Ce " [ty

for sufficiently large n € N, where

Y (z,u) —¥(y,v)|
d(z,y) + d(u,v) -

|w|Lip = sSup
Lyﬂhvesl
TH#Y or uFv

Proof of the claim. Let A_; Ay > 0 be the constants given by Proposition 3.4.3. Consider an
independent copy w’ = (f.: )n>0 of the process w (that is, a coupling of P with itself). Define
S(w’) as the repeller of the random walk ( o f;,l o0---0 f(:(,}) , 5o that

n n—1 n>0

sup E |d (7 (2), ()] < e+

z€eS?T

holds for all large n € N.

Decompose
[E [ (f2(0),0(w)] —E[¥ (0(w), S(W)]| < A1+ Do+ Az + Ay

where



3.4. Probabilistic Tits alternative in Diff}(S") 41

« Dy = (B[ (0(w), £2(0)] ~E [v ((£2)710), 2(0)]],
o= B0 (U5 O 250)] B o (A7) 0100 s )
[0 () O fow o000 for )| < B [0 (o1, 72 0))
—[e o (1) 0.7 0) | - [ (o175 )]

+ 80 = [E[¢ (o). 72 )] ~EW (o). S|

Proposition 3.4.3 shows that A; < |¢|Lipe’>‘*”, Az < |1/)|Lipe*>‘*"/2 and Ay < |1/J|Lipe’/\+”/2

for all large n € N. Moreover
8 = Wy (E[a (0270, (407) 7 )| + B[00 00 o 0)])
~ vy (B2 (0701 () @)+ d(?Z 075" )])

< Wlup (B[ ()01 0)] + & [ ((£77) " 01000 |
”‘3[ (720, 76)| +E[d (7.7 0).7)])

)

.As

, and

which is at most
W)|L (e—)\,n_’_e—k,n/Q+e—)\+n+e—)\+n/2)
ip

by Proposition 3.4.3 again. The claim follows. O

For any € € (0,1/2), take a 1/e-Lipschitz function ¢.: [0,1] — [0, 1] such that ¢|[0 q= 1 and

¢‘[25,1] =0, so
Lo < ¢ < 1ljo2¢)

holds and . = ¢.od: S* x St — [0,1] is also 1/e-Lipschitz. Let C, A\ > 0 be the constants given
by the previous claim.

Now for all n € N large enough we have

P[d(f2(0),0(w)) < t"] S E[gn (f2(0),0(w))] < Elhen (0(w), Sw))] + Ce™ " [on]
<Pd(o(w), S(w)) < 2"+ Ce™ " [y,
(

< sup Pld(o(w),z) < 2t"] + Cei/\n|¢t”|Lip7
zeS!T

where we have used the independence of o and S in the last inequality. The first term
sup Pld(o(w),z) < 2t")
zeSt

is exponentially small in n by Theorem 3.2.6, and the second term

B e—M2\ "
Ce )\n/2|,¢)tn|Lip = C( t >
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is also exponentially small in n whenever t > e~*/2

/2

. The proposition is thus proven in this case,

and is also true for t <e as a consequence. O

Remark. In the proof of the previous theorem we have abused notation by writing S(w): the
random variable S is not a function of w, and is defined on a larger probability space. We have
done so as to not to weigh down the notation with distinctions between this larger probability
space and its quotient (Q2,P), since all relevant means and measures of sets coincide with those

of the measure P.

Proof of Theorem C. Fix two non-degenerate probability measures p1, pe on countable sub-
groups G1, Go of Diﬂ%(S 1Y acting proximally on S* such that yy, o satisfy the moment condition
(M).

Claim. For everyn € N let w' € Qy > 1,(w') € St be a measurable map. For every t € (0,1)

we have
lim sup 1 log Py @ Po [d(f(0), (') <t"] <0 (3.4.14)
n—oo M
and
lim sup % logP; ® Ps [d(o(w), l,(w")) < t"] < 0. (3.4.15)
n—oo

Proof of the claim. By independence, we have

Py @ P2 [d(f5(0),1n(w')) < "] < sup Py [d(f5(0),2) <t"] = Sup Py |d(f,(0),2) < "] .
zeSt zesS?t

Proposition 3.4.3 and the Markov inequality imply that
Py [d (?Z(O),T(w)) > 67’\“’/2] < e /2,
for some A4 > 0 and all large n € N, and thus

fgé?l Py {d (73(0)795) < tn} < :élsli Py [d (T(w),r) <t" + 64”’”/2} + e M2,

Take C, « > 0 such that the distribution of T is (C, «)-Holder, so

sup P [d(T(w),x) <"+ e_>‘+”/2i| < C(tn + e—)\+n/2)o¢

zes!t
and
Py @ Py [d(f2(0), ln(w)) < "] < O(t" + e /)% 4 e7ren/2
is exponentially small in n. This gives (3.4.14), and (3.4.15) follows in the same way. O

Take ¢ € (0,1) so that the conclusion of Proposition 3.4.4 is verified for P; = uf" and
Py = M;@N Given w € 4, w’' € Qs and n € N we say that f7 and fI are in e-transverse position
at time n if the intervals f7(0)%", f7,(0)5", o(w)*" and o(w')?" are pairwise disjoint. This is
exactly the situation in Figure 3.1 for

° Inw = fo (O)EH, Jnw = o(w)an and J, . = U(w')an.

)

In,w = fg(o)e
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Proposition 3.4.5 shows that the probability that the pair of sets (f7(0)", o(w)s") intersect
or that the pair (f7(0)*",o(w’)*") intersect is exponentially small in n. The previous claim

shows that the probability that the remaining pairs

(2O o)), (f2 (0 o)), (f2O), f2(0)) or (o(w) o))
intersect is exponentially small in n. We conclude that
1
limsup —logP; @ P2 [f) and f., are not in e-transverse position] < 0. O

n—oo N
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Chapter 4

The Poisson boundary of
Thompson’s group 7' is not the

circle

This chapter corresponds to the preprint [GVKS25], and represents joint work with Cosmas
Kravaris (Princeton University) and Eduardo Silva (Universitit Miinster).

Let p be a non-degenerate probability measure with finite entropy on a countable group
G of orientation-preserving homeomorphisms of the circle S acting proximally, minimally and
topologically non-freely on S*. We prove that the circle S' endowed with its unique p-stationary
probability measure is not the Poisson boundary of (G, u). An alternative proof is given for
groups of piecewise affine homeomorphisms of S'. When G is Thompson’s group T and p is
finitely supported, this answers a question asked by B. Deroin [Der13b] and A. Navas [Nav18].

4.1 Introduction

Let G be a countable group and p a probability measure on G that we will systematically assume
to be non-degenerate, that is, with support generating all of G as a semigroup. First defined by H.
Furstenberg [Fur63], the Poisson boundary of (G, p1) is a probability space (9,G, v,,) that captures
all the stochastically significant asymptotic behavior of sample paths of the py-random walk on
G. The pair (9,G,v,) is equipped with a non-singular action of G such that v, is p-stationary,
that is, such that the equality v, = > e 1(g)g+«v, holds, and can be characterized as follows. A
p-boundary of G is a probability space (X, ) equipped with a measurable G-action and a shift-
invariant, G-equivariant boundary map &: GY — X on the space of trajectories (GV,P) of the
right p-random walk with &, [P = v. The Poisson boundary (9,,G,v,,) is the mazimal p-boundary,
in the sense that any p-boundary is a G-equivariant measurable quotient of it, and is unique up

to G-equivariant isomorphisms.

45
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In this chapter we are interested in random walks on countable subgroups of the group
Homeog(S!) of orientation-preserving homeomorphisms of the circle S*. An action of a countable

group G on S' by homeomorphisms is called
« minimal if all the G-orbits are dense in S?,

« prozimal if for every proper closed interval I C S! and all ¢ > 0 there is ¢ € G with
diameter diam(g(I)) < ¢, and

« non-elementary if there is no G-invariant probability measure on S*.

A theorem of G. Margulis [Mar00] (see also [Ant84]) states that for any non-elementary subgroup
G of Homeo(S?) there exists a G-equivariant quotient of S1, still homeomorphic to S!, on which
G acts minimally and proximally. Thus, the study of any non-elementary group action on S*
often reduces to the study of a minimal and proximal action (see Subsection 4.2.4 for a precise
statement).

Let G be a countable group acting proximally and minimally on S!, and let x4 be a non-
degenerate probability measure on G. Deroin-Kleptsyn-Navas [DKNO7] show that there exists
a unique p-stationary probability measure v on S!, and that for P-almost every sample path
w = (wn)n>0 € GY of the right p-random walk on G there exists a point £(w) € S! such that
limy, o0 (Wn)+¥ = O¢(w) in the weak-+ topology, where d¢(wy) denotes the Dirac mass at {(w).
The measure v coincides with the distribution of £(w) on S1, and therefore the space (S*,v)
provides a p-boundary of G.

The action of a cocompact lattices in PSLy(R) on the boundary dH? = S* of the hyperbolic
plane is proximal and minimal, and for any non-degenerate finitely supported p the pair (S*,v) is
a topological model for the Poisson boundary since it coincides with the hitting measure on their
Gromov boundaries (see the references in Subsection 4.1.1). A natural question is to determine
the largest class of subgroups for which this holds, and a particular case, posed by B. Deroin
[Der13b, Section 6] and by A. Navas [Nav18, Question 19], is whether this holds for Thompson’s
group T of piecewise dyadically affine homeomorphisms of S! = R/Z. Here, an orientation-
preserving homeomorphism g: S' — S belongs to 7' if and only if there exists a finite subset
of dyadic rationals D C Z[1/2]/Z such that g restricted to every connected component C of
SY\ D is of the form g(x) = 2%z +b, x € S, for some k € Z and b € Z[1/2]/Z. This group
was introduced by R. Thompson in unpublished notes [Tho65] as the first example of a finitely
presented infinite simple group, and has been extensively studied from algebraic, dynamical, and
cohomological viewpoints, see, e.g., [Bri96, GS87, BG84].

We answer this question in the negative by finding a general obstruction for this to be the
case. We say that an action of a subgroup G of Homeog(S') on S* is topologically non-free if
there exists g € G\ {eg} whose set of fixed points has non-empty interior. Notice that the action
of Thompson’s group 7" on S' is topologically non-free.

Theorem F. Let G be a countable subgroup of Homeog(S*t) whose action on St is minimal, proz-
imal and topologically non-free, and let p be a finite-entropy non-degenerate probability measure
on G. Then (S*,v) is not the Poisson boundary of (G, ).
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Theorem F is related to the well-known open problem [CFP96] on whether Thompson’s group
F, the group of piecewise dyadically affine homeomorphisms of the interval [0,1], is amenable.
Indeed, the action of a countable group G on its Poisson boundary (9, G, v,,) is amenable [Zim78],
and hence for v,,-almost every « € 9,,G the stabilizer subgroup G, C G is amenable (see [ADROO,
Corollary 5.3.33]). If the circle were the Poisson boundary of T' then we would conclude that
F is amenable, since for each x € S' the stabilizer T,, C T contains a copy of F. Theorem F
implies that this strategy does not work whenever the probability measure p has finite entropy.

The proof of Theorem F is sketched in Subsection 4.1.1, and relies on the conditional entropy
criterion of V. Kaimanovich [Kai85] together with a conditional version of a method used by
A. Erschler to show positivity of asymptotic entropy [Ers04]. As is often the case with entropy
methods for Poisson boundaries, our proof does not provide an explicit y-boundary that is not a
G-equivariant quotient of (S, v) (or, equivalently, explicit bounded p-harmonic functions that do
not arise from the u-boundary (S1,v), see Subsection 4.2.1). Our second theorem gives precisely
this information for a more restricted class of subgroups of Homeog(S'), which still includes
Thompson’s group 7.

We denote by PAffy(S?) the group of piecewise affine orientation-preserving homeomorphisms
of St =2 R/7Z whose derivative has finitely many discontinuity points. Given g € PAff(S*) denote
by Br, C S! the (finite) set of discontinuities of its derivative, which we call the breakpoints of
g. For a countable subgroup G of PAff(S!) with a minimal, proximal and topologically non-free
action on S', we define Br = Uyea

to an appropriate action of G, there is a p-stationary probability measure 7 on RBT such that

Br, the set of breakpoints of G and show that, with respect

(RBT7) is a u-boundary of G (see Subsection 4.1.2). We call this space the breakpoint boundary
of G. This construction is analogous to the boundary of Thompson’s group F' constructed by V.

Kaimanovich in [Kail7].

Theorem G. Let G be a countable subgroup of PAffq(S') whose action on S is minimal,
proximal, and topologically non-free, and let p be a non-degenerate probability measure on G
such that 3 p(g)|Brg| < co. Then the breakpoint boundary (RB* T is not a G-equivariant
quotient of (S*,v). In particular, (S*,v) is not the Poisson boundary of (G, ).

The class of groups to which Theorem F applies is larger than that considered in Theorem
G. Indeed, note that PSLy(Z[v/2]) acts minimally and proximally on S through its natural
projective action, and it follows from [Cor21, Theorem 1.4] that it does not embed into PAff(S?).
Consider the group G of all piecewise-PSLy(Z[+/2]) homeomorphisms of S with breakpoints in
the set of fixed points of hyperbolic elements in PSLy(Z[v/2]). Then G is countable, satisfies
the hypotheses of Theorem F and is not conjugate to a subgroup of PAffy(S?) since it contains

PSLy(Z[V?2]).

4.1.1 Further background on identification of Poisson boundaries

Given a probability measure p on a countable group G, a natural question is to find an explicit
model for the Poisson boundary of (G,u). That is, to identify the Poisson boundary of the
random walk with a concrete u-boundary expressed in terms of geometric, combinatorial, or
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algebraic properties of G. Currently, the main tools for studying this question are based on
entropy. For a probability measure p on a group G, the Shannon entropy of u is defined as
H(p) = =3 e m(g)log pu(g). The asymptotic entropy of a probability measure i is defined
by h(p) = lim, oo H(p*™)/n. This quantity was introduced by A. Avez [Ave72|, who proved
that if p is finitely supported and h(u) = 0, then the Poisson boundary of (G,u) is trivial.
The entropy criterion of Y. Derriennic [Der80] and Kaimanovich-Vershik [KV83] states that if
H(p) < oo, then h(p) > 0 if and only (G, ) has a non-trivial Poisson boundary. This result
was later extended by V. Kaimanovich, who proved that a p-boundary of G is the Poisson
boundary if and only if the sequence of mean conditional entropies at time n of u (see Definition
4.2.4) grows sublinearly [Kai85, Kai00] (see also Theorem 4.2.5 below). It is important to note
that these criteria have two main restrictions: the first is that the hypothesis H(u) < oo is
crucial and the criteria do not work in a general context for measures with infinite entropy. The
second restriction is that one needs to identify by other means a p-boundary of G that serves
as a potential candidate for the Poisson boundary. There are families of groups for which one
can prove that some random walks on them have a non-trivial Poisson boundary by using the
entropy criterion but for which there is no known non-trivial py-boundary. An example of this is
the wreath product Z/27Z1 Z3, which has non-trivial Poisson boundary for each non-degenerate
probability measure with finite entropy [Ers04].

Next, we recall results on the identification of the Poisson boundary for two families of
groups: Gromov-hyperbolic groups and wreath products. For a more comprehensive list of
results regarding the identification of Poisson boundaries of random walks on groups, we refer to
[Ers10] and [SM24, Section 3.3.5].

Gromov-hyperbolic groups

The first complete description of non-trivial Poisson boundaries goes back to Dynkin-Maljutov
[DM61], who proved that for any non-abelian free group and any probability measure supported
on a free generating set, the corresponding Poisson boundary can be identified with the space of
infinite reduced words of the free group endowed with its unique stationary measure. This result
was extended to all probability measures with finite support by Y. Derriennic [Der75]. More
generally, A. Ancona [Anc87] proved that the Poisson boundary of a non-elementary Gromov-
hyperbolic group with respect to a finitely supported measure coincides with its Gromov bound-
ary endowed with the unique stationary measure. V. Kaimanovich later used the conditional
entropy criterion to generalize the latter result to hold for any non-degenerate probability mea-
sure with finite entropy and finite first logarithmic moment [Kai00]. Recently, this description
was proved to hold for all non-degenerate measures with finite entropy by Chawla-Forghani-
Frisch-Tiozzo [CFFT25].

Wreath products

Given countable groups A and B, the wreath product Al B is the semidirect product (P A) x B

where B acts on @z A by translations. The main tool used to exhibit a non-trivial y-boundary
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of random walks on wreath products is the stabilization of lamp configurations: suppose that u
is a probability measure on A B such that for P-almost every trajectory {(¢n,Xn)}, > of the
p-random walk on A B and for each b € B, there exists N > 1 such that for everyin > N,
we have ¢, (b) = ¢n(b). From this one can deduce the existence of a p-stationary probability
measure v on [[5 A such that ([[5 A,v) is a p-boundary of A B. A sufficient condition that
guarantees the stabilization of lamp configurations is that u has a finite first moment with respect
to a word metric on A B and that the projection of pu to B defines a transient random walk
(see [Ersll, Lemma 1.1], following [KV83, Kai01l, KW07]). In particular for B = Z%, d > 1, if
H(p) < oo and p satisfies the stabilization of lamp configurations, the space (][5 A,v) is the
Poisson boundary of (A1 B, u) (see [FS23], following [Kai0l, Ers11l, LP21]). In contrast, there
are non-degenerate probability measures on A1Z?, d > 3, with an infinite first moment and finite
entropy such that the lamp configuration does not stabilize, and yet the Poisson boundary is non-
trivial [Kai83, Ers11, LP21]. For such probability measures, there are no known constructions of

non-trivial pu-boundaries.

A natural boundary for Thompson’s group T

The p-boundary (S*,v) can be considered as a “natural” candidate for the Poisson boundary of
Thompson’s group T in the following sense. A faithful action G ~ X of a group G on a locally
compact Hausdorff perfect space X by homeomorphisms is a Rubin action if for every open
subset U C X and every = € U, the closure of the orbit of  under the action of the subgroup

contains a neighborhood of z. A theorem by M. Rubin [Rub89] states that there exists a unique
Rubin action up to G-equivariant homeomorphisms (see also [BEM25] for a recent short proof).
One can phrase this result as saying that a group admits at most one “sufficiently rich” micro-
supported action on a compact space. Notice that the action of Thompson’s group T on S* is
Rubin.

To the best of our knowledge, Thompson’s group 7T is the first example of a group such
that the Poisson boundary of a simple random walk is strictly larger than a “natural” candidate
p-boundary. One can compare this result with the recent work of Chawla-Frisch [CF25], from
which it follows that on any non-abelian free group there are probability measures with infinite
entropy such that the Poisson boundary is not the Gromov boundary of the free group.

4.1.2 Structure of the proofs

The proof of Theorem F follows similar steps to a method used by A. Erschler in [Ers04] (see also
Theorem 4.3.1) to show that h(u) > 0 for a probability measure p on a group G. This method
consists of verifying that the sequence (H(1*™))n>0 grows linearly under the following condition:
there exist p,c € (0,1) and a € supp(p) \ {eg} such that for every n € N, with probability at
least p we can choose elements by,...,bx11 € G and times 1 < i < iy < --+ < i < n with
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k > cn such that the random walk w,, at step n can be expressed in a unique way as
wy, = b1e1by - - - bregbr 41,

where ¢; € {a,eq} is the increment of the random walk at time i; for every 1 < j <k.

We state a conditional version of Erschler’s method in Theorem 4.3.2, which gives sufficient
conditions to ensure that the sequence of conditional entropies at time n with respect to a given
p-boundary X grows linearly on n. By Kaimanovich’s conditional entropy criterion and the
hypothesis of H(u) < co we conclude that the space X not the Poisson boundary of (G, ). The
proof of Theorem F consists on applying Theorem 4.3.2 to the y-boundary (S, v), and it follows

the next steps.

o The main dynamical input that guarantees that we can apply Theorem 4.3.2 in the context
of Theorem F is Proposition 4.6.2, which asserts that for each sufficiently small interval
I C S!, there are linearly many intervals in the sequence I,w;(I),...,w,(I) such that
each of these intervals dominates all the ones preceding it. Here, when I, I, C S' are
closed intervals we say that Iy dominates I, if they are either disjoint or if the interior of

I, contains Is.

« By the hypotheses on the action of G on S!, Proposition 4.2.10 ensures that there exists a
non-trivial element a € G \ {e¢} such that {x € ST : a(z) # z} C I.

« The non-degeneracy assumption on u guarantees that, up to replacing p with a convolution
power p*° for some s > 1, we may assume that a belongs to the support of u. From the
above, we obtain ¢ € (0,1) such that, in expectation, there are at least k > cn times
1 <1y <--- <i < nsuch that w;; () dominates w;,—1(I) and w;ilwij € {a,eq} for
all 1 <l <j<k.

« Given n € Ny, fix a trajectory w such that there are at least & > cn times 1 < 43 <
-+ <14 < n as in the previous step. Write w,, = b1e1bs - - - bpepbgr1 where the e1,... e €
{a, e} are the jumps at times ¢1,...,i;. Then, Lemma 4.4.2 says that whenever ¢,..., ¢},
range over {a,eq}, the resulting elements bie}bs - - - bye).by41 are pairwise distinct. From

this, we verify the hypotheses of Theorem 4.3.2 and finish the proof.

The proof of Theorem G in Section 4.8 is different and does not rely on entropy techniques.
Given a countable subgroup G of PAffy(S?), the set Br of breakpoints of elements of G is
countable, and there is a map C: G — RBT given by

Cy(z) =1log ((97") (z™)) —1log ((g7")'(z7)) for each x € Br,

that records the discontinuities of the derivative of g € G. The map C: G — RPT is an additive
cocycle for the natural action of G on RB¥ obtained from the action of G on Br (see Equation
(4.8.1)). The breakpoint boundary is defined as follows.

o Lemma 4.8.2 shows that the trajectory in Br of any breakpoint through the y-random walk
is transient. This relies on a general comparison lemma for Markov operators [BLP77].
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« For P-almost every w = (w,),>0 the configurations C,,, converge pointwise to a configu-

ration Coo (W) € RBT as n — oco. This defines an associated hitting measure 7 on RBT,

« We define another action of G' on RB* by (¢.C)(z) = Cy(z) + C(g~ 1) for every x € Br,
C € RBT and g € G. With respect to this action, the space (RB*,7) is a y-boundary of G.

Using the breakpoint boundary (RBT, %), we find for each n > 1 a bounded p-harmonic function
(n: G = R and an element a,, € G with small support such that there is a constant K > 0
with [, (an) — Cu(eq)] > K for all n € N. This cannot occur for bounded harmonic functions
obtained from (S, v).

We remark that the construction outlined in the first two steps of the proof was used by B.
Stankov to prove that, under the same moment condition on w as in Theorem G, any subgroup of
Monod’s non-amenable group H(Z) of piecewise-PSL2(Z) homeomorphisms of the line is either
locally solvable or has non-trivial Poisson boundary [Sta21]. Also, the original construction of
the breakpoint boundary in [Kail7] draws from the explicit geometry of the Schreier graphs of
the action of F' on the interval, which were completely described by D. Savchuk [Sav15].

4.1.3 Organization of the chapter

In Section 4.2 we recall background material on random walks on groups, Poisson boundaries,
the conditional entropy criterion, and properties of groups acting on the circle. In Section 4.3
we describe the method of A. Erschler (Theorem 4.3.1) used to prove positivity of asymptotic
entropy and our conditional version of it (Theorem 4.3.2). In Section 4.4 we prove Lemma 4.4.2
and Proposition 4.4.5, which give sufficient conditions for us to verify the hypotheses of Theorem
4.3.2. Next, in Section 4.5 we prove two quantitative statements for random walks on S' that
are key to our results: Corollary 4.5.2 and Proposition 4.5.3. Afterwards, in Section 4.6 we apply
them to prove Proposition 4.6.2 that guarantees that in expectation there will be linearly many
dominating intervals, and use it in Section 4.7 to prove Theorem F. Finally, in Section 4.8 we
define the breakpoint boundary and prove Theorem G.
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4.2 Preliminaries

We review some relevant background on Poisson boundaries of random walks and groups acting
on the circle. In this section G is a countable group and g is a non-degenerate probability

measure on G.
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4.2.1 Random walks on groups and Poisson boundaries

Consider the probability measure P obtained as the push-forward of the Bernoulli measure &Y

through the map
GN -GN
(91,92, 935 - - -) ¥ (wo, w1, wa, w3, ...) = (eq, g1, 9192, 919293, - - -)-

The space (GN,P) is called the space of sample paths or the space of trajectories of the right
p-random walk. We denote by o: G — GN the shift map o((wn)n>0) = (Wnt1)n>0-
The Poisson boundary of the y-random walk on G was already defined in the introduction as

the maximal p-boundary of G. An alternative definition, due to Zimmer [Zim78], is the following.

Definition 4.2.1. Two sample paths w,w’ € G~ are said to be equivalent if there exist i,j > 0
such that o'(w) = o7 (w'). Consider the measurable hull associated with this equivalence relation,
that is, the o-algebra formed by all measurable subsets of the space of trajectories (GN,P) which
are unions of the equivalence classes of ~ up to P-null sets. The associated quotient space is

called the Poisson boundary of the random walk (G, ).

For further equivalent definitions of the Poisson boundary we refer to the articles [KV83],
[Kai00, Section 1] and the references therein. For an overview of the study of Poisson boundaries
and random walks on groups we refer to the surveys [Fur02, Ers10, Zhe23].

Denote by H*(G, i) the space of bounded harmonic functions, that is, of bounded functions
¢: G — R such that ((g) = >, C(gh)u(h) for all g € G. The vector space H*>(G, i) becomes
a Banach space by equipping it with the ¢*°-norm. For a probability space (X, v) endowed with
a measurable action of G, we say that v is p-stationary if v = p*v =37 ;pu(g)gv. In this

case, for each F' € L°°(X,v) one can define a p-harmonic function ¢ € H*(G, i) by

C(g9) = /X F(z)dg.v = /X F(g(z))dv, for each g € G.

The map F' € L™(X,v) — ¢ € H*®(G, p) is called the Poisson transform associated with (X, v).
We recall a standard result on the Poisson transform associated to a pu-boundary, which will

be used in Section 4.8 within the proof of Theorem G.

Theorem 4.2.2 ([Fur63], [Aze70, Chapitre I], see [Gla76, Theorem 4.4]). Let (X,v) be a u-
boundary of G. Then the Poisson transform associated with (X,v) is an isometry between
L>(X,v) and a closed subspace of H>®(G, ), and it is surjective if and only if (X,v) coin-
cides with the Poisson boundary (0,G,v).

4.2.2 Conditional probabilities with respect to a y-boundary

Let X = (X, v) be a py-boundary of G. V. Rokhlin’s theory of measurable partitions of Lebesgue
spaces [Roh67] allows one to disintegrate the probability measure P with respect to the boundary
map (GN,P) — (X,v). That is, for v-almost every & € X there is a probability measure P¢
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supported on the fiber of ¢ in GN such that P = [, P*dv(¢), see [Kai00, Section 3]. These

conditional probability measures determine Markov chains on G with transition probabilities

dg.v _1 dg.v

for every g,h € G and for v-almost every £ € X; see [KV83, Section 0.3].

Lemma 4.2.3. Consider a p-boundary (X,v) of G. Let J C X be a measurable subset and let
a € G be such that for every x € X\J we have a(x) = x. Then, for every g € G and v-almost
every £ € X\g(J) we have %(f) = 1. In particular, we have P¢[w, 1 = ga | w, = g] = u(a)
for every n > 1.

Proof. Consider an arbitrary measurable subset A C X\g(J). Then g4 C X\J, and hence
(ga) 'A=a"1g7'A = g1 A. From this, we have
g.v(A) = v(gT'A) = P [E(w) € g7 A] = P [£(w) € (9a) " A] = (ga).v(A).

Since A was arbitrary, the above implies the first statement of the lemma. The second statement
follows from Equation (4.2.1). O

4.2.3 Entropy

We consider countable partitions of the space of sample paths G in the definition of entropy
below. For every k > 1, define the partition «y of the space of sample paths G where two
trajectories W = (wp)n>0, W = (w),)n>0 € G belong to the same element of ay if and only if
wg, = wy,. In other words, ay is the partition defined by fixing the element visited by the random
walk at time k.

The Shannon entropy of a countable partition p of the space of sample paths G with respect
to the probability measure P is defined as H(p) = — >~ P[pr]logP[pi]. Notice that H (o) =
H(p) is the Shannon entropy of the probability measure ;L

Definition 4.2.4. Let p = {pi }x>1 be a countable partition of the space of sample paths GN and
let X = (X,v) be a p-boundary of G. Consider the disintegration P = fX P dv (&) with respect
to the boundary map G — X.

e For v-almost every £ € X, the conditional entropy of p given & is

He(p) = — Z P* (1] log P*[ o).
k>1

e The mean conditional entropy of p over the py-boundary X is
Hx(p) = [ He(p) dv(o)
b'e

o The asymptotic conditional entropy of p over the uy-boundary X is

W] X) = lim Hx(a,)/n.
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We now formulate Kaimanovich’s conditional entropy criterion in terms of the mean condi-

tional entropy, which is our main tool in the proof of Theorem F.

Theorem 4.2.5 ([Kai85], [Kai00, Theorem 4.6]). Assume that H(u) < oo and consider a -
boundary X of G. Then X is the Poisson boundary of (G, ) if and only if h(n | X) = 0.

For the equivalence between Theorem 4.2.5 and the original formulations of the conditional
entropy criterion we refer to the explanation following Theorem 2.4 in [FS23].
In the proof of Theorem F it will be convenient to modify the step distribution g in the

following two ways.

Lemma 4.2.6. Let u be a non-degenerate probability measure on a countable group G. Consider

a probability measure [ equal either to
_1 1
* Hlazy = s + §6€G7 or to
e a convolution u*° for some s € N.

Then H(p) < oo if and only if H(f1) < oo, and the Poisson boundary of (G, ) is G-equivariantly

measurably isomorphic to the Poisson boundary of (G, ).

Proof. The fact that H () < oo if and only if H (1) < oo follows from a direct computation. To
see that the Poisson boundaries do not change, note that fia,, (resp. ©*®) can be obtained from p
by stopping the random walk driven by p along the stopping time 7 = inf{k > 1 : g5 # 0} (resp.
T = s5). The equality of the Poisson boundaries then follows from [Forl5, Theorem 3.6.1]. O

4.2.4 Groups acting on the circle

We refer to the monographs [Ghy01, Nav11] for general references on groups that act on the
circle. For an overview on group actions on l-manifolds and related topics, we refer to the
surveys [Nav18, Man23].

A continuous surjection 7: S — S! is said to have degree d € N if any lift 7: R — R of
7 satisfies 7(x + d) = 7(z) + d for all x € R. We say that an action G ~% S! is semiconjugate
to G ¥ S! if there exists a continuous surjection 7: S* — S with 7o ¢(g) = ¢(g) o 7 for all
g € G, and such that 7 is locally non-decreasing and has degree one.

Recall that we call an action G ~ S! minimal if all orbits are dense in S'. A folklore theorem
describing the topological dynamics of an arbitrary group action asserts that unless G ~ S! has

a finite orbit, for most purposes it suffices to consider minimal actions.

Theorem 4.2.7 (see [Ghy01, Proposition 5.6]). Consider a group action G ~*® S* by orientation-

preserving homeomorphisms. Then exactly one of the following statements is satisfied.
i. There exists a finite orbit.

ii. There exists a unique closed minimal set A, which is either S or a Cantor set. In the
latter case, by collapsing the connected componenents of S\ A we can semiconjugate ¢ to

a minimal group action of G on S'.
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Consider a group action G ~ S' by orientation-preserving homeomorphisms. The action
is said to be locally proximal if there exists » > 0 such that for every interval I C S! with
diam(I) < r and every € > 0 there is ¢ € G with diam(g(I)) < e. The action is said to be
prozimal if the previous is true for all closed intervals I strictly contained in S!.

A complementary description of the dynamics of a minimal group action on S*, in the spirit
of the Tits alternative, is the following theorem by G. Margulis, which also follows from results
of V. Antonov.

Theorem 4.2.8 ([Mar00, Ant84], see [GhyO01, Section 5.2]). Consider a minimal group action
G ~? S by orientation-preserving homeomorphisms. Then exactly one of the following state-

ments is satisfied.
1. the action is conjugated to a minimal action by rotations, or
1. the action is proximal, or

1. the action is locally proximal and not proximal, and there exists d € N, d > 2 and a

continuous d-to-one covering m: S* — S that intertwines ¢ with a proximal action.
As a consequence we have a dichotomy for group actions G ~ S': either

« the action preserves a probability measure on S, and this happens exactly when there is
a finite G-orbit in S' or when G ~ S' is semiconjugate to a minimal action by rotations,
or

« there exists d € N, and a continuous surjection 7: S* — S! that intertwines G ~ S* with
a minimal and proximal action, such that the fibers 7=1(z) are of size d for Lebesgue-almost

every x € S

Denote by Leb the Lebesgue measure on S' =2 R/Z. The next theorem, due to Deroin-
Kleptsyn-Navas, shows how p-boundaries arise in ! for random walks on groups acting proxi-
mally. Recall that p is a non-degenerate probability measure on G.

Theorem 4.2.9 ([DKN07, Appendice]). Consider a group action G ~ S* by orientation-

preserving homeomorphisms with no invariant probability measure on S*.

i. There exists a unique [i-stationary probability measure v on S, which is atomless and is

supported on the minimal set of G.

ii. If the action of G on S' is proximal, there exists a random variable w € GN s &(w) € St

such that for P-almost every w = (wy,)n>0 we have

(wn)*Leb Em— 5f(w)

n—00

in the weak-+ topology.

In particular, limy, o (Wy)V = Og(w) holds P-almost surely, and hence the circle (S*,v) is a

u-boundary of G.
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Given g € Homeog(St), denote by supp(g) the closure of the set {x € S : g(x) # z}. Recall
that an action G ~ S is topologically non-free if there exists an element g € G such that supp(g)
is non-empty and is not all of S*.

The proof of Theorem 4.2.8 shows that, whenever G is a group acting minimally and prox-
imally on S, any open subset of S' can be contracted into any non-empty open subset of S!
under the action of G (which is a priori stronger than the separate properties of minimality and
proximality of the action). For the convenience of the reader, we present here a probabilistic

proof of this result.

Proposition 4.2.10. Consider a minimal and prozimal group action G ~ S' by orientation-
preserving homeomorphisms. Then, for any pair of non-empty closed intervals I,J C S' with
non-empty interior there exists g € G such that g(I) C J. If the action G ~ S' is furthermore
topologically non-free, then for every non-trivial interval J C S1 there exists a € G \ {eg} such
that supp(a) C J.

Proof. Let I, J be non-empty closed proper intervals of S! with non-empty interior, and consider
the right random walk (wy),>0 € G driven by u. Item (ii) of Theorem 4.2.9 states that for
P-almost every trajectory w = (wy,),>0 € G and for any closed interval K C S that does not
contain &(w), we have lim,,_, o, diam(w,, *(K)) = 0. The distribution v of £(w) has supp(v) = S*,
and therefore with positive probability £(w) ¢ I. From this, we obtain lim,,_,, diam(w;, 1(I)) =
0. However, since G ~ S! is minimal and 4 is non-degenerate, we have that P-almost surely for
any z € S1 the orbit (w,,!(x))n>0 is dense in S! [Fur02, Theorem 3.3]. In particular, when x is
the left endpoint of I, the above implies that w € G~ and n € N such that w;, (1) C J. This
shows the first statement of the proposition.

Now suppose that the action of G on S! is topologically non-free, so there is b € G \ {eg}
such that supp(b) # S* and we may choose a closed interval I C S* that contains supp(b).
By the first statement of the proposition we can find ¢ € G such that g(I) € J. Then the
element a = gbg™! € G \ {eq} satisfies supp(a) C J. This shows the second statement of the

proposition. O

4.3 Lower bounds on entropy

The aim of this section is to prove Theorem 4.3.2, which is a general criterion to show that
mean conditional asymptotic entropy is positive and consists of a conditional version of the
method used by A. Erschler [Ers04] to show that the asymptotic entropy h(u) of a random walk
is positive. Subsection 4.3.1 introduces Erschler’s method and useful notation, and Subsection
4.3.2 proves Theorem 4.3.2. In this section, G is a countable group and p is a non-degenerate
probability measure on G.

We recall the method of [Ers04] exclusively for expositional purposes since this result will not
be used in the proofs of our theorems. Nonetheless, we believe that understanding the statement

of Theorem [Ers04, Theorem 2.1] (see Theorem 4.3.1 below) is useful for the understanding of
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its conditional version that we state below (Theorem 4.3.2), and which is key for the proof of
Theorem F.

4.3.1 Estimating asymptotic entropy

We first recall some definitions from [Ers04]. A collection of length n € N is a tuple ¢ =
(x,11,...,9%) where 0 < iy < --+ < i < n are integers and
X = (I17I27 sy i =1y Ly 41y oy Lig—1s Lig1y« ooy Ligg—15 Lig41, - - - 7:E7L)

is an (n — k)-tuple of elements of supp(u). Notice that we index the elements of x by integers in

{1,...,n}\ {i1,... ik}
For each a,b € supp(u) and g = (x,41,...,4%) a collection of length n, define T*?(q) as the
set of trajectories y = (y1,--.,yn) € G™ such that, after setting yg = 1, i9 = 0, we have

o foralll e {1,...,n}\ {i1,...,ix} we have y; = y;_1x;, and
o forall l € {iy,...,4}, we have y; = y;_1a or y; = y;_1b.

Thus, T%(q) is a set of 2F trajectories of the y-random walk on G up to time n. We say that
T*(q) is satisfactory if all trajectories in T*%(q) arrive at different elements of G at time n.
That is, if (y1,--.,Yn), (Y], ---,y,) are distinct trajectories in T%°(q), then y,, # y.,.

For a trajectory y = (y1,...,yn), we define the jumps of y as g; = y;_llyj € supp(p) for all
1 < j <n, and we denote by

v ={weG" w; =y, forall 1 <j<n}
the cylinder defined by y.

Theorem 4.3.1 ([Ers04]). Assume that H(u) < oo. Suppose that there exist p,c > 0 such that
for each n € N there is a set A, of collections of length n that verify the following conditions.

i. For each q = (x,41,...,ix) € A, we have k > cn.

it. For each q € A, the set of trajectories T™<(q) is satisfactory.
iii. For each q1,q2 € A, with q1 # q2 we have [y1] N [y2] = @ whenever y; € T%%(q1) and

y2 € T%%¢(q2).
w. We have
Pl U Bl =ze
qEAn yET* G (q)
Then the asymptotic entropy h(p) is positive.

To gain some intuition, here is a vague rephrasing of the assumptions. With positive prob-
ability, the random walk trajectory is uniquely assigned a linear number of distinguished times
along the trajectory together with fixed steps for all other time instants. At any of these distin-
guished times, the choice between doing an increment of eg or of a will lead the trajectory to

different endpoints, regardless of which choices are made at later distinguished instants.
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4.3.2 Estimating conditional asymptotic entropy

We have the following conditional version of Theorem 4.3.1, which has a similar structure to
Theorem 4.3.1 but where an additional assumption is needed to handle the transition probabilities

conditional to a boundary point.

Theorem 4.3.2. Let u be a probability measure on a countable group G with H(u) < oo and let
X = (X,v) be a p-boundary of G. Consider an element a € G\ {eg} and a measurable subset
J C X such that a(x) = x for each x € X\J. Suppose that there exist p,c > 0, for each n € Ny
a set =, € X of measure v(Z,) > p, and for v-almost every { € =, a set A, ¢ of collections of

length n that verify the following conditions.
i. For each ¢ = (x,11,...,1) € A, ¢ we have k > cn.
it. For each q € Ay ¢ the set of trajectories TS (q) is satisfactory.

iii. For each qi,q2 € Ay ¢ with ¢ # g2 we have [y1] N [y2] = & whenever y1 € T*%(¢q1) and
y2 € T*°¢(q2).

w. We have

LU U bl ze

€A ¢ yET* G (q)

v. For each g = (x,11,...,1;) € Ay ¢ and any (y1,--- ,yn) € T (q) we have

yi L&) ¢ J for all1 <r < k.

Then the asymptotic conditional entropy h(p | X) = lim,, oo Hx () /n is positive.

Proof. Notice that Condition (iii) implies that all the sets A, ¢ are non-empty, and hence the
definition of T%¢¢(q) for a collection ¢ and Condition (i) imply that a and eg belong to the
support of .

Let us fix the notation that we will use in the rest of the proof. Given a collection ¢, denote by
Q%°¢(q) € G the union Uyererce g y]- Fixn € N, and consider { € X, a countable measurable
partition 7 of GN and ¢ a collection of length n such that P$[Q%°¢(q)] > 0. Denote by H%(n,q)
the entropy of the partition

{PNQ*“(q): P en}

of Q¢ (q) with respect to the normalized probability measure P*/P¢ [Q®°¢ (q)] restricted to

Q"% (q). I P [Q"*(q)] = 0, set H*(n,q) = 0.
Let o, be the partition of GN where two trajectories belong to the same atom of a,, if and

only if they hit the same element of the group at time n. Then we have

Hx(an) = /X HE () du(€) = /X S HS(n, B [QUC (g du(€), (431

qEAL ¢
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where in the last inequality we used the fact that the sets Q¢ (q) are disjoint by Condition
(iii).

By Condition (ii), the partition {P N Q*¢(q) : P € a,} coincides with the partition

{lyl:y e T"*¢(q)}.

Hence, by Lemma 4.2.3 and Condition (v), we obtain that for any y € T%°¢(¢) with increments

i, ---,9n We have

%
o
<
I
—=
%
Iy
2
<

=91""9j-19j | Wj—1=491- "gj—l]

<.
Il
—_

n
wgi) [T P lwj=g1--g5-19; | wj1=g1--g;1]

I
m?r

r=1 j=1
J¢{is}s
= ulg) k n
= a IP§ i ,_1 & s i — Pg . ,__ = - .
,1;‘[1 wa) + plec) 71;[1 [wi,wi =y € {aseq} [ wi, ] g];[1 [wjw; 2y = a; | wj—1]
J¢{is}s

/j‘(glr) & 1aeq
w(@) + ey @@l

Il
E?r

3
Il
_

We deduce that

Pyl @) O p(eq)* 4™
P [Q<(q)] (n(a) + plea))®
where A(y) € N is the number of times that a appears in the sequence (g;, )¥_,. Denote by p the
Bernoulli measure on {a,eq} giving weight H(e(g)(% to a and ﬁfgw) to eq. We conclude

that H¢(a,q) = H(pF9) = k(q)H(p). Since u(a) and pu(eq) are positive, the quantity H(p) is
also positive.
We have thus from Condition (i) that Hé(c,,q) = k(q)H(p) > cnH(p), and therefore

/ > H(am, )P [Q™ (q)] dv(€) > enH (p)

En qEAn ¢

—

PE L @ (g) | dw(€)

" qun,E

> enH (p)p®.

Finally, from Equation (4.3.1) we deduce that Hx(a) > cH(p)p?n for any n € N. This shows
that h(u | X) > cH(p)p? > 0 and finishes the proof. O

4.4 Good collections

The purpose of this section is to prove Lemmas 4.4.2 and Proposition 4.4.5, which give sufficient
conditions to verify the hypotheses of Theorem 4.3.2. In this section, 4 be a non-degenerate
probability measure on a countable subgroup G of Homeoy(S!) acting minimally and proximally
on S'.



60 Chapter 4. The Poisson boundary of Thompson’s group T is not the circle
Let a € G\ {eg} be an element such that S\ supp(a) has non-empty interior, and let J C S*
be the smallest closed interval containing supp(a).

Definition 4.4.1. Given two closed intervals I, I C S, we say that I; dominates I5 if they

are disjoint or if the interior of Iy contains I5.

Lemma 4.4.2. Fiz a collection ¢ = (X, 11, ...,1) and consider two trajectories of length n given

by (Y1, -5 Yn)s (Y1, -+, Un) € TC(q).
Then, for each 1 < r <k the following statements are equivalent.

i. For all0 <1< i, —1, the interval y; _1(J) dominates y;(J).
it. For all 0 <1 < i, — 1, the interval y;.—1(J) dominates y;(J).

Whenever these conditions are met, we have y; —1(J) = y;, —1(J) for all 0 < r < k and that q is

satisfactory.

Proof. By symmetry, to prove the first statement it suffices to see that Condition (i) implies
Condition (ii). Denote by g1,...,9, and g1,...,g, the jumps of (y1,...,y») and (¥1,...,9n)
respectively. We have i,_1 < i, — 1 for every 1 < r < k: indeed, if i,_1 = 7, — 1 then
y;rl_Qyir(J) =gi._,9:..(J) = Jsoy; (J)=yi _2(J), contradicting Condition (i).

Fix 1 <r < k. We will prove by backwards induction on [ =4, — 2,7, — 3,...,0 that

gl_lgir—l(t]) dominates J and @_1ﬂir—1(<]) = yl_lyir—l(t])~ (Hl)

For the base case | = i,.—2, notice that since i,, — 1 # 4,._1, we have 'yvflﬂir,l =gi—1= yflyir,l,
showing (H;,_2).

Now take 0 <[ < i, — 2 and assume (H11).

If | = 4x for some 0 < k < r, then (H;y1) implies that gl;llyir_l(.]) is either disjoint or
contains J, the support of g;. Hence

Ui () = 05— () = 0w, (), (4.4.1)
and we deduce that
gflﬂiT,l(J) = §l§ﬁ_11§ir,1(J) dominates J = g;(J) (4.4.2)

since (H;41) holds. Moreover, by Condition (i) the interval yllllyi,,,,l(J) is either disjoint or
contains J, the support of g;, so

v i1 () = gy -1 () =y yi—1(J)
too, which together with Equation (4.4.1) gives
-1 _ .1 _ ~1 _ ~1
Y yir—l(J) = yl+1yir—1(<]) = yl+1yir—1(<]) =Yy yir—l(J)-

The previous equation and Equation (4.4.2) give (H;).
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If [ # iy, for all 0 < k < r instead, then
o i1 (J) = gl?jﬂ_llgiﬁl(J) = glyli;_llyirfl(J) =y 'yi,—1(J)

and hence §; ';.—1(J) = y; 'yi,—1(J) dominates J. This shows (H), finishing the induction and
the proof of Condition (ii).

To show the second statement, it remains to show that the collection ¢ is satisfactory if
there exists a collection in T%°¢(q) satisfying Condition (i). To show this, take two distinct
trajectories (y1,...,yn) and (¥1,...,¥n) in T%C(q) with jumps g¢;,,...,9;, and Gi,..., i, €
!¢ G. Denote by
bi,...,br € G the blocks of g between the times i1, ..., ik, so y, = b1gi,029i, - - - brgi, br+1 and
Yn = b1Gi,b2Gi, - b G brt1.

Write

{a,eg} respectively at times 4y,...,ix. For 1 < r < k write e, = g;,.g;

UnYn ' =010, -+ Gip_ brerby tgp gy b

o~ ~ Gig_1 bk, 1 1 —1,-1
=01Gi, " Gij_obr—1€8K-16€ b 19i,_, 95, b1

b1Gi. - q: b
g~ ~ -1 -1 —13—1 _b19i1Gig_1 %%k
=b1gi, .gik72bk—16k‘—1bk«_1gik72 9 by €L

where we have used the notation u” = vuv~!. By iterating the previous calculation we arrive at

~ 1 _ by bigiyb2 b1giygif_obk—1 b1Ggiy-giy br _ Yig—1 Yig—1 Yig_1-1 Yip—1
ynyn —61 62 "'€k71 ek —61 62 "'€k71 ek .

i, —1(J)

Figure 4.1. All red intervals y; , _1(J) are dominated by the blue interval y;, _1(J).

Notice that the support of ey " is y;, _1(supp(a)). Choose 1 < r < k such that e, # 1 and
for all 1 < r' < k with e, # 1 either y; ,_1(J) is strictly contained in y; _1(J) or is disjoint
from y; _1(J). Then 3,y;, ' coincides in a neighborhood of dy;, 1 (J) with ef’" " (see Figure 4.1).
This neighborhood must intersect y; 1 (supp(a)) because J is the smallest subinterval containing

supp(a), and hence 9,y,, ! is non-trivial near dy;, _1(J). We conclude that q is satisfactory. O

Definition 4.4.3. Given £ € S', we say that ¢ = (X,i1,...,i1) is £&-good if
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o for all trajectories (yi,...,yn) € T™%C(q), every 1 <r <k, we have

Yi—1(J) dominates y;(J) for all0 <l <i, —1 and y;l(f) ¢ J, and

o the set of indices i1, ...,i 18 maximal among the subsets of {1,...,n} satisfying the prop-

erty above.

Equivalently, by Lemma 4.4.2 the collection ¢ is £-good if there exists at least one trajectory

in T*°¢ (q) that verifies the previous conditions.

Lemma 4.4.4. For everyn € N and £ € S* the set of trajectories is partitioned as

G = L] L]

q a §-good yET* <G (q)
collection of length n

Proof. Given any trajectory w = (wy,)n>0 there is exactly one £-good collection ¢ such that w
is contained in Uyeye.cq (g [y], which is defined by setting ¢ = (x,41,...,ix) where the i, are

exactly the indices such that

o for all 0 <! < i, — 1 the interval w;_ _;(J) dominates w;(J) and

s w, (€ ¢,
and x is obtained from w by keeping the coordinates in {1,...,n}\ {i1,...,ix}. O

Notice that whenever A, ¢ is composed of £-good collections, Lemma 4.4.2 implies that Con-
ditions (ii) and (v) in Theorem 4.3.2 are immediately satisfied. Moreover, the previous lemma
ensures that Condition (iii) in the theorem is also verified. We record this as a proposition, which

we will use to verify some of the hypotheses of Theorem 4.3.2.

Proposition 4.4.5. Let p be a non-degenerate probability measure with finite entropy on a
countable subgroup G of Homeog(S*) acting minimally and prozimally on S*. Consider the yu-
boundary (S*,v) of G. Let a € G\ {ec} be an element such that both supp(a) and S* \ supp(a)
have non-empty interior, and let J C St be the smallest closed interval containing supp(a). Let
p > 0 and consider for each n € Ny a subset =, C S! with v(Z,)) > p, and for v-almost every
£ € B, a set Ay ¢ of collections of length n. If for every n € N and £ € E,, the set A, ¢ is

composed of &-good collections, then Conditions (ii), (iii) and (v) in Theorem 4.3.2 are satisfied.

4.5 Exponential contraction in mean

This section is to prove Corollary 4.5.2 and Proposition 4.5.3 below, which are the remaining
statements on random walks on Homeog(S*) that we need to prove Proposition 4.6.2 and hence
Theorem F. In this section p is a non-degenerate probability measure on Homeog(S?) acting
minimally and proximally on S*.

The following theorem has already appeared in the literature in several guises, see [Aoull,

Proposition 4.15] for probability measures satisfying an exponential moment condition on linear
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groups acting on projective spaces and [GS23, Theorem 1.3] or [GK21, Proposition 4.18] for
finitely supported measures on Diff(l)(S 1). The most general version follows from the recent work
of I. Choi [Cho25], and does not require any assumption on the smoothness of the elements of G

nor on the tail decay of the probability measure pu.

Theorem 4.5.1 ([Cho25]). There exists A >0 and N € N such that for all n > N we have

sup E [d(wy, ' (x),w; " (y))] < e
z,yesSt

Proof. Tt follows from [Cho25, Theorem C] that there exists A > 1 such that for all z,y € S*
and n € N1 we have
P [d(w,, ' (z),w, () < e "] >1—e /A

From this, we obtain
E [d(w, (@), w, (y)] < (1+1/X)e™,

which implies the desired inequality. O

The proof of the following corollary uses Theorem 4.5.1 and follows steps similar to the proof
of [Aoull, Theorem 4.16].

Corollary 4.5.2 (Exponential convergence in mean to the boundary point). Let u be a non-
degenerate probability measure on a countable subgroup G of Homeog(S') acting minimally and
prozimally on S*. Denote by &: GN — S' the boundary map. Then there exist A >0 and N € N
such that for all n > N we have

sup E[d(w,(z),&(w))] < e A",
reSt

Proof. Let n,k € N, with n < k and let z,y € S'. We have that

Ed (wn(z),§(w))] < E[d (wn(2), wi(y))] + E[d ((wi(y), £(w))].

Define a probability measure 77 on G as 7i(g) = u(g~?t) for g € G. Theorem 4.5.1 applied to the
random walk driven by & gives a A > 0 such that

sup E[d(gn - go(w), gn - go(v))] < e ™
u,veSt

for all large enough n € Ny. In particular, we deduce that

Eld (wn(2), ws(y))] = Y Ed (wn (@), way(u)] """ (7)

yeG

< sup E[d(wn(u), w,(v))]
u,vEST

= sup E[d(gn - go(uw),gn - go(v))] < e ",
u,veS?!
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and hence conclude that

sup E[d (wn(2),&(W))] < ™" + E[d (wi(y), £(w))].

By integrating the above inequality with respect to v we conclude that

sup E [d (w,(z),&(w))] < e " +E [
zeS?t

d(wk@),f(w»du(y)}

;
—em | [ e duly).

But the dominated convergence theorem and Theorem 4.2.9, (ii) imply that

B | [ emyanst| o] [ duecm)asnm| <o

k—o0

so the desired conclusion holds. O

For a probability measure p on G, we denote by & the reflected probability measure on G,
defined by 7i(g) = u(g~!) for each g € G.

Proposition 4.5.3. Let p be a non-degenerate probability measure on a countable subgroup G
of Homeog(S') acting minimally and proximally on S*. Denote by £: GN — S* the boundary
map. Consider the reflected probability measure it on G, and denote by U the unique i-stationary
probability measure on S'. Then for any non-empty interval J C S there exists N € N, such
that for alln > N,

E[{l <k <n:&w)ecwp()}] <20(J)n.

Proof. Notice that 7(J) > 0 because J is non-empty and 7 has full support. Since

E[l1<k<n:&w)ew(J ZIP’ ) € wi(J)],
k=0
it suffices to prove that P[§ € w,(J))] < 37(J)/2 for all large enough n € Ny. Recall that we

write o: GN — G for the shift map on the space of sample paths. Since the boundary map
£: (GN,P) — (S, v) is o-invariant, we have

Ple(w) € winlt)) = PIE("w) € wn()] = 3 PIE(0™w) € wa() | = 515°()
- gezgp [(o"w) € g(J) | wn = g] ™" (9)
- QGZGIP[g(w) € g(J) 1" (9)
= §u<g<J>>u*”<g>. (4.5.1)

If p were to be symmetric, then v would also be fi-stationary and we would conclude that

P[¢ € w,(J)] = v(J), which implies the desired inequality. In the general case, when p may not
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be symmetric, we proceed as follows. For every w = (w,)n>0 € G denote by £(w) € S! the
boundary point for the random walk {g; " --- g, ' }n>0, so that P-almost surely
—1 - 3
(91" 90 )V ——— Og(w)
in the weak-* topology.
Since 7 has support equal to S', whenever £(w) ¢ J we have diam(g,, ---g1(J)) —— 0.

From this together with the fact that v is non-atomic, we obtain e
V(gn---91(J)) — 0. (4.5.2)
Next, we have that
> g 9) = [ vlan-+ga()) dB(w)
geG GN
<PEWw) €]+ [ vigaeaa() dB(w)
§&J
)+ [ vl () P, (453)
§¢J

The convergence of Equation (4.5.2) together with the dominated convergence theorem show
that

| vlon a0 apw) >0,
£¢J

so the right side of Equation (4.5.3) is at most 37(J)/2 for large enough n € N. Together with
Equation (4.5.1), this proves the desired statement. O

4.6 There is a linear number of dominating intervals along
the walk

The purpose of this section is to prove Proposition 4.6.2, the key to Theorem F. As before, in this
section y is a probability measure on a countable subgroup G of Homeog(S!) acting minimally

and proximally on S!. Recall that we denote by (wy),>0 a sample path of the y-random walk
on G.

Definition 4.6.1. For every n,s € N with 1 < s < n and each proper interval J C S*, define
the random variable Z; , € N as the number of times 1 < k < [n/s] such that the interval wy(J)
dominates w;s(J) for all0 < j <k —1. That is, we set Z;is = ,Ei/lﬂ 1p, , where

By, = {wis(J) dominates wjs(J) for all0 < j < k—1}
for every 1 <k < [n/s|. We call the parameter s € N the sparsity.

For every | € N we denote by IP,.. the probability measure on G"N given by the distribution
of the trajectories of the p*-random walk on G. Denote by E,« the associated expectation.
The following proposition guarantees that in expectation there is a linear number of dominated

intervals along the trajectory of the random walk.
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Proposition 4.6.2. Let p be a probability measure on a countable subgroup of Homeog(S')
acting minimally and proximally on S', and denote by v the unique p-stationary probability
measure on S*. Let I C S be a closed interval such that v(I) < 1/2 and let J C I. Then there
evist s, N € Ny and 0 < ¢ < 1 such that for alll € Ny and everyn > N we have E .. [Z;{,S] > cn.

The proof of this proposition will follow from the next two lemmas.

Lemma 4.6.3. Consider the same hypotheses as in Proposition 4.6.2. Then for any s,l € N,
there is N > 1 such that for all n > N we have

E,-[Z],] > 2%113“*1 [w;5(J) dominates J for all j > 1].
Proof. For [ € Ny we have

[n/s]
B, (2] )= Z Pt [wis(J) dominates w;s(J) for all 0 < j <k — 1]
k=1

/s

= Z Pt [gjs419js+2 - grs(J) dominates J for all 0 < j <k — 1]
k=1
[n/s]

= Z P [glgg “* G(k—j)s(J) dominates J for all 0 < j <k — 1}
k=1

[n/s]
= Z P« [wjs(J) dominates J for all 1 < j <],
k=1

where the second to last equality follows from the fact that the increments (g;),>1 are independent
and identically distributed.
For every k = 1,2,...,[n/s] denote by D) the event where w;s(J) dominates J for all
1 < j < k. Notice that Dyy1 C Dy, for each k =1,2,...,[n/s] — 1, and therefore we have that
P i [Dy] —— Pt [wjs(J) dominates J for all j > 1].

k—o0

From this, we also obtain

[n/s]
-1
{E—‘ Z P [Dg] ——— P [wjs(J) dominates J for all j > 1],
S n— o0
k=1
which implies the desired inequality. O

Lemma 4.6.4. Consider the same hypotheses as in Proposition 4.6.2. Then there ezists a
sparsity s € No such that for alll € Ny and every interval J C I we have

P« [wjs(J) dominates J for all j > 1] > 1/24.

Proof. Notice that the probability measure v on S', which is the unique p-stationary probability
measure on S!, is also the unique p*'-stationary measure on S' for each I > 1. Since v is
non-atomic we have that

v({€e St 0<d ) <e)) — 0.
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We see from this that there exists € > 0, that does not depend on I, such that
v({E € S' 1 d(E,1) > e}) = (1 w(1))/2,

Let us define = = {¢ € St : d(&,I) > ¢}, and recall that we are supposing v(I) < 1/2. Together
with the above, this implies that v(Z) > 1/4.

Let A > 0 be such that the conclusion of Corollary 4.5.2 is verified for P = IP,,.., and choose
a sparsity s such that e=**/2 < min{¢/8,1/5}. Since

Sélspl E, i [d(wn(x),{(W))] = S;JSE)I E [d(win(x), £E(w))] < e M < e (4.6.1)
for all n € N, we can choose A and s uniform in /.

Denote by [ (resp. r) the left (resp. right) endpoint of the interval J, so that we have J = [I, r].
We claim that if the interval w;s(J) does not dominate J for some j > 1, then for each { € =
we have max{d(w;s(1), &), d(w;s(r),&)} > ¢. Indeed, if w;js(J) does not dominate J, then either
wjis(J) € J or {w;s(1), wjs(r)} N J # @. In both cases we obtain that {w;s(l), w;s(r)} NI # @,
and hence there is an endpoint of the interval w,;s(J) at distance at least € from = (see Figure
4.9).

w;s(J)

~———
J

Figure 4.2. The interval w;s(J) does not dominate J.

For each j > 1 denote by A; the event where w;s(J) does not dominate J. By the above

paragraph, for every j > 1 we have

V(E)P, [A; | € € B] S v(E)P,u [max{d(w;s(1), &), d(w;js(r), &)} > e | € € E]
ajs2
< Pu*l [max{d(w,js(l)a£)7 d(sz(r)af)} > 5] <e s g’
where in the last inequality we used Equation (4.6.1) together with the Markov inequality.
Since e=**/2 < ev(Z)/2, we see that

2
ev(2)

P[4 |£€E] < e NS < e P8/2e7 A D)s,
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Hence
ef)\s/2

Poo |[[JAj1€€E] ey 0700 = 1T_e s

Jj=1 Jj=1

which is at most 5/24 since e=**/2 < 1/5 and e~ ** < 1/25. Finally, we obtain

P [ J A =Pur | 45 | &(w) €E| Puuié(w) €] +

Jj=>1 Jj=>1

(1]

+ Py || A 16(w) €| Puafé(w) ¢ E]

j>1
23
24

IN

5 - 5 3
=)< — B
24+V(S\ )_24+4

which proves the lemma. O

Proof of Proposition 4.6.2. Lemma 4.6.3 together with Lemma 4.6.4 imply the statement of

Proposition 4.6.2 by setting ¢ = ﬁ. O

4.7 Proof of Theorem F

This section finishes the proof of Theorem F. As in the statement of Theorem F, in this section
we fix a countable group G acting proximally, minimally, and topologically non-freely on S* and
1 a non-degenerate probability measure on G.

By Lemma 4.2.6, we may assume that u(eg) > 0. Denote by v the unique p-stationary
measure on S', and denote by ¥ the unique [ stationary measure where 7 is the non-degenerate
probability measure on G given by 7i(g) = u(g—!) for each g € G.

Fix an interval I C S! such that v(I) < 1/2. Using Proposition 4.6.2 we can find 0 < ¢ < 1
and s € Ny such that E,[Z] ] > cn for all I € Ny, every interval J C I and all sufficiently
large n € N. Since

[« [Z;{Vl] =E, [Z;L]S’s] > cns > en,

for all I € N and sufficiently large n € N, we can replace once and for all p by p**! with some

large | € N (and drop the subscript u*! from P, E) so that

« supp(p) contains an element a € G\ {eg¢} with supp(a) C I, such that the smallest
subinterval J C I that contains supp(a) satisfies 7(J) < ¢/8, and

« E[Z;] ] > cn for all large n € N,
Notice that the stationary measures v, 7 on S' do not change after doing this replacement.

Lemma 4.7.1. For every n € N4, denote by W, € Ny the random variable that counts the
number of times 1 < k <n such that

« the interval wy(J) dominates w;(J) for all 0 < j <k —1,
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« wy ' (€(w)) does not belong to J, and
« the increment gp+1 is in {a,eq}.
Then there exists 0 < ¢’ < 1 such that E[W, | > ¢'n for sufficiently large n € N .

Proof. For every n € N, denote by Wn € N the random variable that counts the number of
times 1 < k < n such that

« the interval w(J) dominates w;(J) for all 0 < j <k —1, and
« wy, '(&(w)) does not belong to J.

By Proposition 4.5.3, we see that

E[{1<k<n:w'(Ew) ¢}

n

(e

>1-20(J)>1- -, (4.7.1)

3

for all sufficiently large n € Ny. The bound E[Z;] ] > ¢n and Equation (4.

exists ¢’ € (0,1) such that E[W,,] > ¢’n for all sufficiently large n € N;.
Notice that

.1) imply that there

n n
W, = Z g, and W, = Z lc,,
k=1 k=1

where
Cr = {wy,(J) dominates w;(J) for 0 < j < k—1, and wy *(£(w)) & J}

and
Cr = Cr N {gr+1 € {a,ea}}

for every 1 < k < n. Since the event {w € G : gy11 € {a,eq}} is independent from Cj under
P we deduce that
E[Wn] = (u(a) + p(ec) EWn] = (u(a) + pleq))c’n

for all sufficiently large n € N, showing the conclusion for the constant ¢’ = (u(a)+u(eg))c”. O
We recall the following basic fact about random variables, that we will use below.
Lemma 4.7.2. Let 0 < X <1 be a real-valued random variable with mean E[X] > X\ > 0. Then
P[X > N\/2] > A/2.
Proof. The statement follows from the inequality
A<E[X] <N2PX < N2]+P[X >)N2]<A2+PX > \/2). O
Finally, we present the proof of Theorem F.

Proof of Theorem F. Just as in the statement of Lemma 4.7.1, for every n > 1 denote by W,, €

N, the random variable that counts the number of times 1 < k < n such that
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« the interval wy(J) dominates w;(J) for all 0 < j <k —1,

« wy '(¢(w)) does not belong to J, and

« the increment gxy; is in {a,eq}.

For v-almost every ¢ € St and n € N, we apply Lemma 4.7.2 to the random variable
w e (GN,PY) — % € 1[0,1],

and deduce that

13 13
n 2n 2n
Now consider the random variable

S (W]

£e(Stv)— € [0,1]

n
and apply Lemmas 4.7.1 and 4.7.2 to see that v(E,,) > ¢//2, where

3 /
n 2
From this, we conclude that
¢ [Wa c c

for v-almost every € € =,,.

For every n € N and v-almost every £ € Z,,, consider the set of trajectories w = (wy,)n>0 €
G" such that W, (w)/n > ¢//2. To each such sample path w we associate a maximal set of
indices 1 <y < --- < i < n of size k = k(w) such that for every 1 < r < k we have that

« the interval w;_ _1(J) dominates w;(J) for all 0 <1 <4, — 1, and

e gi, €{a,eq} and w;l(ﬁ) .J.

Define x as the (n — k)-tuple consisting of all increments of w at times in {1,...,n} \
{i1,...,ix}. By definition, the collection ¢(w) = (x,41,...,%x) is &-good, and we have k(w) >
W, > c'n/2.

Denote by A,, ¢ the set of collections obtained in this way. We claim that the collections A,, ¢
satisfy the conditions of Theorem 4.3.2. Indeed, since A, ¢ is composed of £-good collections,
thanks to Proposition 4.4.5 we have that Conditions (ii), (iii) and (v) are satisfied. Moreover,
for every ¢ = (x,41,...,ix) € A, ¢ we have k > ¢'n/2 by the previous paragraph. Therefore,
Condition (i) is also satisfied. Finally, from Inequality (4.7.2) we get that

LY U w=de

€A ¢ yeT*°G (q)

so Condition (iv) also holds. The hypotheses of Theorem 4.3.2 are satisfied, and hence we have
finished the proof of Theorem F. O
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4.8 Proof of Theorem G

This section is devoted to the proof of Theorem G. Subsection 4.8.1 adapts V. Kaimanovich’s
construction of a p-boundary on Thompson’s group F' to our context, and Subsection 4.8.2 uses
it to prove Theorem G. As in the statement of Theorem G, in this section G is a countable
subgroup of PAff(S!) acting minimally, proximally and topologically non-freely on S!, and p is
a non-degenerate probability measure on G such that the sum 3 - u(g)|Br,| is finite, where
Br, is the finite set of breakpoints of g € G.

Recall that the group PAff(S!) of piecewise affine orientation-preserving homeomorphisms
of St = R/Z is the group of all g € Homeog(S!) such that there exists a finite subset D C St
such that g restricted to every connected component C' of S'\ D is of the form g(z) = ax + b
for some a > 0 and b € R/Z. Thus, for every g € PAffo(S?) the derivative ¢’ is defined outside
a finite set and is locally constant. The points of S where the derivative of g is not defined are
called the breakpoints of g. We denote by Br C S the countable set of breakpoints of elements
in G.

4.8.1 The breakpoint boundary

Given an element g € G, define a finitely supported function C,: Br — R by setting

Cy(x) =log (g1 (=) —log ((g7") (z7))

for z € Br, where (g71)"(z%) (resp. (g7 1) (™) is the left (resp. right) derivative of g~! at .

That is, C,(x) is the derivative jump of g~!

at x. This definition differs slightly from those used
in [Kail7, Sta21], but this difference is necessary since we consider right random walks and the
left action of G on S?'.

Denote the set of all (not necessarily finitely supported) functions Br — R by RB*. Define a

left action of G on RBT by
(9,C) = (SyC: z € BrC(g~*(2))) .
By the chain rule, we have
Con(x) =log (h™1) (g7 (2)™)) —log (™)' (g7} (x) 7)) +log ((g7")"(2™)) —log ((97")" (7))
for all g,h € G and x € Br, so that
Cgn = Cy + S4Ch. (4.8.1)

Let us define a second left action of G on RBT by (¢,C) + C, + S,C, so we have Cyp, = g.Cj, for
all g, h € G. This is the action on RB* that will define a non-trivial boundary for G.

To prove the transience of the random walks on G-orbits of elements of Br we emulate [Kail7,
Theorem 25|, for which we need a comparison lemma for Markov operators due to [BLP77]; see

also the proposition at the end of Section 4 in [Var83] for a more general version of this result.
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Proposition 4.8.1. Let Pi(-,-), Py(-,-) be doubly stochastic kernels on a countable set X such
that Pa(-,-) is symmetric and there exists € > 0 such that

Pl(xay) 2 5P2(xay) fOT’ all T,y € X.

Then the Markov process determined by Py and started at x € X is transient if the Markov

process determined by Py and started at x € X is transient.
Lemma 4.8.2. For every x € S the p-random walk on Orbg(x) started at x is transient.

Proof. Fix x € S'. Since G acts proximally and minimally, using Proposition 4.2.10 we can find
f,g € G such that there are disjoint intervals I1, I, Ji, Jo C 8! with x € I; U, U J; U Jy and

f(S*\ L) CI, g(S*\J)CJ.

By Klein’s ping-pong lemma, f and g generate a free subgroup of G and (f, g) acts freely
on Orbs g (x). Let fi be the uniform measure on {f, f~',g,¢g7'}. The fi-random walk on
Orb s gy (x) starting at x is transient since it corresponds to a simple random walk on an infinite
tree of valence 4. Let n € N be such that f,g € supp(u*™). Then there exists e > 0 such
that p*™ > efi elementwise, and we obtain from Proposition 4.8.1 that the p*"-random walk on
Orbg(z) started at x is transient. We conclude that the p-random walk on Orbg(z) starting at
x is transient too. O

The following lemma is reminiscent of the stabilization of lamp configurations for random
walks on wreath products; see the references in Subsection 4.1.1 and also [Sta21, Lemma 7.2].
This is the only point in the construction of the breakpoint boundary where the moment condition
on p is used. For C € RBT we denote supp(C) = {x € Br: C(z) # 0}.

Lemma 4.8.3. Suppose that 3 s 11(9)|Bry| < co. Then P-almost surely and every x € Br
there is N > 1 such that Cy,, () = Cy, ., (x) for eachn > N. Hence, the configurations (C,, )n>0

converge pointwise to a map Coo(w) € RBT.

Proof. The equation
Cwn+1 = Cwn + Swncgn+1

implies that, for every @ € Br, Cy, ,(z) = Cy, () if and only if w,, *(z) ¢ supp(Cy, ). Thus,
the configurations C,,, stabilize as n — 0o to some Co (W) € RBT if for every z € Br, we have
w,, *(z) € supp(Cy,,,) for only finitely many n € N. By the Borel-Cantelli lemma, this holds

whenever

> P lw, (z) € supp(Cy,,,)] =D D u(g)P [w,*(x) € supp(Cy)]

n>0 n>0geG

=33 > woPw, () =y]

n>0 ge€G yesupp(Cy)

is finite for all z € Br.
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The p-random walk (wy, ), >0 on G induces a Markov chain on Br with transition probabilities
p(z,y) =P [wl_l(x) = y} Denote by p its reflected kernel, defined by p(z,y) = p(y, ) for all
x,y € Br. Notice that for z,y € Br, the quantity > .,7™(y,x) is the expected number of
visits to x of the Markov chain defined by p and starting_at y. Hence

> Py x) = qly, ) Y P (@, x)

n>0 n>0

where ¢(y, ) is the probability that the Markov chain defined by p and started at y hits z. In

S ga) < 35 @),

n>0 n>0

particular,

so an upper bound for >, -, P [w,, () € supp(Cy,,,)] is given by

> > mo) [ XFwa) | = | o @) | | D ple)[Bry-]

g€G yesupp(Cy) n>0 n>0 geG
=Y 5" @) | | D ulg)Bry|
n>0 geG

By Lemma 4.8.2, the sum ano P (z,x) is finite for any « € Br, and by hypothesis the term
> gec Mg)|Brg| is also finite. This proves the lemma. O

Denote by 7 the pushforward measure of P through Co, : G — RB*. Then the space (RBT, )
is a p-boundary, that we call the breakpoint boundary. One can prove the non-triviality of this
boundary by following steps similar to those in the proof of [Sta21, Lemma 7.3], or, alternatively,

this will follow from the proof of Theorem G in the next subsection.

4.8.2 Bounded harmonic functions not coming from (S, v)

Recall that we denote by (S, v) the u-boundary coming from the natural action of G on the circle.
In this subsection, we provide a family of harmonic functions defined through the breakpoint

boundary (RB¥ 77) that cannot be obtained from (S*,v) via the Poisson transform.

Lemma 4.8.4. Let G be a countable subgroup of PAffo(S') whose action on St is minimal,
proximal and topologically non-free, and let i be a non-degenerate probability measure on G such
that 3~ 1(g)|Brg| < oo.

Then for every n € Ny there exists a p-harmonic function ¢,: G — [0,1] with (,(eq) > 1/2
and an element a,, € G such that

diam(supp(a,)) —— 0 and (u(a,) —— 0.

n— oo n— oo

Proof. Consider an element a € G \ {e¢} such that supp(a) is strictly contained in S (such an
element exists because the action of G is topologically non-free). Fix y € 9(supp(a)), so that

y € Br. Since the action of G on S is minimal and proximal, there exists a sequence (t,),>1 C G
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such that diam(t,(supp(a))) < 1/n for all n € N,. Since the measure ¥ is non-zero, for every
n € N there exists a bounded open set U,, C R such that the bounded function ¢, : G — [0,1]
defined on g € G by

Cnl9) =Py [{w € G : Coc(W)(tn(y)) € Un}]

satisfies (,(eq) > 1/2. Notice that the event {w € GY : Coo (W)(tn(y)) € U,} is shift-invariant
up to P-measure zero, and hence the function (, is p-harmonic.
For each n € N define b, = t,at, . Then we have

Ca (b)) =P [Coo (b, W) (tn(y)) € Us]
for every j € N,. Using Equation (4.8.1) we get

Coo (B, W) (£ (1)) = Cy (ta () + Sy Coc (W) (tn(y)) = Cpy (tn(y)) + Coc(W)(tn(y)),  (4.8:2)

where in the last equality we used that bJ fixes t,(y). By iterating Equation (4.8.1) and using

that a7 fixes y, we see that

Cb{; (tn(y)) = Ctnajt,jl(tN(y)) = Ctnaf (tn y)) + St aJC ( ( ))
Jr

(
= Ct,ai (ta(y)) +C fl(a j(y))
= Ct,as (tn(y)) + ( )
= Cr,, (ta(y)) + St tn(y)) +Cp i (y)
= Ci,, (tn(y)) + Cas (y ) +C1(y) = 5Ca(y)-

The above together with Equation (4.8.2) shows that (b)) = P [jCa(y) + Coo (W) (tn(y)) € Uy].
Next, note that C,(y) # 0 by the choice of y. Since U, is bounded, there exists j, € Ny
sufficiently large with ¢, (b%") < 1/n. Denote a,, = bi», so the diameter of

supp(an) = supp(bn) = tn(supp(a))
goes to 0 as n — oo and also (,(a,) —— 0. O
n—oo

We can now present the proof of Theorem G.

Proof of Theorem G. Towards a contradiction, let us suppose that the breakpoint boundary is a
G-equivariant quotient of (S*, ). For every n € N, consider y-harmonic functions ¢,,: G — [0, 1]
and elements a,, € G as in Lemma 4.8.4. Then there exist functions F;, € L>(S!,v) such that

Glo) = [ Pulata)) dvio)

for all g € G. Since the Poisson transform is an isometry (Theorem 4.2.2), we have || F, || < 1.
Write I, = supp(ay,), so Fy,(an(z)) = F,(x) whenever z & I,, and

Ca(an) — Cale)] < / IPalan(@) = Fu(@)] oo / |Fo(an () — Fo(@)] dv ()

= / |Fo(an(x)) — Fp(z)|dv(z) < 2v(1)||Frll o < 2v(15) — 0. (4.8.3)
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0 1

Figure 4.3. The maps a,, for y = 1/2 and n = 2 (blue), n = 3 (green) and n = 4 (red).

However, from Lemma 4.8.4 we have that liminf, ,|¢n(an) — Ca(eg)| > 1/2. This contradicts
the convergence in (4.8.3). O

Remark. When G is Thompson’s group T" we can provide a single pu-harmonic function that
does not arise from (S, 7). Indeed, in this case Br = Z[1/2]/Z and, after defining configurations
using logarithms in base 2, we have a u-boundary (ZZWQVZ, V) where 721 /21/2 i5 the space of
functions from Z[1/2]/Z to Z. Pick any y € Z[1/2]/Z and a k € Z so that the function defined
by ((g) = Py [Coo(W)(y) = k| for each g € G satisfies ((eq) > 0.

Consider for every n > 1 the element a,, € T defined by

y+2"(z —y) ify<z<y+272
an(z) =Qy+2" 2342 (z—y) ify+2 M <r<y+272" 427"

x elsewhere,

see Figure 4.3.
Then, we have that

* Qan (y) =Y
« supp(ay,) is a dyadic interval containing y and of length 27" 4+ 272" and
« the derivative jump of a, at y is equal to 2".

This implies that both diam(supp(a,)) and ((a,) converge to 0 as n goes to infinity. From
this point, one can continue just as in the proof of Theorem G to conclude that there is no
F e L*(S',v) such that ((g9) = [4 F(g(z)) dv(z) for all g € G.
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Chapter 5

Stationary boundaries on the

space of amenable subgroups

This chapter corresponds to the preprint [CGVS26], and represents joint work with Anna
Cascioli (Universitat Miinster) and Eduardo Silva (Universitidt Miinster).

We give a sufficient condition for a countable group G to possess a probability measure u
that admits a non-trivial g-boundary modeled in the space Sub,, (G) of amenable subgroups of
G. In particular, for such p the space Sub,y,(G) is not uniquely p-stationary. This contrasts
with a theorem of Hartman-Kalantar, which states that a countable group G is C*-simple if
and only if there exists 4 € Prob(G) such that Subay,(G) is uniquely p-stationary [HK23].
Our criterion applies to (permutational) wreath products, which include groups that are C*-
simple, and to Thompson’s group F', whose C*-simplicity is equivalent to its non-amenability
and therefore remains an open problem. We also show that any non-trivial u-boundary modeled
on Sub,, (G) is supported on amenable normalish subgroups, in the sense of Breuillard-Kalantar-
Kennedy-Ozawa [BKKO17]. As a consequence, we conclude that a countable group with no finite
normal subgroups and no amenable normalish subgroups acts essentially freely on all its Poisson

boundaries.

5.1 Introduction

The space Sub(G) of subgroups of a discrete countable group G is naturally identified with a
closed subset of {0, 1}¢ endowed with the product topology. The induced topology, known as the
Chabauty topology, makes Sub(G) a compact metrizable space, and the conjugation action of G on
its subgroups induces an action by homeomorphisms G ~ Sub(G). A central object in the study
of this dynamical system is the class of G-invariant probability measures on Sub(G), known as
invariant random subgroups (IRSs). Notable applications of IRSs include rigidity results such as
the Stuck—Zimmer theorem [SZ94], approximation results for the £2-Betti numbers of semisimple

Lie groups [ABB™17], and the realization of entropy spectra of stationary actions for certain

T
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classes of countable groups [Bow14, HY18].

The set Sub,p, (G) of amenable subgroups of G is closed in Sub(G), and a reason to study the
dynamics of G ~ Sub,,(G) is its connection with the C*-simplicity of G. A countable group
G is said to be C*-simple if its reduced C*-algebra C(G) contains no non-trivial closed ideals,
where the reduced C*-algebra C(G) of G is the norm closure of the linear span of the unitary
operators defined by the left regular representation of G on ¢2(G). This property has been well
studied from the perspective of operator algebras and group theory [Pow75, BCAIH94]. A result
of M. Kennedy [Ken20], following his work with Breuillard-Kalantar-Ozawa [KK17, BKKO17],
states that a countable group G is C*-simple if and only if the only minimal closed invariant
subset of Subg,(G) is the one composed of the trivial subgroup {eq}.

The statement of a measurable version of the previous criterion involves stationary probability
measures rather than invariant ones. Recall that a probability measure p € Prob(G) is non-
degenerate if the semigroup generated by its support is all of G, and that a measurable action of
G on a probability space (Z,n) is p-stationary if n = deG w(g)g«n. A p-stationary probability
measure on Sub,y, (G) is called an amenable p-stationary random subgroup (or amenable u-SRS).
This notion turns out to be useful to characterize C*-simplicity of countable groups by work of
Hartman-Kalantar [HK23], who proved that a countable group G is C*-simple if and only if there
exists a non-degenerate probability measure y € Prob(G) such that Sub,m, (G) admits a unique p-
stationary probability measure (which must be d(c}). In other words, C*-simple groups possess
distinguished probability measures that witness their C*-simplicity. In this chapter we address

the existence of probability measures with the opposite property.

Question 5.1.1. Let G be a countable group. Does there exist a non-degenerate probability

measure ¢ on G that Sub,m,(G) admits a p-SRS distinet from dg.,37

As observed in [HK23], if G is not C*-simple then every non-degenerate probability measure
1 on G has the above property. It follows that Question 5.1.1 is of interest only when G is
C*-simple. Moreover, Hartman-Kalantar show that there are classes of C*-simple groups for
which no probability measure 1 admits an amenable p-SRS distinct from dyc;. This holds for
hyperbolic groups, mapping class groups and linear groups [HK23, Theorems 4.12, 6.5 & 6.7,
Example 6.6], assuming that their amenable radical (that is, their maximal normal amenable
subgroup) is trivial. This discussion suggests a graded notion of C*-simplicity, where groups
admitting no non-trivial amenable u-SRSs can be viewed as “more” C*-simple, in the sense that
their stationary dynamics on Subay, (G) are highly constrained.

Our results deal with the following class of u-SRSs.

Definition 5.1.2. Let p be a probability measure on a countable group G and denote by P,
the law of the right p-random walk on G. A p-stationary probability measure n on the space
Subam (G) of amenable subgroups of G is called an amenable boundary p-stationary random
subgroup if, for P,-almost every trajectory (wn)n>0 € GN, the sequence (WnsN) >0 cONVETgES in

the weak*-topology to a Dirac mass in Subay, (G).

Equivalently, a probability measure 7 is an amenable boundary p-SRS if (Sub.,(G),n) is a
p-boundary, in the sense that it is a G-equivariant quotient of the Poisson boundary of (G, u).
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Our first result provides a condition that guarantees the existence of py-boundaries on Sub(G)

for some non-degenerate measure p € Prob(G).

Theorem H. Let G be a countable group. Suppose that there exists a non-trivial subgroup H
such that for all finite subsets Q, Z C G there is b € G such that both bZ and b=1Z are contained
mn

{9eG:QNH=QngHg '}.
Then there exists a non-degenerate, symmetric and finite-entropy probability measure p on G
such that W(H) supports a p-boundary SRS distinct from dgeqy-

In particular, if H is amenable then G admits an amenable boundary p-SRS distinct from
Ofec}

The condition appearing in the statement can be viewed as a strong form of recurrence for
the action of G on the orbit of H (see Remark 5.3.2). The strategy we use to construct p
is the method of record times used by Frisch-Hartman-Tamuz-Vahidi Ferdowsi [FHTVF19] to
prove that any non-hyper-FC-central group admits non-degenerate probability measures with a
non-trivial Poisson boundary.

In Proposition 5.3.2, we also present a shorter and more direct argument for wreath products,
which differs from the general proof of Theorem H. Recall that if A is a C*-simple group, then
for every countable group B the wreath product A! B = @z A x B is C*-simple. Proposi-
tion 5.3.2 provides examples of C*-simple groups for which any probability measure witnessing
C*-simplicity, as in the main theorems of [HK23] must necessarily have an infinite support (see
Corollary 5.3.3). To the best of our knowledge, these are the first examples of this kind. A.
Erschler and J. Frisch communicated to us that they independently obtained Proposition 5.3.2.

The criterion in Theorem H also applies to Thompson’s group F', the group of piecewise

dyadically affine homeomorphisms of the interval.

Corollary 1. There exists a non-degenerate, symmetric and finite-entropy probability measure
w on Thompson’s group F such that Sub,,(F) = {H € Sub(G) : H is abelian} supports a non-

atomic p-boundary.

Remarks.

« The minimal closed subsystems of Sub(F') and the IRSs of F' are supported on normal
subgroups (see [LBMB18, Theorem 1.7, (i)] and [DM14] respectively), which are the sub-
groups of F' containing the (non-abelian) derived subgroup [F, F]. Corollary I shows that
the dynamics of Sub,y, (F') are nevertheless rich enough to support non-trivial u-SRSs. A
well-known open question in group theory asks whether F is amenable [CFP96], which is
equivalent to F' not being C*-simple by [LBMB18, Theorem 1.6]. If F' where non-amenable,
it would follow that F' belongs to a class of C*-simple groups whose amenable subgroup

dynamics are richer than those of hyperbolic groups or mapping class groups.

« The proof of Corollary I applies word by word to the finitely presented non-amenable group
of piecewise projective homeomorphisms of R constructed by Lodha-Moore [LM16], which
is known to be C*-simple [LBMB18, Theorem 1.10].
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A subgroup H of G is said to be normalish if [, , 2zHz~1 is infinite for every finite subset
Z C G. This notion was introduced in [BKKO17, Section 6], where the absence of normalish
subgroups is shown to imply C*-simplicity. Our second main result connects it to Question 5.1.1.

Theorem J. Let p be a non-degenerate probability measure on a countable group G and let 7
be a u-stationary probability measure on Sub(G). Suppose that (Sub(G),n) is a p-boundary of
G, and that n is not a Dirac mass on a finite normal subgroup of G. Then n is supported on

normalish subgroups of G.
As a consequence we obtain the next result.

Corollary K. Let G be a countable group with no finite normal subgroups and no amenable
normalish subgroups. Then for every non-degenerate 1 € Prob(G), the action of G on the

Poisson boundary of (G, u) is essentially free.

Proof. Denote by (9,G,v,) the Poisson boundary of (G, p). R. Zimmer showed that the ac-
tion of a countable group G on its Poisson boundary is amenable [Zim78, Corollary 5.3], and
hence the point stabilizers Stabg(2), 2z € 0,G are v,-almost surely amenable [ADR00, Corollary
5.3.33]. The pushforward of v, under the stabilizer map z — Stab(z) defines a p-boundary 7 on
Sub,m(G). If n is not a Dirac mass on a finite normal subgroup of G, Theorem J shows that in

this case there exists an amenable normalish subgroup of G, contradicting the hypothesis. Thus
7] = 6{€G}' D

Examples of groups with no amenable normalish subgroups include groups with some positive
(2-Betti number [BFS14, Corollary 1.5], groups with some non-trivial bounded cohomology with
mixing coefficients, and linear groups with a finite amenable radical [BKKO17, Propositions 6.3
& 6.4]. The class of groups G such that HZ(G, £?(G)) is non-trivial is denoted by Cyeg in [MS06],
and the groups in Ciee do not admit amenable normalish subgroups by the previous sentence.

The class Cyeg is known to contain

o countable groups admitting non-elementary, isometric and proper actions on simplicial
trees, proper CAT(—1) spaces or Gromov-hyperbolic graphs of bounded valency [MS06,
Theorem 1.3], [MS04, Corollaries 7.6 & 7.8, Theorem 7.13], [MMS04, Theorem 3],

« acylindrically hyperbolic groups [Osil6, Corollary 1.5], and

« countable groups admitting a non-elementary, metrically proper and essential action on a
finite-dimensional irreducible CAT(0) cube complex [CFI16, Corollary 1.8].

Remarks.

« Theorem J should be compared with the results of [HK23, Section 6], where several classes
of groups exhibiting non-positive curvature are shown to not possess any probability mea-

sure u with a non-trivial amenable u-SRS. Their conclusions are stronger, as they rule out
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the existence of any non-trivial u-stationary measure on Sub,m,(G), not only those that
arise as p-boundaries of G. On the other hand, the class of groups covered by Theorem J
is broader, and the proof is based on an argument that applies uniformly to all groups
appearing in the statement.

« Following [KK17] and [HK23], A. Alpeev showed that a countable group G is C*-simple if
and only if for a Baire-generic probability measure in Prob(G), the group G acts essentially
freely on the associated Poisson boundary [Alp25]. Corollary K ensures hypotheses under

which every probability measure has this property, instead of just a Baire-generic subset.

Finally, in Section 5.4 we observe that one cannot expect a converse to Theorem J. More
precisely, we show that many Baumslag-Solitar groups have amenable normalish subgroups but
their space of amenable subgroups is countable. Thus they admit no non-trivial amenable pu-SRSs
for any non-degenerate u, see Corollary 5.4.1. This is the case for BS(2,3) = (a,t | ta®’t=* = a?),

for instance. The proof uses an unpublished result of Y. Cornulier [Cor].

5.1.1 Organization of the chapter

In Section 5.2 we recall basic properties of boundary actions of groups as well as their connections
with C*-simplicity. We also discuss our results and further questions. Section 5.3 deals with
proofs showing the existence of boundary SRSs and in particular with the proof of Theorem H.
Finally, in Section 5.4 we prove Theorem J and show that many Baumslag-Solitar groups have
amenable normalish subgroups but no amenable p-SRSs.
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5.2 Background and discussion

We give some background on random walks, stationary boundaries and the space of subgroups
of a group. We refer to [Fur02, LBMB18] for more details on this material. We also discuss C*-
simple measures and further questions. In this section G is always a countable group.
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5.2.1 Random walks and stationary spaces

Let o be a probability measure on G. The Shannon entropy of u is the non-negative quantity
H(p) = =3 ,cqn(g)log u(g). Let P be the law of the right random walk w = (wy,)n>0 € GN
driven by p, that is, wy, = g1 - - - gn Where (gn)n>0 € G is a sequence of i.i.d. random variables
with distribution g. Denote by o: GN — G the shift o((w,)n>0) = (Wnt1)n>0- We equip
GY with the action of G by multiplication on the left, so g.(w,)n>0 = (gwn)ns>o for all g €
G, (wn)nzo S GN,

Let X be a compact metric space on which G acts by homeomorphisms. A Borel probability
measure n on X is u-stationary if n = deG 1(g)gs«n. The martingale convergence theorem
ensures that P,-almost surely the limit lim, oo (wn)«n = Nw exists in Prob(X). When 7y is
P,-almost surely a Dirac mass, we call the probability space (X, 7n) a p-boundary of G. In this
case, we obtain a G-equivariant and S-invariant map (GY,P,) — (X,n), where S: GN — GV
is the shift map S((wn)n>0) = (Wnt1)n>0. Conversely, if there is € X such that P,-almost
surely lim,, ., wyx exists in X, the distribution of lim,, ., wy,x is p-stationary and defines a pu-
boundary on X. The literature sometimes refers to u-boundaries as p-prozimal systems [FG10].

By abuse of notation, a probability space (X,7n) where G acts by nonsingular measurable
transformations is also called a p-boundary if it is u-stationary and admits a compact metrizable
model which is a py-boundary in the above sense. The Poisson boundary of (G, u) is the maximal
p-boundary of G, in the sense that any other such space is a G-equivariant quotient of it. It is
uniquely defined up to G-equivariant measurable isomorphisms.

We will use the following well-known result, which is a consequence of the ergodicity of

p-boundaries.

Proposition 5.2.1. Let i be a p-boundary on a compact metric space X. If either n has atoms

or n is G-invariant, then n is a Dirac mass on a point of X fized by the action of G.

Proof. Suppose first that 7 is G-invariant. Since P,-almost surely lim,, oo (wn)«n = d¢(w) for
some £(w) € X, we deduce that 7 is a Dirac mass on a fixed point of the action of G on X.
Now suppose 7 has atoms. By considering an atom of maximal 7-mass, we deduce that 7
gives positive mass to a finite G-orbit O. The ergodicity of 7 (see [Jaw94, Section 2], for instance)
implies that it gives full mass to O and is thus invariant. By the previous paragraph, n must be

a Dirac mass on a fixed point. O

5.2.2 The Chabauty space

By identifying subgroups of G with their indicator functions on G we endow Sub(G), the space
of all subgroups G, with the topology inherited from {0,1}¢. This topology is known as the
Chabauty topology and turns Sub(G) into a compact metrizable space with a basis composed of
the sets

{HeSub(G):QNH=QNK}

for K € Sub(G) and finite @ C G [Cha50]. The action of G on itself by conjugation induces
an action on Sub(G) by homeomorphisms. We denote by Sub,,(G) the G-invariant subset of
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Sub(G) of all amenable subgroups of G. Since a subgroup of G is non-amenable if and only if it

contains a finitely generated non-amenable group, Sub,m, (G) is closed in Sub(G).

5.2.3 Hartman-Kalantar’s characterizations of C*-simplicity

Denote the left-regular representation of the group G by A : G — U(£%(G)). Recall that a state on
the reduced C*-algebra C}f(G) is a positive linear functional p : C}*(G) — C such that p(Ae,) = 1.
The canonical trace T is the state on C}(G) that satisfies 79(Ay) = 0 for all g € G\ {eg}. The
group G acts on a state p as (gp)(a) = p(Ag-144) for each g € G and, given a probability measure
w on G, the state p is called p-stationary if p = deG wu(g)gp. Since the canonical trace is
invariant under the action of G, it is in particular p-stationary for every u € Prob(G).

Hartman-Kalantar define a C*-simple measure as a probability measure y on G such that
the canonical trace is the unique p-stationary state on C(G) [HK23, Definition at the top of
page 4]. Their first main theorem states that a countable group G is C*-simple if and only if
G possesses a C*-simple probability measure [HK23, Theorem 5.2]. Their second main theorem
shows that a countable group G is C*-simple if and only if G admits a probability measure pu
for which the space Sub,,(G) of amenable subgroups is uniquely p-stationary [HK23, Corollary
5.7]. The following implication between these two notions of unique stationarity is proved and
used in [HK23].

Proposition 5.2.2. Let p be a probability measure on a countable group G. Suppose that
Subam (G) admits a p-SRS distinct from 0y..y. Then the space of states on the reduced C*-
algebra C(Q) is not uniquely p-stationary.

Proof. Let n be an amenable x-SRS distinct from dy.y. By [HK23, Lemma 2.3], the map
p(Ag) =n({H € Suba(G) : g € H}), g € G,

extends to a state p on C}(G). Furthermore, since 7 is u-stationary and distinct from oy, the

state p is p-stationary and it differs from the canonical trace. O

Our criterion in Theorem H for the existence of probability measures u € Prob(G) such that
Subam, (G) is not uniquely p-stationary therefore shows that these measures are not C*-simple in
the sense of Hartman—Kalantar. However, we remark that we do not know whether the converse
to Proposition 5.2.2 is true. In principle, there may exist probability measures ;1 on G that are

not C*-simple even though Sub,,,(G) is uniquely u-stationary.

5.2.4 SRSs that are not u-boundaries

Let u be a probability measure on a countable group G. All results in this chapter concern
amenable p-stationary random subgroups for which the space (Subam, (G), n) is a u-boundary (see
Definition 5.1.2). It follows from work of H. Furstenberg [Fur73, Theorem 14.1] and Glasner-
Weiss [GW16, Theorem 8.5] that, if G acts by homeomorphisms on a compact metric space X,
then the following conditions are equivalent:
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« For every p-stationary probability measure v on X, the space (X, v) is a py-boundary.

« There exists a unique p-stationary probability measure v on X, and the space (X,v) is a

p-boundary.

In particular, when X = Sub,,(G), Question 5.1.1 asks for probability measures p on G
such that Sub,,(G) is not uniquely p-stationary. The equivalence above shows that, in this
setting, our methods cannot identify all amenable p-stationary random subgroups, since there
will necessarily exist some that do not arise as pu-boundaries of G. This leads to the natural

question of whether Theorem J extends to arbitrary stationary random subgroups of G.

Question 5.2.3. Let u be non-degenerate probability measure on a countable group G, and let
7 be an ergodic p-stationary probability measure on Sub(G) that is not a Dirac mass on a finite

normal subgroup of G.
« Is it true that n must be supported on normalish subgroups of G?

« Suppose further that 7 is supported on amenable subgroups of G. Is it true that all /2-Betti

numbers of G' must vanish?

We remark that if 7 is an IRS of a countable group G supported on subgroups whose £2-
Betti numbers all vanish, then it is known that the same conclusion holds for G. Indeed, as
shown by Abert-Glasner-Virag, every IRS of G arises as the image of a p.m.p. action of G
under the stabilizer map [AGV14, Proposition 13]. This gives rise to the “principal extension”
of groupoids in the language of [ST10, Section 5.3]. It follows from [ST10, Lemma 5.1] that
the ¢2-Betti numbers of the stabilizer groupoid vanish. Then [ST10, Theorem 1.3] shows that
the ¢2-Betti numbers of the groupoid of the action G ~ (Sub(G),n) vanish as well, and these
coincide with the ¢2-Betti numbers of G (see [CGdlS21, Theorem 5.4] for instance). We are
grateful with Sam Mellick and Damien Gaboriau for bringing this argument to our attention.

5.3 Existence of amenable boundary u-SRSs

This section presents results on the existence of non-trivial amenable boundary stationary ran-
dom subgroups in countable groups. We begin with a short proof for wreath products (Propo-
sition 5.3.2), which also serves as motivation for the proof of Theorem H, where we establish a
general criterion guaranteeing their existence. We then apply this criterion to Thompson’s group
F (Corollary I) and to permutational wreath products (Corollary 5.3.8).

5.3.1 A short proof for wreath products

Let A, B be countable groups. Their wreath product is At B = @5 A x B, where @ A denotes
the group of finitely supported functions ¢ : B — A, and the action of B on @ A is given by

(z-9)(y) =e(z"'y), =x,yeB.
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Given a probability measure y € Prob(A ¢ B), the y-random walk w = (wy,)n>0 on A B can
be written using the semidirect product structure as w, = (¢n,b,). Here ¢, € @y A is called
the lamp configuration at time n, and b,, € B is the position at time n. In general (¢,)n>0 does
not define a random walk on @5 A, whereas (b, )n>0 is a random walk on the base group B.

Definition 5.3.1. We say that the lamp configurations of the p-random walk on A B stabilize
almost surely if there exists a conull set of trajectories W = (¢n, by )n>0 such that for every b € B
there exists N for which ¢, (b) = @n(b) for alln > N.

Under this assumption, there is a P -almost everywhere defined map (41! B)N — AP which
assigns to a trajectory w = (¢p, by )n>0 the limit lamp configuration poo(w) defined by

Poo(W)(b) = lim ¢, (b), be B.

n— oo

Lamp configurations do not always stabilize: for every € > 0 there exist probability measures
p with finite (1 — e)-moment for which stabilization fails [Kai83]. However, a sufficient condition
for stabilization is that p has finite first moment and the induced random walk on B is transient
[Ersll]. If B is finitely generated with at least cubic growth, then a theorem of Varopoulos [Var86]
implies that every non-degenerate probability measure on A B induces a transient random walk
on B. In particular, in this case one may choose p to be finitely supported.

Proposition 5.3.2. Let A, B be countable groups, and let p be a non-degenerate probability
measure on Al B such that the lamp configurations of the p-random walk on Al B stabilize
almost surely. Then Sub,,(A1B) supports a p-boundary distinct from ¢y, which may be taken

non-atomic if A is non-abelian.

Proof. For b€ B and a € A, define 6° € @5 A C A1 B as the configuration equal to a at b and
to e4 elsewhere.

Let us fix an arbitrary a € A\ {ea}. Given a trajectory w = (¢n,bn)n>0 € (A1 B)Y with
limit lamp configuration ¢eo (W) = (Yoo (W) )sen, let H(w) be the subgroup of @ 5 A defined as
H(w) = <55’%C(w)b_a :be B).

Since the map w — @ (W) is (A B)-equivariant, we have for every g = (p,b') € Al B the
equalities

H(g.-%) =0y s (wy)pa - 0 € B) = (0o w)y1y)a

_<6€;@bh/bgaoo(w)b)u tbe B> = gH(W)

:be B)

Thus the push-forward 7 of P, through w — H(w) is a p-boundary supported on Sub,, (A B)
distinet from 6¢.,y. If A is non-abelian, we can pick a not in the center of A, so that 7 is

non-atomic. O

The group A B is known to be C*-simple whenever A is C*-simple; see [BO18, Proposition
5.5] for example. Alternatively, using [KK17, Theorem 1.5], one can prove the C*-simplicity of
Al B by exhibiting a topologically free (A1 B)-boundary. That is, it suffices to show the existence

of a compact space X equipped with a minimal action of A! B by homeomorphisms such that
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the closure of every (A B)-orbit in Prob(X) contains a Dirac delta measure, and such that the
set of fixed points in X of every non-trivial element of A B has an empty interior. In order to
do so, assume that A is C*-simple and let X4 be a topologically free A-boundary. Consider the
action of A B on [[5 X given by (¢, c¢) - (p)secn = (b - Tc-1p)pep for every ¢ € g A, c€ B
and (zp)pep € [[5 Xa. This yields a topologically free boundary action of A?B, and hence A!B
is C*-simple.

As a consequence of Proposition 5.3.2, we obtain the following.

Corollary 5.3.3. Let A be a countable C*-simple group and let B be a finitely generated group
of at least cubic growth. Then every C*-simple probability measure on Al B, in the sense of
[HK23], has infinite first moment.

5.3.2 Proof of Theorem H

For the construction of the measure appearing in Theorem H we first need to introduce some

general terminology.

Definition 5.3.4. Let p = (p;);>0 be a probability measure on N, and let (X,)pn>1 be a se-
quence of i.i.d. random variables with law p. For every n € Nsg let us denote by M, =
max{X1, Xs,...,X,} the record value of the sequence at time n. We say that the record value
M, is simple if

Hie{l,....,n}: X; =M.} =1

We say that the records of (X,)n>1 are eventually simple if p®N-almost surely there is N > 1
such that, for all n > N, the record value M, is simple. Finally, define the sequence (Tk)r>1 of
record times of (X,,)p>1 by Th = 1 and Tj41 = min{n > T}, : X,, = M,,} for k € N5g.

The following lemma can be found in [EK23, Lemma 2.3 & Corollary 2.6]. The sufficient
condition is due to [BSW94, Theorem 3.2], while the necessary condition is due to [Qi97, Theorem
2]. See also the proof given in [Eis09, Theorem 3, Corollaries 3.1 & 3.2].

Lemma 5.3.5. Let p be a probability measure on N and let (X,,)n>1 be a sequence of i.i.d.

random variables with law p. Then (X,)n>1 has eventually simple records if and only if p has

i <pj>2 < . (5.3.1)

=0 Dj +Pjy1+ -

an infinite support and

The latter condition holds in particular when p; has polynomial decay as j — oo.

Lemma 5.3.6 ([EK23, Lemma 2.17]). For any probability measure p on N with infinite support
there exists a non-decreasing function ®: N — N such that almost surely Tp11 < ®(Ry) holds for
all sufficiently large k.

Proposition 5.3.7. Let G be a countable group. Assume that there exists a non-trivial subgroup
H such that, for all finite subsets Q,Z C G there is b € G such that bZ and b='Z are contained
m

{geG:QNH=QnNgHg '}.
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Then there exists a non-degenerate, symmetric and finite-entropy probability measure p on G
such that P,,-almost surely the sequence (w, Hw,'),>0 converges to a non-trivial subgroup of G.

In particular, the orbit Orbg(H) supports a p-boundary distinct from 0y} .-

Proof. Consider a probability measure p on N that gives positive mass to all non-negative integers
and that satisfies Condition (5.3.1), so that Lemma 5.3.5 ensures that a sequence of i.i.d. random
variables with law p almost surely has eventually simple records. Moreover, we may choose p
such that its Shannon entropyNH(p) = —>_,;>0pjlog(p;) is finite.

Let us choose a sequence (A, )n>0 of pairwise disjoint and symmetric subsets of G such that
Ay = {eg}, |Ap] < 2forall n > 0 and G = Un>o A,. We start by constructing inductively
increasing sequences of finite subsets (A4,,)n>0, (Aanzo, (Qn)n>o0 of G, along with a sequence of
elements b,, € G for every n > 0.

We first set Ag = Zo ={ea}, Lo = Qo =2 and by = e¢. Now, let » > 1 and suppose that
the sets A; and @; together with the element b; have already been defined for every 0 < i < n.
We set

" n P(n)
Aptr = Apir \ U{bi,bjl}, Dopgr = (U AU {bi b7 ) ;
i=0 i=0

where ® is the gauge function associated with p from Lemma 5.3.6. Next, we set Q41 to be a
finite subset of G containing Q,, and such that for every d € A, we have Q,,+1 NdHd~! # {ec}.
Applying the hypothesis of the theorem to the finite subsets Q = UdeAn d'Quiidand Z = A\,
we find b, 1 € G such that for all z € A\,, we have

QNH = QN (bn412)H(bnr12) " = QN (011 2)H(by4y2) "
As a consequence, notice that for each d, z € A\,, we have
Qni1 NdAHd™" = Qpi1 N (dbpy12)H(dbps12) "t = Qi1 N (dby 112)H(db, 112)" . (5.3.2)

This completes the inductive construction of the sequences (A,)n>0, (An)n>0, (@n)n>0 and
(bn)n>0-

Let us now fix an auxiliary sequence (a;);>1 with 0 < «; < 1 for every ¢ > 1 and such that
> i>1 @i < 00. Define a symmetric probability measure p on G with p(Ag) = po and such that

for every ¢ > 1 we have

In what remains of the proof, we will justify that such a measure p satisfies the conclusions
of the theorem.
First, notice that supp(u) = G because p is fully supported and G = U, >0A,,. In particular,

the probability measure p is non-degenerate. Moreover, u has finite Shannon entropy since
H(p) <log(4) + H(p) < oc. (5.3.4)

Indeed, to see this it suffices to notice that p can be sampled in two steps: first, choose an index

i € N according to the distribution p, then sample g; € A; U {b;, bfl} according the conditional

K3
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distribution of y on that subset. Inequality (5.3.4) then follows from the standard (conditional)
entropy decomposition H(X) = H(X |Y)+ H(Y) for random variables X and Y, together with
the fact that the entropy of a random variable taking values in a set of size N is at most log(N).
Since |A; U {b;,b; '}| < 4 for every i > 0, we obtain the desired bound.

It now remains to show the IP,-almost sure convergence of the sequence (w, Hw,, 1)n20 to a
non-trivial subgroup of G. Let (g,,)n>1 be an independent sequence of elements of G distributed
according to p and denote w, = g1 - - - g, for every n > 1. In other words, the process (wp)n>1
has the law P, of the y-random walk on G. For every ¢ > 1, denote X; € N the unique value
such that g; € Ax, U {b Xi,b;(f}. Then, it follows from the construction of y that the sequence
(Xi)i>1 is i.i.d. with law p, and hence has eventually simple records. Denote by (Tj)r>1 the
associated record times and by Ry := X7, the record values for every £ > 1. By combining

(a) that p(A;\{b;,b;'}) < a;p; (Condition (5.3.3)) with >_i>1 @i < 00 and the Borel-Cantelli

lemma,
(b) Lemma 5.3.6, and
(c) the definition of eventually simple record times (Definition 5.3.4),
we conclude that almost surely there exists ky > 1 such that for all k > k¢ we have
(A) g1, € {bRy: b, ),
(B) Tg+1 < ®(Ryg), and
(C) Xy < Ri for all Ty, <m < Tioq.
Now, let n > Ty, and choose k > kg such that T, < n < Tk4+1. Then, we can write
Wn =091 97 —1 * 9T, " 9T +1 " In-

Set d =g1---gr,—1 and z = gp, 41 - gn, SO that w, = dgr, z. It follows from Conditions (B)
and (C) above that

kal Tk+1

d,z € ( U Aiu{bi,b;1}> C Ag,.
i=0

In addition, thanks to Condition (A) together with the inductive construction of bg,, we also

have that

Qr, NdHd™ ' = Qr,w,Huw, ',
as in Equation (5.3.2).
Claim. For every m > n, we have

Qr, NdHd™ = Qr, Nw, Hw,, .
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Proof of the claim. Let | € N be such that T} < m < Tj4;. Notice that since m > n, we must
have [ > k. We prove the claim by induction on [.
If | = k, then the claim was already shown to hold in Equation (5.3.2). Now suppose that

[ > k and write w,, = gingl z, where

d=g1---gr,—1and 2 = gr,41 - Gm.-
As in the argument preceding the claim, we have
Qr, N dHd ! = Qr, N mew:nl’

thus in particular
Qr, NdHd ' = Qr, NwnHw,!. (5.3.5)

Applying the inductive hypothesis with d= wr,—1 gives
Qr, NdHd™" = Qg, NdHd " (5.3.6)
Combining Equations (5.3.5) and (5.3.6) concludes the proof of the claim. O

The compactness of Sub(G) implies that the sequence (w, Hw; '),>0 has at least one limit
point K € Sub(G). Since the sets Qg, form an exhaustion of G, the previous claim shows
that, for every open neighborhood U of K, the sequence (w, Hw,'),>0 eventually remains in
U. Hence the limit point is unique, and (w,Hw,!),>¢ converges in Sub(G). Finally, the limit
subgroup K is non-trivial: indeed, Qg, NdHd ™! contains a non-trivial element g € G\{eg}, and
the previous claim shows that g € K. O

Remark. Theorem H requires the existence of a non-trivial subgroup H < G such that for every
pair of finite subsets @, Z C G there exists b € G with

WZ, b ' ZC{geG:QNH=QnNgHg '}

This condition admits a dynamical interpretation for the conjugation action of G on Sub(G).
The finite set ) determines a basic neighbourhood of H in the Chabauty topology by

Ug(H) = {K € Sub(G): QN K = QN H}.

The above property asserts that, for every such neighbourhood and every finite set Z C G, there
exists b € G such that

bz -H,b'2-HeUg(H) forall ze Z

In other words, any finite portion of the G-orbit of H in Sub(G) can be simultaneously pushed
arbitrarily close to H by conjugation with a single group element b as well as by its inverse. This

is a strong form of recurrence for the action of G on the orbit of H.
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5.3.3 Amenable boundary ;-SRSs for Thompson’s group F

Consider the group of orientation-preserving homeomorphisms f: R — R such that there exists
a finite subset D C Z [%] with the property that for each bounded connected component C of
R\ D, the map f restricted to C is of the form

e 2 28z + g where k € Z and ¢ € Z[1/2] if C is bounded, and of the form
e £ +— x4+ m where m € Z if C' is unbounded.

It is well known that the above describes a group isomorphic to Thompson’s group F, the group
of all increasing piecewise dyadically affine homeomorphisms of the closed unit interval [0, 1]; see,
e.g., [BBO05, Section 3.1]. In this representation, the commutator subgroup [F, F| coincides with
the homeomorphisms in F' which are the identity outside of a compact interval of R.

Proof of Corollary I. We show that Thompson’s group F’ satisfies the hypotheses of Theorem H.
Let f: R — R be an arbitrary non-trivial element of F' whose support is contained in a proper
closed subinterval of [0,1]. For each k € Z denote by t; € F the translation by k € Z. Let us
consider the subgroup H of F' generated by all elements ¢ ft,;l, k € Z. These elements commute
since they have disjoint supports, so H is abelian. Notice also that H and all of its conjugates
are contained in the normal subgroup [F, F]. Hence, to verify the condition of Theorem H, it
suffices to show that for any finite subset Q C [F, F] and every finite subset Z C F we can find
b € F such that
bZ,b'ZC{ge F:QNH=QNgHg '}.

Since @ C [F, F], all elements of @ are the identity outside of a sufficiently large interval.
Thus we can choose N € N such that supp(q) C [-N, N] for every g € Q. Next, choose M > 1
large enough so that for every z € Z there exist m;,mJ € Z such that

z(z) =x4+m; forx < —M, z(z) =z +m] for z > M.

For every z € Z, denote by r; ,rf € F the maps r; (z) =z —m and rf (z) =z —m] for z € R.
Then supp(zr; ) C [-M, +oc) and supp(zr}) C (—oo, M] for each z € Z.
Now let b € F be the translation by —M — N — 1. Using the fact that H is normalized by
any translation, for every z € Z we have
bzHz'07 = b(zr DYH((rD) 270!

z

= (b(zr)b™ ) H (b(zrF )b )71

The support of b(zr})b~! is contained in (—oo, —N — 1], while all elements in @ have support
contained in [~ N, N]. Therefore, b(2r} )b~ commutes with all elements in @, implying that bZ
is contained in {g € F: QN H = QNgHg '}. An analogous argument applies to b=1Z. This
verifies the hypotheses of Theorem H, and the conclusion follows from the fact that the set of

abelian subgroups of Sub(F') is closed in the Chabauty topology. O
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5.3.4 Amenable boundary p-SRSs for permutational wreath products

Let A, B be countable groups and let B ~ X be an action on a countable set X. The permu-
tational wreath product G = Alx B is the semidirect product (@zex A) X B, where B acts on
@mGXA by b'(‘)ow)wEX = (@b*l.x))wEX for b € Ba (@$)$€X € @zeX B. Here, the group B is
identified with its canonical copy inside A {x B, whereas A is identified with its copy within the
direct sum at a given fixed basepoint o € B.

Let o € Prob(Alx B). As in the case of wreath products, we say that the lamp configurations
of the py-random walk on Alx B stabilize almost surely if there is an infinite orbit O C X such
that for P,-almost every trajectory w = (¢n, bp)n>0 the configurations (¢, ),>0 restricted to O
converge pointwise to a limit function ¢..(w) € A®. Stabilization of lamps occurs whenever the
induced random walk (b,,.2),>0 on O is transient for every € O and p has finite first moment.
In general, transience of (b,.x)n>0 on O can be more delicate than transience of the random
walk on (by)n>0 on B itself. The following proposition applies the criterion in Theorem H to

construct a symmetric measure p with finite entropy such that this is the case.

Corollary 5.3.8. Let A, B be countable groups and let B ~ X be a faithful action on a countable
set X with at least one infinite orbit O. Suppose that A is not abelian. Then there exists a non-
degenerate and symmetric probability measure on Alx B with finite Shannon entropy that admits
an amenable boundary p-SRS distinct from dycy.

Proof. Let us fix an element a € A that is not in the center of A, and consider the non-trivial
amenable subgroup H = @, (a) of Alx B. We will show that H satisfies the hypotheses of
Theorem H.

First, we note that H is normalized by both subgroups @, xX\0 A and B. Furthermore, H
is contained in the normal subgroup €, . A. In order to verify the conditions of Theorem H,
it suffices to show that for any finite subsets Z,Q C @,.» A we can find b € B such that

bZ,b'ZC{ge Aix B:QNH=QnNgHg '}.

Let Z,Q C @,co A be finite subsets. Denote by Fz, Fip C O the union of the supports of
elements in Z, ), respectively.

Claim. There exists b€ B C Alx B such that both bFy; and b~ Fy are disjoint from Fo.

Proof of the claim. Let p be a non-degenerate symmetric probability measure on B, and denote
by P, the law of the py-random walk (wy)n>0 on B. Since O is infinite, it follows from [CF25,
Lemma 3.1] (see also [GMBT24, Claim 2.3], or [LBMB18, Lemma 3.2]) that

nh_)rrgo P, lwp.x =yl =0

for every x € Fz and y € F. A union bound then gives

lim Pu[wn-FZ NIy = @] =1

n—oo
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For every n > 1, the law of the n-th step of the random walk w,, = g192 - - - g, is p*". Since p is
symmetric, this is the same distribution as w;,* = g "¢, -~ gy *. It then follows that

lim P,[(w,) ™' - FzNFy=2]=1.

n—oo

Another application of a union bound shows the existence of b € B such that
b.FzﬁFQ:bil-FzﬂFQZQ. O

By an argument analogous to the one in the proof of Corollary I, for every z € Z we can

write

bzHz"'0~! = (b2b™ ') Hb(b2b™ ') !,

and similarly
b l2Hz o= (b7 12b)H(b 2b) L.

By the previous claim, bzb~! and b~'2b both commute with every element in Q, so that bZ and
b=1Z are contained in {g € Alx B: QN H = QNgHg~'}. Therefore, we conclude that there
exists an amenable boundary p-SRS distinct from 4. O

Remark. Although the analysis of random walks on permutational wreath products is more
complicated, the presence of inverted orbits leads to more diverse geometric phenomena. For
instance, certain classes of permutational wreath products furnish the first examples of finitely
generated groups with intermediate growth with explicit asymptotic growth functions [BE12] and
finitely generated groups of exponential growth for which every finitely supported probability
measure has trivial Poisson boundary [BE17].

5.4 Normalish subgroups and boundary p-SRSs

In this section we prove Theorem J, which relates normalish subgroups of a group G to boundary
SRSs on Sub(G). We also show that many C*-simple Baumslag-Solitar groups have amenable
normalish subgroups even though their space of amenable subgroups is countable, so all their
amenable u-SRSs are trivial. We finally show a different proof of triviality of amenable pu-
boundaries for groups with property (CS), an operator-algebraic property of groups formulated
in terms of their unitary representations which was introduced in [BKKO17].

5.4.1 Proof of Theorem J

Recall that the FC-center of a group G is the subgroup FC(G) composed of all elements of
G with finite conjugacy class. An action of a group G on a compact Hausdorff space X by
homeomorphisms is said to be equicontinuous if the image of G in Homeo(X) is relatively compact

for the compact-open topology.
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Proof of Theorem J. Let u be a non-degenerate probability measure on G and let n be a u-
stationary probability measure on Sub(G) such that the space (Sub(G),n) is a p-boundary of
G. If n is atomic, then it must be a Dirac mass on an infinite normal subgroup, and the result
follows. We therefore assume that 7 is non-atomic. Let ¢, ..., g, € G. We will show that for

every € > (0 we have

7 ({H € Sub(G) : ﬂgng;l is ﬁnite}) <e.
i=1
Since ¢ is arbitrary, the above measure must be 0, and as G is countable it follows that 7 is

supported on normalish subgroups of G.

Claim. The measure n is not supported in the FC-center FC(G).

Proof of the claim. Consider the closed subspace Sub(FC(G)), and notice that the G-orbit of

any open set of the form
{H € Sub(FC(@)): QN H =QNK}, Q@ CFC(G) finite and K € Sub(FC(Q))

is finite by the definition of FC(G). Since these sets constitute a basis of the topology of
Sub(FC(G)), we conclude that the action of G on the clopen subsets of Sub(FC(G)) has only
finite orbits. This implies that the action is equicontinuous: indeed, it is an odometer in the sense
of [Corl4, Définition 2.1.3]. By [Corl4, Fait 2.1.4 (iii)] it follows that Sub(FC(G)) is a projective
limit of actions of G on finite sets, so it must be equicontinuous. Hence any p-stationary measure
on Sub(FC(@)) is invariant by [FG10, Theorem 7.4]. Thus 7 cannot be supported on FC(G),
since any p-boundary which is also an invariant measure is a Dirac mass. O

Thus there exists h € G with infinite conjugacy class such that
c=n({H € Sub(G) :he€ H}) > 0.

Denote by bnd: GN — Sub(G) the boundary map associated with 1. Given a trajectory

W = (Wp)n>0 € G of the p-random walk on G, we can write
n({H € Sub(G) : h € w,Hw,;'}) = (wy,).n({H € Sub(G) : h € H})
for every n € N. The fact that (Sub(G),n) is a u-boundary implies
n({H € Sub(G) : h € w, Hw,'}) —— Obna(w) ({H € Sub(G) : h € H})
for P,-almost every trajectory w € GN. In particular, we have
n({H € Sub(G) : h € w,Hw;'}) — 1 (5.4.1)

for every w = (wy,)n>0 € E == bnd ' ({H € Sub(G) : h € H}), where

n(E) =P, (bnd ' ({H € Sub(G) : h € H})) = n({H € Sub(G) : h € H}) = ¢ > 0.
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Consider one such trajectory (w,)n>0 € E. The set {w, hw, : n > 0} is almost surely
infinite beacuse h has infinite conjugacy class.

Let j > 2. Since p is non-degenerate, the action G ~ (Sub(G),n) is non-singular. Thus we
can choose J; > 0 such that for every measurable subset A C Sub(G) with n(A) > 1—4; we have

€
(9:)«n(A) =1 - oy
for every i = 1,...,m. Using the convergence from Equation (5.4.1), we inductively construct

an increasing sequence (ny)r>2 C N as follows. Let ny € N be such that
n({H € Sub(G) : wy, hw,, € H}) > 1 — 5.
If ng, ..., ny are already defined, find ngy1 > ng such that

w ! hwnk+1 ¢ {hwn2, .. .,hwnk} and n({H S Sub(G) st hwnk+1 S H}) >1—0gq1-

MNEk+1 MNk+1

Our choice of §; guarantees that

_ _ _ €
N({H 2wy, hwn, € giHg'}) = (9:)en({H 2wy, hwn, € HY) > 1= —

holds for every k > 2 and ¢ = 1,...,m. A union bound then shows that

_ - _ g
U] ({H € Sub(@) : wy, hw,, & () 9:Hg; 1}) <o

i=1

for all £ > 2, and hence that

Ui <{H € Sub(G) : (wy,'hwy,)k>2 € ﬁ gngi1}> <g,

i=1

as desired, concluding the proof. O

5.4.2 Baumslag-Solitar groups and normalish subgroups

The Baumslag-Solitar groups are a family of one-relator groups
BS(m,n) = (a,t | ta™t™* = a"), m,n € Z\ {0}

introduced by Baumslag-Solitar in [BS62] that has been well-studied from geometric and algebraic
perspectives [Why01, Lev07]. They are known to be C*-simple [dIHP11, Proposition 5] whenever
m, n are both different from +1 and m # 4n. The infinite cyclic subgroup (a) is always normalish
since (a)/((a) N g(a)g™!) is finite for all g € BS(m,n) (see [Lev07, Section 2] for instance).
Proposition 5.4.2 below finds the parameters m,n such that Subam, (BS(m,n)) is countable.

In particular, we deduce the following.

Corollary 5.4.1. The group BS(2,3) is C*-simple, admits an amenable normalish subgroup and
all its amenable p-SRSs are trivial for every non-degenerate pn € Prob(BS(2, 3)).
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Proof. The first two statements are already known from [dIHP11, Proposition 5] and [Lev07,
Section 2], and Proposition 5.4.2 shows that BS(2,3) has countably many amenable subgroups.
Let 1 be a non-degenerate probability measure on G = BS(2,3), and let 7 be an ergodic u-SRS
on Subam(G). Then n has an atom, and by ergodicity must be supported in a finite orbit of
some H € Sub,,(G). If H were non-trivial, then the normal subgroup generated by H would be
a non-trivial normal amenable subgroup of G contradicting its C*-simplicity. Thus H is trivial
and so is . The case when 7 is non-ergodic follows from the ergodic decomposition. O

Proposition 5.4.2. Let m,n € Z\ {0} and G = BS(m,n). Then G has countably many

amenable subgroups if and only if either
e n orm is equal to 1 or —1, or
em=m orn=—m, or
« m/n and n/m are not integers.

The proof of one of the implications of Proposition 5.4.2 boils down to a result of Y. Cornulier
[Cor] stating that BS(m, n) has no non-trivial element admiting infinitely many roots when m/n
and n/m are not integers. Since this statement has only appeared in online forums we replicate
its proof here for completeness.

For both implications, we will need to use the action of BS(m,n) on the Bass-Serre tree T
associated to its decomposition as an HNN-extension. For our purposes, the tree T is the tree with
vertex set BS(m,n)/{a) and oriented edges connecting w{a) with wa't(a) for all w € BS(m,n)
and 0 < [ < n — 1. Left multiplication induces an action of BS(m,n) on T through directed
graph automorphisms. Bass-Serre theory ensures that 7 is indeed a tree and that the action of
BS(m,n) is transitive on oriented edges and vertices. Thus the stabilizers of vertices (resp. edges)
are conjugates of (a) (resp. (a™)). A non-trivial element of BS(m,n) stabilizing no vertex on 7
is said to be lozodromic, and is said to be elliptic otherwise. For more information on the general
theory we refer to [Ser77, Chapitre I], and to [CGLMS25, Sections 1 & 2] for Baumslag-Solitar
groups and their Bass-Serre trees.

We will need a lemma which is a small variation of [CGLMS25, Proposition 2.4].

Lemma 5.4.3. If G is a countable group with a normal subgroup N C G such that N has
countably many amenable subgroups and every subgroup of G/N is finitely generated, then G has

countably many subgroups.

Proof. Write m: G — G/N the projection. A subgroup H of G is determined by H N N and
any section of a finite generating set of w(H ). There are always at most countably many options

for these sections, and if H is amenable then there are at most countably many options for
HNN. O

Proof of Proposition 5.4.2. We first prove the forward implication. If G = BS(£1,m) then G has
countably many amenable subgroups by [BLT19, Corollary 8.4]. If n = £m, then G is virtually
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F,, X Z. The group F, X Z has countably many amenable subgroups by Lemma 5.4.3, and the
same is true for G by Lemma 5.4.3 again.

Now suppose that m/n and n/m are not integers. Let 7 be the Bass-Serre tree associated
to the HNN-extension decomposition of G as G = (a,t | ta™t~! = a") and let H C G be an
amenable subgroup. Since H has no non-abelian free subgroups and the action of G on T has no
inversions, by J. Tits’ categorization of actions of groups on trees [Tit70] either H fixes a vertex,
stabilizes the axis of a loxodromic element in H or fixes an end of 7. In the first case H is

cyclic. In the second case, the stabilizer of the axis ¢ of a loxodromic element in G splits as
1— K — Stabg({) — Do —> 1

where D, is the infinite dihedral group and the kernel K is a subgroup of a vertex stabilizer
(and hence either trivial or infinite cyclic). In any case, by Lemma 5.4.3 the countably many
subgroups Stabg (¢) where ¢ runs through the axes of loxodromic elements of G have countably
many subgroups.

We are reduced to the case when H fixes an end & € OT. Fix a one-sided geodesic (&,)n>0
representing &, and define K C G as the subgroup of elliptic elements fixing £&. Then

K = U FiXG(f[m,oo))
m>0

is the ascending union of the pointwise fixators of the rays £ o) = (§min)n>0, m > 0. Thus K
is either trivial, infinite cyclic or a direct union of infinite cyclic groups. In the last case, there

is an element of K \ {eg} with infinitely many roots.

Claim ([Cor]). If m/n and n/m are not integers, then G = BS(m,n) contains no non-trivial

element with roots of arbitrarily large order.

Proof of the claim. Let h: G/{a) — 7Z the height function associating to each coset g{a) the
signed number of ¢’s appearing in g. The function h is well defined (it factors through the
quotient of G by the normal subgroup generated by a).

Let g € G\ {eg} that fixes a vertex v = w(a) in T, so g = wa%®w=" for a unique
¢y(v) € Z\ {0}. If g also fixes a vertex v’ = wa't{a) in T that is adjacent to v (that is, there is

an oriented edge from v to v’ in T), the equality
wasw ™! = wa'ta® ") (wa't) !

implies that (4(v") = (m/n)(4(v). By induction we see that for any pair of vertices v,v’ in the
subtree 7, of fixed points of g in 7 we have ¢,(v') = (m/n)*®)="®)¢, (v). Since no non-trivial
power of m/n is an integer and the (4(v) are always integers, we deduce that h and a fortiori ¢,
are bounded on 7.

Now assume that g € G \ {eg} has infinitely many roots, and let M > 0 be an upper bound
for {(4(v) : v € G/(a)}. The action of g on T cannot be loxodromic, since the roots of g would
have arbitrarily small translation length. Thus g and any of its roots are elliptic. Now let u € G
with u™ = g for some N € N, and let v/ be a vertex of 7 fixed by u. Then

N < N{Gu(v)] = 16g(0")| < M. H
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Thus K must be cyclic. If € is fixed by no loxodromic element of G then H C Stabg(£) = K,
so there are countably many options for H.

If not, let g € G be a loxodromic element with minimal translation length d € N,. Then
Stabg(§) = K x Z, where the generator of the right-hand side is g and conjugation by g sends
every Fixg(§m,o0)) t0 Fixa(§m+d,0)). Again, Lemma 5.4.3 shows that Stabg(§) has countably
many subgroups, and since there are countably many fixed ends in 97 by loxodromic elements
of G we conclude that H varies in a countable set. This finishes the proof that BS(m,n) has
countably many amenable subgroups.

For the reverse implication, consider m,n € Z\ {0} not satisfying any of the conditions in
the statement of the proposition. Since BS(m,n) is isomorphic to BS(—m, —n) we may assume
that m > 0, and since BS(m,n) contains BS(m?,n?) (see [Levl5, Theorem 1.3] for instance) we
may assume that n > 0 too. Now m > 2 and we may write n = km with k > 2.

As before, let T be the Bass-Serre tree associated to the HNN-extension decomposition of G.
Let T be the subtree of 7 with vertex set {wt—(a) : w is a finite word in {a,t*}}. The tree T

is a rooted complete m-ary tree with root {(a).

Claim. The fized points of a™ in T are the vertices of T.
Proof of the claim. The element a™ fixes (a) and does not fix any of its neighbors
t{ay,at(a), a’*t{a), - ,a"""'t(a)

because k > 2, so the subtree Tym of fixed points of a™ is contained in 7. Now let wt~1(a) be a

vertex of T, and write w = a™t " 1a"2t~1 ... a™ for some [ € N, and n,...,n; €N, so

am,wt—l _ amanlt—lan,gt—l . a"’t_l _ anlt—lakmanzt—l . a"lt_l

_ anltflangtflak%n L. anltfl = anltflangtfl . anltflakl’m
and thus a™(wt~'(a)) = wt~'(a). We conclude that Tom = T. O

Let &1, & be distinct ends of T and identify them with geodesics in T starting at (a). Let
gt~1{a) be a vertex of £\ &2, so (gt~ H)a™ (gt 1) 7! fixes & and does not fix &. Thus the amenable
subgroups Stabg(£), € € OT are pairwise distinct, and there are uncountably many subgroups of
this type since m > 2. This finishes the proof of the proposition. O

5.4.3 Property (CS)

A countable group G is said to have property (CS) if, for every unitary representation 7: G —
B(H) that is weakly contained in the left-regular representation A of G, there exists an neigh-
borhood U of idy in the strong operator topology of B(H) such that 7=(U) is contained in
the amenable radical R,(G). Recall that m is weakly contained in X if ||7(f)| < ||A(f)] for all
f € C[G]. This notion was introduced in [BKKO17] as a sufficient condition for a group G to
satisfy a conjecture of Connes-Sullivan on subgroups of connected Lie groups acting amenably
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on homogeneous spaces, proved by R. Zimmer [Zim78]. Linear groups and discrete groups G
with H2(G, (?(G/R4(G)) # 0 are known to have property (CS) [BKKO17, Theorems 8.4 & 8.6].

Property (CS) is stronger than C*-simplicity: every group with property (CS) and trivial
amenable radical is C*-simple [BKKO17, Proposition 8.2]. Indeed, a discrete group with no non-
trivial finite normal subgroups and no amenable normalish subgroups is C*-simple [BKKO17,
Theorem 6.2], while property (CS) implies the absence of amenable normalish subgroups. To see
this, it suffices to note that if a subgroup H C G is amenable and normalish, then the quasi-
regular representation A,y is weakly contained in the left regular representation, yet the image
of G under g,y is not discrete in the strong operator topology. Combined with Theorem J,
this yields the following.

Corollary 5.4.4. Let G be a countable group with finite amenable radical and suppose that there
exists a non-degenerate u € Prob(G) which admits an amenable boundary p-SRS distinct from

a Dirac mass on a finite normal subgroup of G. Then G does not have property (CS).

In fact, the existence of an amenable boundary p-SRS 7 allows us to explicitly construct a
unitary representation of G that witnesses the failure of property (CS). Following the notation of
[BAIH20, Section F.5], let us define the direct integral Hy of ((2(G/H)) mesuba., (c) as the Hilbert
space

am (

Hr = / 2(G/H) dy(H),
Subam (G)

that is, Hy consists of all maps H € Subuy, (G) — vy € £2(G/H) such that

2
/ v o2y dn(H) < oo
Subam )

and such that H € Subam(G) — (vm)gm is measurable for every g € G. Then, Hy is a Hilbert
space with inner product

(v, w) =/ (v, w)e G/ dn(H)
Subam(G)

for every v = (vyg)g, w = (wg )y € H.

Definition 5.4.5. We define the direct integral of the family of all quasi-regular representa-
tions (A /H)HeSubam(q) a8 the unitary representation 11: G — B(Hn) defined by (Il(g)v)r =
Aq/u(g)ve for every g € G, v € Hi and H € Sub.n(G). Define m to be the cyclic subrepresen-
tation of IT generated by the vector v = (01 ) Hesuban(c) € Hi-

Every quasi-regular representation A, p is weakly contained in the left-regular representation
A, since H € Sub,,(G). Therefore, 7 is weakly contained in A\. The next result shows that such

representation provides a concrete witness showing that the group G cannot satisfy property

(CS).

Proposition 5.4.6. Let G be a countable group with finite amenable radical and suppose that
there exists a non-degenerate p € Prob(G) which admits an amenable boundary pu-SRS distinct

from a Dirac mass on a finite normal subgroup of G.
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Let 7 be the cyclic subrepresentation of the direct integral representation 11 generated by the
vector v = (0 )HeSubam(c) (Definition 5.4.5). Then, the identity operator in B(H,) is not

isolated in the strong operator topology.

Proof. We show that, for every SOT-neighborhood U of the identity in B(H,), there exists an
element g € G\ {eg} such that m(g) € U. Since the representation 7 is generated by v, it suffices
to verify this for neighborhoods of the form

U={Te€B(Hx): H7r(gi_1)T7r(gi)v - 'UHHW <egforalli=1,...,m}

for every € > 0 and ¢1,...,9m € G.

Now,one can follow the proof of Theorem J for j = 2. Indeed, the convergence from Equation
(5.4.1) and the non-singularity of the action G ~ Sub,,(G) together imply that there exists
k € N and (w)n>0 € GN such that n({H € Subyw(G) : wiphw, ' € H}) > 1 — 6, where § > 0 is

chosen in such a way that
(9:)«n({H € Suban (G) : w,;lhwk € H}) = n({H € Suban(G) : w;, 'hwy, € giHg 'Y)

is at most 1 —&2/(2m) for every i = 1,...,m. Set g :== w;, "hwy € G\ {e¢}. A union bound then
shows that
n({H € Sub.m(G) : g; tgg: € H}) > 1 —£%/2.

We obtain

1w (g: " ggi)v — UHiW = / | Ae/m (g7 99:)6m0 — 5HHZW dn(H)
Subam (G)

=2n({H : g; '99; ¢ H}) <&

for every i = 1,..., m, which finally shows that m(g) € U. O
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Chapter 6

Groups with classifiable actions

on the line

This chapter corresponds to the preprint [BGVMB26], and represents joint work with
Joaquin Brum (Universidad de la Repiblica) and Nicolds Matte Bon (CNRS &
Institut Camille Jordan).

We motivate and study the class C of countable groups G such that the conjugacy relation
between minimal actions of G on R by orientation-preserving homeomorphisms has a Borel
transversal. We show a number of stability properties of C under group-theoretic operations and
that C contains all finitely generated groups of piecewise projective homeomorphisms of the line.
We also prove that the semiconjugacy relation among cocompact actions of a countable group

G is essentially countable, and that is is smooth if and only if G € C.

6.1 Introduction

Context

One of the ultimate goals of the study of actions of a countable group G on a one-manifold X
by orientation-preserving homeomorphisms is the classification, in a suitable sense, of all such
actions of G. The situation when X is the circle is somewhat well-behaved, at least when no
considerations for the regularity of such homeomorphisms are involved. Indeed, a generalization
of a theorem of Poincaré for circle homeomorphisms states that an action ¢: G — Homeog(S?)
always admits a minimal set, that is, a non-empty closed (-invariant subset A of S! such that ac-
tion of ¢(G) on A has only dense orbits. When ¢ has no finite orbits, this allows one to reduce the
study of ¢ to the case when A = S'. We are thus led to consider the Polish space Rep,,;, (G, S*)
of minimal actions of G on S* and the action of the group Homeog(S!) of orientation-preserving
homeomorphisms of S* on Rep,,;,(G, S!) by conjugation.

A theorem of E. Ghys [Ghy87] shows that two minimal actions on the circle are conjugate

101
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if and only if they have the same bounded Euler class. S. Matsumoto [Mat86] gives a more
elementary interpretation of this result. The existence of an explicit invariant that classifies a
class of actions up to conjugacy — regardless of the invariant — is a result in its own right that
can be formalized in the framework of Borel equivalence relations. It is apparent from [Mat86]
that there is a Borel map from Rep,,;,(G,S') to a standard Borel space such that its fibers
are exactly the conjugacy classes. The conjugacy relation on Rep,,;,(G,S!) is thus said to be
smooth.

The situation when X is the real line is more complicated and is the subject of this chapter.
Firstly, even when an action by orientation-preserving homeomorphisms of R has no global
fixed points it may fail to admit a minimal set. This phenomenon cannot happen when G is
finitely generated, but, secondly, even in this case there may be no Borel map from the space
Rep,,in (G, R) of minimal actions of G on R to a standard Borel space whose fibers are the
conjugacy classes. For instance, the free group on two generators admits no such map (see
Subsection 6.2.2 below). On the other hand, a foundational result of O. Holder [H6101] shows
that all minimal actions of countable abelian groups on the real line are conjugate to actions by
a dense group of translations, and this remains true for groups containing no non-abelian free
semigroups due to work of J. Plante [Pla75]. For another example see [Riv10], where C. Rivas
proves that every solvable Baumslag-Solitar group BS(1,n),n € N4 admits only two minimal

actions on R up to conjugacy.

Main results

We will concentrate on the second issue brought up in the previous paragraph, and specifically on
the class of groups where a Borel classification of its minimal actions on the real line is possible.
For a countable group G, we denote by Rep, ;,(G) the space of minimal actions of G on R by

orientation-preserving homeomorphisms.

Definition 6.1.1. Define C as the class of countable groups G such that the conjugacy relation
on Reppin(G) is smooth.

Given the preceding examples, one may expect the answer to the following questions to be

positive.

Question 6.1.2. Is every amenable group contained in C? Is every elementary amenable group

contained in C?

At the present time we do not know the answer. Our main results show that C is a large class
in any case. Recall that a subgroup H < G is commensurated if gHg™' N H has finite index in
H for every g € G. We denote by ((H)) its normal closure in G.

Theorem L. Let G be a finitely generated group. If there is a commensurated subgroup H < G
such that H and G/{{H)) belong to C, then G € C.

Corollary 6.1.3.
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i. If G is a finitely generated group having a normal subgroup N <G such that N and G/N
belong to C, then G € C.

1. If H K € C are finitely generated, then the wreath product H ! K is in C.

wi. If ®: H — K is an isomorphism between finite-index subgroups H, K of a finitely generated
group G € C, then the HNN-eztension G is in C.

. If H,G € C are finitely generated groups containing K as a finite-index subgroup, then the
amalgamated product G xx H is in C.

Remarks.

 From item (i) it follows by induction that if G is a finitely generated group having a series
of normal subgroups

such that G;/G;—1 € C for i = 1,...,m (for instance, if G;/G;_1 does not contain a free
semigroup on two generators), then G € C. In particular, C contains all finitely generated
virtually solvable groups: this could also be deduced from the more detailed results on
actions of solvable groups on the line in [BMBRT25, Theorem B].

« In view of Corollary 6.1.3 (i), an affirmative answer to Question 6.1.2 for elementary
amenable groups would follow if C were also stable under direct limits. Unfortunately
this is not true: a counterexample is constructed in the proof of Theorem 6.1.4 (which will
not appear in this thesis), but is not elementary amenable. It is nevertheless true that an
infinite direct sum of finitely generated groups in C is still in C (Proposition 6.5.4), which
gives the stability under wreath product in item (ii). This is a rich source of examples in
view of the fact that the wreath product H K of any two countable groups acting faithfully
on R always has minimal faithful actions on R (see [BMBRT24, Example 8.1.8]).

« Items (iii) and (iv) in Corollary 6.1.3 are both special cases of a statement about funda-
mental groups of graphs of groups (Corollary 6.5.7), which in turn follows from Theorem
L. These imply that all Baumslag-Solitar groups BS(m,n) = (a,b | ab™a~! = ") for
m,n € Z \ {0} belong to C. When n,m > 1, these groups are known to admit faithful
minimal actions on R by a construction of Farb and Franks [FF20].

From [BMBRT24, Section 16.3.1] it was already known that Thompson’s group F' of piece-
wise dyadically affine homeomorphisms of the interval belongs to C. We extend this result to
any finitely generated group G which can be embedded in the group PProj,(R) of orientation-
preserving piecewise projective homeomorphisms of the line, with no assumptions on the embed-
ding. Here, a homeomorphism f € Homeog(R) belongs to PProj,(R) if, outside a finite subset
of R, it is locally of the form x +— (az + b)/(cx + d) where a,b,¢,d € R and ad — be = 1.

Theorem M. Let G C PProjy(R) be finitely generated. Then G € C. In particular, any finitely

generated group of piecewise affine homeomorphisms of R belongs to C.
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The amenability of groups of piecewise affine homeomorphisms of R is an outstanding open
problem, the most well-known special case being the amenability of Thompson’s group F. Theo-
rem M shows that, when finitely generated, these groups are all in C, independent of the answer
to this problem. This class is also a rich source of (non-virtually solvable) elementary amenable
groups, by work of M. Brin [Bri05] (see also [Nav04]) and of Bleak-Brin-Moore [BBM21]. This
might appear as encouraging evidence towards an affirmative answer to Question 6.1.2. However,
finitely generated groups of piecewise projective homeomorphisms can be non-amenable [Mon13]
(see [LM16] for an explicit example) thus showing that Theorem M does not use amenability.

Question 6.1.2 for amenable groups may be extremely hard to decide: a negative answer
seems to require fundamentally new ways to construct amenable groups acting on the line. The
following theorem shows that an affirmative answer would imply that Thompson’s F' is not

amenable.

Theorem 6.1.4. There is a finitely generated group G & C, such that G is amenable if and only

if Thompson’s group F' is amenable.

The proof of the previous theorem appears in the preprint [BGVMB26], but does is not
presented in this thesis since its proof predates the author’s involvement in the project.

6.1.1 Beyond the class C: the Borel complexity of conjugacy

When leaving the class C, one can still try to rank groups according to the richness of their
space of minimal actions on the line. This problem can be framed within the theory of Borel
reducibility of equivalence relations, which allows to compare different classification problems in
mathematics formulated as Borel or analytic equivalence relations on standard Borel spaces. We
refer to [Hjo00, BK96] for a presentation of the subject.

Given equivalence relations F7, Fo defined on standard Borel spaces Z7, Zs respectively, we
say that E; is reducible to F» if there exists a Borel map r: Z; — Z5 such that for all x,y € Z;,
we have (z,y) € Ey if and only if (r(z),r(y)) € E2. This notion expresses in a rigorous way the
idea that deciding if elements of Z5 are Fo-related is at least as hard as deciding if elements of Z;
are F;-related. We say two relations are bireducible if one is reducible to the other and vice-versa.
A Borel equivalence relation is smooth if it is reducible to the identity on some standard Borel
space, so such relations are the simplest ones from this point of view.

The largest natural space of actions of a countable group G on R that one may expect to
understand is the space Rep;,,(G) of actions with no global fixed point on R, called irreducible
actions. A classical construction by A. Denjoy [Den32] by blowing up orbits of an irreducible
action ¢ allows to produce many actions with roughly the same dynamics as ¢ but not conjugate
to it. The equivalence relation generated by the blow-up procedure coincides with semiconju-
gacy: two irreducible actions @1, o are semiconjugate if there exists a non-decreasing (and not
necessarily continuous) map h: R — R that intertwines 1 with ¢5. Semiconjugacy among irre-
ducible actions is a natural equivalence relation in this context, and it boils down to conjugacy

when both actions are minimal.
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Write R ~Y Rep;,,(G) for the translation flow conjugating an irreducible action by transla-
tions. Following [DKNP13, Derl3a], if G is finitely generated the study of symmetric random
walks on G allows one to construct a compact W-invariant subspace Harm(G) C Rep,,,(G), the
space of harmonic actions of G, composed of minimal actions and actions of G by translations
together with a continuous retraction map r: Rep;,,(G) — Harm(G) that reduces semiconjugacy
on Rep;,,(G) to the orbit equivalence relation of ¥ on Harm(G). It was noticed in [BMBRT24,
Section 14.4] that the existence of these objects, along with a theorem of V. Wagh [Wag88] shows
the following.

Proposition 6.1.5 ([BMBRT24, Section 14.4]). Let G be a finitely generated group. The semi-
conjugacy relation between irreducible actions of G on the line is essentially hyperfinite, and it
is smooth if and only if G € C.

Here, a relation is essentially hyperfinite if it is bireducible to the orbit equivalence relation of
a Borel automorphism on a standard Borel space. These form a strictly larger class of relations
than the smooth ones, albeit one of low complexity (see Subsection 6.2.2 below).

An irreducible action ¢ € Rep;,.(G) is said to be cocompact if there is a compact subset
of R intersecting all R-orbits. Equivalently, the action ¢ admits a minimal set (see [Navll,
Proposition 2.1.2]). When G is not finitely generated, we do not know if a suitable harmonic
space exists for G which would control all cocompact actions of G in a similar way as in the
finitely generated case. We are able to show nonetheless that semiconjugacy among cocompact
actions is essentially countable, that is, bireducible to a Borel equivalence relation where every
equivalence class is countable. In particular, it is a Borel equivalence relation, which is not

evident a priori.

Theorem N. Let G be a countable group. The semiconjugacy relation between cocompact actions

of G on the line is essentially countable, and it is smooth if and only if G € C.

Question 6.1.6. Let G be a countable group. Is the semiconjugacy relation between cocompact

actions of G on the line always essentially hyperfinite?

To the best of our knowledge these questions are unrelated to the study of the Borel com-
plexity of a countable group acting on its space of left orders, which has been undertaken in
[CC22, CC24].

6.1.2 On proofs

The main criterion we use to verify membership in C is Theorem 6.3.4, which asserts that a
group G is in C if and only if for every sequence (fy)n>0 € Homeog(R) and every proximal
minimal action ¢ of G such that lim, . fn-¢ = ¢ we have lim, . f, = idg (that is, any
sequence of homeomorphisms almost centralizing ¢ is asymptotically trivial). Equipped with
this criterion, the proof of Theorem L relies on the structural theory of group actions on the line

and the notion of laminar actions introduced in [BMBRT24, Chapter 8] in a fundamental way.
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The proof of Theorem M also involves structure theory for actions of micro-supported groups
from [BMBRT?24, Chapter 9].

Even though our main results deal with finitely generated groups, we do not formulate the
definition of the class C in terms of harmonic spaces Harm(G). We do so since our definition
of C is natural, and to prove closure properties of C it is crucial to consider groups that are not

finitely generated.

6.1.3 Organization of the chapter

Section 6.2 collects the necessary preliminaries to read this chapter. In Section 6.3 we prove
Theorem 6.3.4, which is the main criterion we use to decide membership of a group in C. Section
6.4 records some restrictions on groups acting minimally coming from commensurated subgroups,
to be used in the proof of Theorem L. Sections 6.5 proves Theorem L and Corollary 6.1.3. Sections
6.6 and 6.7 prove Theorems M and N respectively.
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6.2 Preliminaries

We review the theory of group actions on the line and some basic vocabulary on Borel equivalence
relations. For more details on this material, see [DNR16, Nav11] and [BK96]. In this section G

will always denote a countable group.

Conventions

A Radon measure on R is a non-zero regular Borel measure on R, and thus gives finite mass to
compact sets. We write Homeog(R) for the group of orientation-preserving homeomorphisms of
the real line. Given an action ¢: G — Homeoy(R) and a subgroup H C G we write Fix,(H) for
the closed set of x € R such that ¢(h).x = x for all h € H, and supp,,(H) = R\ Fix,(H). The
centralizer of p(H) is the group Cent,(H) C Homeog(R) of homeomorphisms commuting with
all elements in p(H).

If K, H C G are subgroups, we say that K and H are commensurate if KN H has finite index
in K and in H, and we say that H is commensurated in G if for all g € G, H N gHg! has finite
index in H and in gHg'. For us, conjugation by some a € G is the map g € G + aga™!. We
denote by ((H)) the normal subgroup of G generated by H C G.
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6.2.1 Actions on the line

An action ¢ € Hom(G, Homeog(R)) is said to be irreducible if it has no global fixed points
on R, and we denote the set of irreducible actions of G by Rep;,.(G). Two actions @1, pa €
Rep;,, (G) are semiconjugate if there is a non-decreasing map h: R — R, called a semiconjugacy,
such that h o p1(g9) = p2(g) o h for every g € G. Semiconjugacy is an equivalence relation on
Rep;,.(G). Notice that the map h is not necessarily continuous, however it is automatically a
homeomorphism when both actions are minimal. When the map h is continuous, we shall refer
to it as a continuous semiconjugacy from o1 to @9 (this defines a transitive but not symmetric
relation).

We say that a closed non-empty subset A C R is a minimal set for an action ¢ € Rep;,,(G)

if A is p-invariant and every @-orbit in A is dense in A. The set A may be either
« a discrete orbit, in which case ¢ is semiconjugate to an action that factors through Z, or

o all of R, or

« a perfect, totally disconnected and unbounded subset of R, in which case by collapsing the
intervals in R \ A we obtain a continuous semiconjugacy from ¢ to a minimal action of G
on R.

When A is not a discrete orbit it is the unique minimal set, and if G is finitely generated ¢ always
admits a minimal set (see [DNR16, Lemma 3.5.18]). In general, the existence of a minimal set for
@ is equivalent to ¢ being cocompact, that is, such that there is a compact subset of R intersecting
every -orbit (see [Navll, Proposition 2.1.2]). In this case, any closed p-invariant subset of R
contains a minimal set.

Given ¢ € Rep;,.(G), two points z,y € R are said to be prozimal for o if there is z € R and
a sequence (gn)n>0 C G such that lim, . ©(gn). = lim, o ¢(gn).y = z. The action ¢ is said
to be prozimal if every pair of points of R is proximal for ¢, and is said to be locally proximal if
every point in R is contained in an open interval whose endpoints are proximal for . When ¢

admits a minimal set a further trichotomy is true.

Theorem 6.2.1 ([Mar00, Ant84]). Let ¢ € Rep;,.(G) and suppose that ¢ admits a minimal set.
Then either:

(I) the action is semiconjugate to an action by translations, or
(II) the action is locally proximal and not proximal, or
(III) the action is proximal.

If ¢ is proximal, then G contains a non-abelian free semigroup. If ¢ is locally prorimal and not

proximal, then G contains a non-abelian free group.

We say that ¢ is of type I, type II or type III according to which of the previous alternatives
is verified. When ¢ is minimal, these three cases are distinguished by their centralizer Cent,,(G):
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the action ¢ is of type I if Cent,(G) is conjugate to the group of translations, of type II if
Cent,,(G) is infinite cyclic, and of type IIT if Cent, (G) is trivial. Type I actions further decompose
into those semiconjugate to a group of translations acting minimally on R, and those that are

semiconjugate to a cyclic action, that is, an action factoring through a morphism G — Z.

6.2.2 Borel equivalence relations

A standard Borel space is a measurable space isomorphic to the Borel o-algebra of a Polish space,
that is, a complete separable metric space. An equivalence relation E on a standard Borel space
Z is said to be Borel if E C Z x Z is Borel, and is said to be countable if all equivalence classes
of E are countable. We denote the E-equivalence class of an element z € Z by [z]g. Recall that,
given equivalence relations Fp, F5 defined on standard Borel spaces Z7, Zs respectively we say
that Fy is reducible to Es if there exists a Borel map r: Z; — Zs such that for all x,y € Z;,
we have (z,y) € Ei if and only if (r(z),r(y)) € E2, and that Ey is bireducible to Es if Ey is
reducible to E5 and viceversa.

Studying the bireducibility class of the conjugacy relation for different classes of topological
or measurable group actions is a question that has already spurred much research, see the mono-
graphs [Hjo00, BK96]. In our context we are only interested in the following two bireducibility
types. As was stated in Section 6.1, a Borel equivalence relation E on Z is smooth if there exists
a Borel map Z — R whose fibers are the F-classes. This condition is invariant under bireducibil-
ity, and it is equivalent to saying that the quotient measurable space Z/FE is standard. A larger
class of Borel equivalence relations are the essentially hyperfinite ones, which can be defined as
the ones bireducible to a countable Borel equivalence relation E that is the orbit equivalence
relation of a Borel action of the integers Z on a standard Borel space Z [SS88].

A distinguished example of a non-smooth hyperfinite equivalence relation is &, the relation
on {0, 1} where ((2,)n>0, (Yn)n>0) € o if and only if there is an m € N with z,, = y, for
all n > m. A result of Dougherty-Jackson-Kechris [DJK94] states that & is the unique non-
smooth and essentially hyperfinite Borel equivalence relation up to bireducibility. Moreover, &
is reducible to any non-smooth (and not necessarily essentially hyperfinite) Borel equivalence
relation [HKL90]. We will make use of this theorem, called the Glimm-Effros dichotomy, in the
special case when the Borel equivalence relation is F,, (that is, a countable union of closed sets)

and is generated by the action of a Polish group on a Polish space.

Theorem 6.2.2 ([Eff81], see [BK96, Theorem 3.4.2]). Let I" be a Polish group and Y a Polish

space equipped with a continuous action of I'. Let E CY XY be the orbit equivalence relation of

the action, and suppose that E is F,. Then either E is smooth or &y is reducible to E.
Moreover, the first alternative holds if and only if for every y € Y, the map

~Stabr(y) € T'/Stabr(y) — v.y € Orbr(y)
s a homeomorphism.

Example 6.2.3. We restate an example from [BMBRT24, Section 14.4] showing that & Borel
reduces to conjugacy among minimal (even faithful) actions of the free group F, on the line.
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Consider g, h two homeomorphisms of R/Z with Fix(§) = {0,1/2}, Fix(h) = {1/4,3/4} such that
@,E} acts minimally on R/Z. Let g, h be lifts of G, h to the line with fixed points Fix(g) = 57
and Fix(h) = 1/4 + 1Z. Given a word w = (wy)nez € {£1}7 define a homeomorphism g, by
guw(z) = g¥(x) for every = € [n/2,(n +1)/2], n € Z, and let ¢,, be the action of Fy defined by
Jw, h. Then the orbits of ¢, are the same of those of (g, h), so ¢, is minimal. Two such actions
©Vu, Yo are conjugate if and only if w,w’ belong to the same orbit of the bilateral shift: indeed,
any conjugacy between ¢, @,/ preserves %Z, and for every n € Z the condition w, = 1 can be

recognized from the sign of g, — idg on [n/2,(n + 1)/2].

We will also need the following strong uniformization theorem. Recall that a K, set in a

Polish space is a countable union of compact sets.

Theorem 6.2.4 ([Ars40, Kun40], see [Kec95, (18.18)]). Let Z be a standard Borel space, Y a
Polish space and B CY x Z a Borel subset. Denote by m:' Y x Z — Y the projection onto the
first coordinate. Suppose that the sections =1 (y) N B are K, for everyy € Y. Then w(B) is a
Borel subset, and there exists a Borel function (: m(B) — B such that o ¢ = id.(p).

6.2.3 The space of harmonic actions on the line

Let G be a finitely generated group. Equip Rep;,.(G) with the topology coming from the inclusion
Rep;,,(G) € Homeoy(R)¢ and define the translation flow R ~Y Rep;,, (G, R) by

Ui (p)(9) =Tiop(g) o Ty

for all g € G and ¢ € Rep;,,(G), where T;: s — s+t is the translation. Notice that ¥ defines a
continuous action of R.

We say that two actions ¢1, s € Rep;,,(G) are pointed semiconjugate if there is an action
7 € Rep,,,(G) that is minimal or cyclic, and semiconjugacies h;: R — R between ¢; and 7 for
i = 1,2 such that hy(0) = ha(0).

Theorem 6.2.5 ([DKNP13, Theorem 8.5]). Let G be a finitely generated group. Then there exists
a compact V-invariant subspace Harm(G) C Rep;,.(G) composed of minimal and cyclic actions,
and a continuous retraction r: Rep;,, (G) — Harm(G) such that two actions ¢1,p2 € Rep;., (G)
are pointed semiconjugate if and only if r(p1) = r(p2). In particular, p1,p2 are semiconjugate

if and only if r(¢1),7(¢2) are in the same V-orbit.

It is shown in [BMBRT24, Section 14.2] that the map 7 can be chosen to be continuous, and
hence is a Borel reduction of semiconjugacy to the orbit equivalence relation of a Borel flow.
Such a relation is essentially hyperfinite [Wag88], and as a consequence the previous theorem
exhibits a dichotomy for finitely generated groups acting on the line: either their semiconjugacy
relation is smooth or it is bireducible to &.

In this context, Theorem 6.2.2 already gives a criterion for finitely generated groups to belong
to C since the orbit equivalence relations of an R-flow is always F,,. Here, a recurrent point of
¥ is an action ¢ € Harm(G) such that for every open U C Harm(G) the set of return times
{t e R: V'(p) € U} is unbounded.
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Proposition 6.2.6 ([BMBRT24, Corollary 14.4.2]). A finitely generated group G belongs to C
if and only if every U-recurrent element of Harm(G) is U-periodic. If this is not the case, then
the semiconjugacy relation on Repy,, (G) (equivalently, the conjugacy relation on the space of

minimal actions of G) is bi-reducible to &.

Remark 6.2.7. Notice that for any g € G and ¢ € Harm(G) the constant

sup{|ip(g)-c — | : z € R}

is finite. Indeed, for every g € G, by W-invariance of Harm(G) we have

sup{|¢(g).x — z| : ¢ € Harm(G), z € R} = sup{’llft(gp)(g).O’ : p € Harm(G), t € R}
= sup{|¢(9).0] : ¢ € Harm(G)},

which is finite by compactness.

6.3 Criteria for membership in C

This section is devoted to the proof of Theorem 6.3.4, which is the main criterion used in subse-
quent sections to decide membership in C. Subsection 6.3.1 introduces the spaces of irreducible
actions of interest, Subsection 6.3.2 proves preliminary lemmas enabling the use of the Glimm-
Effros dichotomy, and Subsection 6.3.3 proves Theorem 6.3.4. In this section, G is always a

countable group.

6.3.1 Spaces of actions

The group Homeog (R) is naturally identified with Homeog ([0, 1]), and a result of R. Arens [Are46,
Theorems 1 & 5] implies that this identification is a homeomorphism when both groups are given
the compact-open topology. Hence Homeog(R) with the compact-open topology is a Polish group,
and the inequality

sup |f(2) — g(z)| < max(f(y),g(y)) — min(f(z), g(x)),

z€[z,y]

valid for < y and f, g € Homeog(R), shows that this topology coincides with the topology of
pointwise convergence.

Fix G a countable group and endow Hom(G,Homeog(R)) with the induced topology from
the product topology on Homeog(R)“. Define:

« Rep..(G) C Rep;,.(G) the space of cocompact actions of G,

* Repyin(G), Repey.(G) € Rep,.(G) the space of minimal actions of G and the space of cyclic

actions of GG, and

o Reppi(G), Repeent (G) € Repoin(G) the space of minimal type III actions of G and the

space of minimal actions of G with non-trivial centralizer.



6.3. Criteria for membership in C 111

Repirr(G)
Rep.(G)
Repmin(G)
RepHI(G) Repcent(G) Repcyc(G)
Figure 6.1
The inclusions between these spaces are summarized in Figure 6.1.
By writing
Repin(G) = ﬂ U {¢: G — Homeoy(R) : ¢(F).(¢ — 1/n,q+ 1/n) D [m,m + 1]}

qeQ,neN,, FCG
meZ finite

and

Repp(G) = () |J{¥: G — Homeoy(R) : ¢(g).[p.q] C (r,5)}

p,q,7,5€Q g€G
p<q,r<s

we see that Rep,,;,(G) and Repy;(G) are Gy sets inside Hom(G, Homeog(R)), so they are also
Polish for the induced topology [Kec95, (3.11)].

We consider the continuous action of Homeog(R) on Rep,,;, (G) by conjugation, defined by
(f-©)(g) = fow(g)o f~t for every f € Homeog(R), ¢ € Rep,,;,(G) and g € G. The stabilizer
Stabomeo, (r) () of an action ¢ € Rep,,;,(G) coincides with its centralizer Cent,,(G), which is
thus closed in Homeog (R).

6.3.2 Approximate conjugacies

Lemma 6.3.1. Consider minimal actions ¢,v € Repyn(G) such that there are sequences
(fr)n>0 € Homeog(R) and (¢n)n>0 C Repyin (G) with lim, o0 @ = ¢ and limy,_,o0 frn-on = ¥.
If there exists an x € R such that (f;'(x))n>0 admits a limit point y € R, then there exists
f € Homeog(R) with f.p = and f(y) = x.

Proof. We claim that for every g € G, the inequality ¢(g).y > y implies ¥(g).z > x: indeed, if
©(g).y > y then for sufficiently large n € N we have ¢, (g).y > y and ¢, (9). (f7*(z)) > fi(2),so

(fn-pn)(g).x > x and hence t(g).x > x. It also follows that ¢(g).y < y implies that ¢(g).z < z,
and in particular ¢(g).y = y implies that 1)(g).2 = 2. Hence the correspondence ¢(g).y — ¥(g).x
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is a well-defined, non-decreasing equivariant map from ¢(G).z — %(G).y. By [BMBRT25,
Lemma 2.3], this map extends to a homeomorphism f: R — R conjugating ¢ to . O

Proposition 6.3.2. The orbit equivalence relation
B2 = {(¢,9) € Repyin(G) x Repy, (G) : there exists f € Homeog(R) such that f.p =}

is Fy in Rep i, (G) X Rep iy (G)-
Proof. For k € N, define F}, as the set of (¢,7) € EZ™ such that there exists f € Homeog(R)
with | f~1(0)| < k and f.¢ = 1. We will prove that each Fy is closed in Rep,;, (G) x Repp, (G),
implying the desired conclusion since Egi“ = Ug>o Fr-

Let ((¢n, fn-¥n))n>0 C Fi be a sequence such that lim, o ©n, = ¢ and limy, o0 fr.0n = ¥
for some (¢,7) € E&™. Up to considering a subsequence, we may assume that there exists

y € [k, k] such that lim, . f,,*(0) = y. By Lemma 6.3.1 we produce f € Homeog(R) such
that f(y) =0 and f.p =, so (¢, V) € Fy. O

Remark. Proposition 6.3.2 implies that the conjugacy relation on Rep,,;,(G) and on all its
subspaces we have considered are Borel. This conclusion can be obtained directly through an
argument close to [JJ25, Lemma 6.5]: by [BK96, Theorem 7.1.2] this is equivalent to seeing that
the map

C: ¢ € Repyin (G) + Stabgomeoy (r) () = Centy,(G) € Sub(Homeog(R))

is Borel, where Sub(Homeoy(R)) is the standard Borel space of closed subgroups of Homeog(R),
endowed with the Effros Borel structure generated by the sets

By = {H € Sub(Homeoy(R)) : UNH # &}

for open U C Homeog(R) (see [Malll, Proposition 1]).
Write
C™'(By) = {p € Repin(G) : U N Cent,(G) # @} = n(B)

where B = {(¢,9) € Rep,,;n(G) x U : g € Centy,(G)} and 7: Repi, (G) x U — Reppi, (G) is
the projection onto the first coordinate. The space Rep,,;,(G) x U is Polish and B is Borel, and
moreover for every ¢ € Rep,,;,(G) the section B N7~ !(p) is homeomorphic to Cent,(G) N U.
Since Cent,, (&) is homeomorphic either to a point, Z or R, we have that B N7 !(p) is always
K,, so Theorem 6.2.4 implies that 7(B) is Borel. We conclude that C' is a Borel map.

6.3.3 Almost centralizing sequences and groups in C

Definition 6.3.3. Let ¢ € Rep;, (G). We say that a sequence (fn)n>0 € Homeog(R) almost

centralizes ¢ if lim, o0 frn.0 = .
The following will be our main tool to decide membership to C.

Theorem 6.3.4. For a countable group G, the following are equivalent:
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. Gel;
ii. for every ¢ € Repy1(G), every sequence (fn)n>0 almost centralizing ¢ tends to idg;

iii. for every ¢ € Repy(G) and every sequence (fn)n>0 almost centralizing @, there exists
z € R such that (f;1(2))n>0 is bounded.

If G is finitely generated, then these conditions are also equivalent to:

iv. for every ¢ € Repy(G) NHarm(G) and (t,)n>0 C R such that lim, o V" () = ¢ we

have lim,,_soo t,, = 0.

Proof. The equivalence between (i) and (iv) follows from Proposition 6.2.6. We now concentrate
on the other equivalences.

Notice that the conjugacy relation on Rep,,;,(G) is precisely the orbit equivalence relation
E@in of Homeog(R) acting on Rep,,;,(G) by conjugation. Since EX™ is F, by Proposition 6.3.2,
the Glimm-Effros dichotomy shows that EZ'™ is smooth if and only if for every ¢ € Rep,,;,(G),

the orbital map
U, : f € Homeog(R)/Centy, (G) = f.¢ € Orbromeo, (r) ()

is a homeomorphism (it is always continuous). Thus if G is in C, then sequence (fy)n>0 almost
centralizing some ¢ € Rep;;(G) must verify lim,,_,~ f,, = idg, and in particular all the sequences
(f71(2))n>0, 2 € R are bounded. This proves that (i)=-(ii)=-(iii).

To prove the remaining implication (iii)=-(i), suppose that every action in Rep;;(G) satisfies
the condition in the statement of the proposition, and let ¢ € Rep,,;,(G). We will show that
\I/;1 is continuous, and this suffices to prove that G € C by the previous paragraph.

Suppose first that ¢ € Repy(G), and let (fn)n>0 € Homeog(R) with lim, o0 fn-p = ¢.
Then there is a z € R such that (f,,(2))n>0 is bounded by the hypothesis. Fix z € R and let
g € G such that p(g).x < 2. Then for large enough n € N we have f,, o p(g) o f,1(x) < 2, or
fot(@) <@gt o f,71(2). Hence (f,,'(x))n>0 is bounded above, and a symmetrical argument
shows that it is also bounded below.

Let y € R be a limit point of the sequence (f,*(z))n>0. Lemma 6.3.1 shows that there is
a f € Homeog(R) such that f(z) = y and f.po = . Since ¢ is of type III, f must be idg and
y = 2. Thus lim,, o f, }(z) = z, and as this is true for every z € R, we have lim,,_, f, = idg.
Thus \I!;1 is continuous in this case.

Suppose that ¢ € Repg.n(G) instead, and let (fp)n>0 € Homeog(R) with lim, o frn.¢ = ¢.
If ¢ is of type I, then we can find (c,)n>0 C Centy,(G) such that lim, ¢, © f,1(0) = 0.
Suppose instead that ¢ is of type II. Let ¢ be the generator of Cent,,(G) with ¢(0) > 0, and take
(¢n)n>0 C Centy,(G) such that ¢, o f,,1(0) € [c7*(c(0)/2),¢(0)/2) for every n € N. In any case,
we have

lim (fn o Cgl)*p = h_>m Jnp =,

n—oo
and Lemma 6.3.1 shows that any limit point y of ¢, o f,,1(0) is of the form f(0) for some function
f € Cent,(G). Hence y = 0, and since this is true for any limit point we deduce that
lim ¢, o f,;1(0) =0

n—oo
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also in this case.

Now assume towards a contradiction that for some x > 0 we have limsup,, _, . cpof, }(z) > =,
and upon passing to a subsequence we may assume that liminf,, . ¢, o f,, *(z) > z for some
z > z. Take 0 < ¢ < x small enough so that there is g € G with ¢(g).[—¢,¢] C (z, z). But for n
large enough we have that ¢, o f,;1(0) € [—¢,¢], so ¢(g) o, 0 f,71(0) € (, 2). For n large enough
we conclude that

(fa-#)(9)0 = faocyt oplg) ocy o fH(0) <

contradicting the assumption lim,, o fn.(g) = ©(g). Hence limsup,, . ¢, o f;1(x) < x for
every z > 0.

Similarly, assume that for some x > 0 we have liminf,, . ¢, o f, 1(x) < x, so upon passing
to a subsequence we have limsup,, . ¢, o f;, 1(z) < 2 for some z € (0,z). Take 0 < & < 2z small
enough so that there is g € G with p(g).[—€,e] C (2,z). Again, for n large enough we have
cn o f71(0) € [—&,¢] and p(g) o cp 0 £, 1(0) C (z,2). We conclude that for n large the inequality

(fn0)(@)0=fnocytop(g)ocno fr1(0) >

holds, contradicting lim,, o fn-¢(g) = ©(g). Hence lim,, o ¢, o f,; 1 (2) = .
A symmetrical argument gives lim,, . ¢, o f;, }(z) = z for all z < 0 also. We deduce that
lim, 00 ¢y, © f; ' = idr in Homeog(R) and that lim,_,~ f,Cent,(G) = Cent,(G). We conclude

that \Il;l is continuous. O

The previous theorem and Theorem 6.2.1 imply the following, which was known for finitely

generated groups as a consequence of Proposition 6.2.6.

Corollary 6.3.5. If G does not admit any minimal prozimal action on the line (in particular,

if G has no non-abelian free semigroups), then G € C.

6.4 Actions on the line and commensurated subgroups

In this section we collect several structural statements for minimal actions on the line of a
countable group admitting a commensurated subgroup, to be used in the next section. These are
natural generalisations of the corresponding statements for normal subgroups. Subsection 6.4.2
describes the case when the action of the commensurated subgroup is of type I, and Subsection

6.4.3 describes the case when it admits no minimal set. In this section G is always a countable

group.

6.4.1 Commensurated subgroups and isolator

Recall that two subgroups H, K of a group G are commensurate if H N K has finite index in
G. The subgroup H is isolated if whenever ¢g" € H for some g € G, n € Z, then g € H. The
smallest isolated subgroup containing H is called the isolator of H, and is denoted by I(H). The

following straightforward lemma explains why this notion arises here.
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Lemma 6.4.1. Let H be a commensurated subgroup of G. Then its isolator I(H) does not
depend on the choice of H in its commensurability class, and it is equal to the smallest normal
subgroup of G containing H and such that G/I(H) is torsion free.

In particular, every ¢: G — Homeog(R) such that ga’H is trivial factors through G/I(H).

6.4.2 Conrad homomorphisms and affine actions

We first describe actions semiconjugate to actions by translations, following [Nav11, Section 2.2].
An action ¢ € Rep;,,(G) is of type I if and only if it preserves a non-trivial Radon measure v on

R. In this, case the map 7,: G — R given by

1€ G mg) = viz,p(g).x)  ifx <p(g) (6.4.1)

—v|[p(g).z,z) ifz>p(g)x

is well defined and does not depend on € R. It is actually a group morphism called the Conrad

homomorphism associated to ¢, which is unique up to positive rescaling.

Proposition 6.4.2 (see [Navll, Section 2.2]). Let ¢ € Rep;,.(G) be an action of type I with a
minimal set A, and let v be a non-trivial Radon measure on R invariant under o(G).

i. The action ¢ is semiconjugate to the action by translations defined by 7,, and ker(r,)
coincides with the elements h € H such that p(h) is trivial on A. In particular, T is trivial

if and only if ¢ has a global fixed point.

it. If V' is another non-zero Radon measure preserved by ¢(G) there exists a k > 0 such that

Ty = KTy. If moreover 7,(G) is dense in R, then actually v’ = kv.

A similar statement is true for actions semiconjugate to affine actions: let ¢ € Rep;,,(G) and
let v be a Radon measure on R. We say that ¢ preserves the projective class of v if for every
g € G there exists £(g) > 0 such that the measures v(¢(g).-) and k(g)v(-) are equal. In this case,
the map

GEG o T(g) = v[0,¢(g).0)  if0 < (g).0 (6.4.2)

—v[p(9).0,0) if p(g).0 <0

satisfies 7,(g192) = 7.(g1) + £(g91)7.(g2) for all g1, g2 € G. Any action ¢ € Rep;,,.(G) semiconju-
gate to an action factoring through the affine group

Aff(R)={z—ar+b:ac Ry, beR}

preserves the projective class of the measure given by the pullback through the semiconjugacy of
the Lebesgue measure on R. Conversely, if ¢ preserves the projective class of a Radon measure

v on R, then ¢ is semiconjugate to the affine action given by

gEG— (zeRmk(g)(z—7,(97")). (6.4.3)
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where « is such that ¢(g)*v = k(g)v for all g € G and 7, is defined as in (6.4.2), see [Navll,
Proposition 1.2.2].

Hence any minimal action ¢ € Rep;,,(G) such that ¢| v 18 minimal and of type I for some nor-
mal subgroup N C G is actually affine, since the normality of N implies that ¢(G) preserves the
projective class of any ¢(NV)-invariant measure on R. We now verify a version of this statement

in the case when N is only commensurated in G. The starting point is the following observation.

Proposition 6.4.3. Let ¢ € Rep,,,(G) be a minimal action and let H C G be a commensurated
subgroup. If g0|H has a global fized point, then <p|H is trivial.

Proof. Let g € G and h € gHg™*, so there exists an n € N, such that k" € H. If x € Fix,(H)
then ¢(h™)(z) = x, and thus ¢(h)(z) = z. This shows that Fix,(H) C Fix,(gHg ') and
a symmetric argument gives Fix,(H) = Fix,(gHg '), so ¢(g).Fix,(H) = Fix,(H). Thus
Fix,(H) is closed, ¢(G)-invariant and nonempty, and by minimality it must be all R. O

Given a commensurated subgroup H C G and g € G, we write A(g): HNg 'Hg — H for
conjugation by g.

Lemma 6.4.4. Let ¢ € Rep,,,(G) be a minimal action such that <p‘H is irreducible and of type
I for some commensurated subgroup H C G. Let 7: H — R be the Conrad morphism for H

associated to ’ g

i. There exists a group morphism r: G — R such that 7o A(g)(h) = k(g)7(h) for all g € G
and h€ HNg 'Hg.

it. ker(r) is commensurated in G and acts trivially through ¢.

iti. If (H) is non-cyclic, then ¢ is conjugate to an affine action ag as in (6.4.3). Moreover,
if  is semiconjugate to an affine action p,g, the element . (h) is a translation whenever
h € G belongs to a subgroup L C G commensurate with H.

Proof. We first aim to find, for a fixed g € G, a k(g) > 0 verifying 70 A(g)(h) = x(g)7(h) for all
he HNng 'Hyg.

Since <p|H is of type I, there exists an H-invariant Radon measure v on R as in (6.4.2) such that
T = 7,. Define v, as the Radon measure on R given by v,(-) = v(¢(g) -). It is straightforward to
see that the measure v, is HNg~! H g-invariant, so there exists a x(g) > 0 such that Ty, = K(9)Ty
on HNg~!'Hg by Proposition 6.4.2. We conclude that when h € HNg~! Hg is such that 7(h) > 0,
then

T, (h) = vgle(g™").m,0(h) 0 p(g~").x) = vz, o(ghg™").x) = 70 A(g)(h),

and the same equality holds by linearity whenever h € H N g~!Hg is such that 7(h) < 0.
We now show that ker(7) is commensurated in G. Take g € G and set K = ker(7). Consider
the map

vhKNg 'Kg)e K/(KNg 'Kg) = h(HNg '*Hg) € H/(HNg 'Hg)
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which is well defined since K C H. Notice that H Ng 'HgN K C K Ng¢g 'Kg: indeed, if
he HNg 'Hgn K, then

T(ghg™") = 70 Ag)(h) = K(g)T(h) =0,

hence h € g7'Kgand h €¢ KNg 'Kg. Since HNg 'HgN K C KNg 'Kg, the map ¢ is
injective. Thus K N g~ ' Kg has finite index in K and K is commensurated in G.

By Proposition 6.4.2 the set Fix, (K) is non-empty. But the subgroup K is commensurated
in G, hence Fix,(K) = R, showing (ii). By hypothesis @‘H is non-trivial, so K = ker(7) does
not coincide with H and thus 7 is non-trivial. We conclude that x: G — R? is a morphism,
showing (i).

We now prove (iii). Again Proposition 6.4.2 shows that v, = k(g)v (that is, ¢ preserves
the projective class of v) when 7, (H) is dense. Since ¢(H) is isomorphic to 7(H) by (ii), this
happens if and only if ¢(H) is non-cyclic. If this is so, then ¢ must be semiconjugate (actually
conjugate by minimality of ¢) to an affine action.

For the second statement of (iii), notice that if h € L where L C G is a subgroup commen-
surate with H, then there is an n € N, with h™ € H. The action @, preserves the projective
class of the Lebesgue measure on R, so we have a morphism sren: G — R such that @.g(g)

rescales Lebesgue measure by kpen(g). Thus
KLeb(h)"Leb = @a(h"™)*Leb = Leb

and kKpen(h) = 1. We conclude that @.g(h) preserves Leb, that is, @ag(h) is a translation. O

6.4.3 Laminar actions

Two open and bounded intervals I, J C R are said to be crossed if I NJ # & and neither I C J
or J C I. A prelamination is a collection £ of open, bounded and non-empty intervals of R that
pairwise do not cross. A lamination is a prelamination £ that is closed when seen as a subset
of {(z,y) € R? : z < y} with its natural topology, and its elements are called leaves. An action
¢: G — Homeog(R) is said to be laminar if it preserves a lamination £ that is covering, that is,
that contains an increasing exhaustion of R.

Laminar actions on the line are studied in [BMBRT24]. Here we will only recall that covering
laminations immediately arise in group actions on the line that admit no minimal sets. A
wandering interval for an action ¢: G — Homeog(R) is an open bounded and non-empty interval
I C R such that for all g € G, either p(g).I = I or p(g).I NI = @. An irreducible wandering
interval for p(G) is a wandering interval I for ¢(H) such that Stab gy (I) acts on I without
global fixed points. We denote by W,,(G) the set of irreducible wandering intervals of ¢(G).

Lemma 6.4.5 ([BMBRT24, Lemma 8.3.2]). Let ¢ € Rep;,.(G) be an action that does not admit

a minimal set. Then Wy (G) is a ¢(G)-invariant covering prelamination.

A laminar action ¢: G — Homeog(R) can be thought as coming from the action of G on a

(not necessarily simplicial) tree 7 that fixes a point in the boundary of 7. An analogue of the
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general classification of group actions on trees by J. Tits [Tit70] is still true for laminar actions,
but only two cases arise when the action is assumed irreducible. Call a subset X of a lamination
L cofinal if for every | € L there exists I € X with [ C I.

Proposition 6.4.6 ([BMBRT24, Proposition 8.1.10]). Let ¢ € Rep;,,(G) be a laminar and
irreducible action. Let L be a covering lamination preserved by ¢. Then exactly one of the
following hold.

o There is a cofinal set of wandering intervals for o(G) in L. In this case there is no
minimal set for o(G), and for every finitely generated H C G the set {l € L : o(H).l =1}
is cofinal in L and Fix,(H) C R is unbounded in both directions. The action ¢ is said to

be horocyclic.

e There exists an | € L with cofinal (G)-orbit. In this case there exists a unique (non-

discrete) minimal set for o(G) and ¢ is proximal. The action ¢ is said to be focal.

If ¢ € Rep;,,.(G) is an action such that <p|  admits no minimal set for some normal subgroup
N C G then W, (N) is also ¢(G)-invariant, and hence ¢ is laminar. The same statement holds

when N is only commensurated.

Lemma 6.4.7. Let ¢ € Rep;,.(G) such that <p|H does not admit a minimal set for some com-
mensurated subgroup H C G. Then W,(H) is ¢(G)-invariant, and hence ¢ is laminar.

Proof. Since gp’  does not admit a minimal set, ga’ ; must be irreducible and Lemma 6.4.5 shows
that W,,(H) is a covering prelamination.

We claim that if I € W,(H) and J € ¢(g) W,(H) = W,(9Hg™!) for some g € G, then I
and J do not cross. Indeed, suppose towards a contradiction that I = (a,b) and J = (¢, d) cross,
so we may assume that a < ¢ < b < d. The action of Stab,(g (/) is fixed-point-free, so there
exists h € H such that p(h).] = I and ¢(h).c # c. If n € Ny is such that A" € gHg, then
@(h™).J cannot be disjoint from J because ¢(h™).b = b. Thus ¢(h™).J = J, which contradicts
p(h™).c # ¢. We conclude that I and J do not cross.

Now let I € W,(H), g € G. We claim that ¢(g).] € W,(H): take h € H and n € Ny
such that g~'h"g € H. Then either p(g~th"g).I = I or (g~ 'h"g).I NI = @. If the first
option is satisfied we also have p(g~thg).I = I. If the second option is satisfied, suppose that
©(g7thg).INT # @. Then ¢(g~'hg).I and I must be crossed, contradicting the previous claim,
so (g7 thg).INI = @. In any case, we conclude that ¢(h) (¢(g).1) = ¢(g).I or p(h) (p(g).I) N
©(g).1 = @ and that ¢(g).I is also wandering. Since Stab,,4r4-1)(¢(g).1) has no fixed points in
¢(g).I and ©(gHg™') N @(H) has finite index in @(H), it follows that Stab,(m)(¢(g).I) has no
fixed points in ¢(g).I either. Thus ¢(g).1 € W,(H).

The closure of W,(H) in {(z,y) € R? : x < y} gives a ¢(G)-invariant covering lamination,
so ¢ is laminar. O
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6.5 Stability properties of C

In this section we prove all the claimed stability properties of C and show some examples.
Subsection 6.5.1 proves Theorem L, and Subsection 6.5.2 proves Corollaries 6.1.3, along with
a more general theorem for fundamental groups of graphs of groups. We also introduce the

necessary definitions from Bass-Serre theory.

6.5.1 Proof of Theorem L
In this subsection G will always denote a finitely generated group.

Lemma 6.5.1. Let G be a finitely generated group. Let ¢ € Rep;;(G) and (fn)n>o almost
centralizing p. Suppose that H C G is a commensurated subgroup such that 90‘ g 18 mon-trivial

and is not of type III. Then lim, . f, = idg.

Proof. First of all, p(H) cannot have an exceptional minimal set: suppose on the contrary that
A € R is such a minimal set and let K C H be any normal finite-index subgroup. We claim that
©(K) has a minimal set, which is A. Indeed, by reducing K we may assume that K is normal in
H. The action of ¢(K) is cocompact since ¢(H) is cocompact and K has finite index in H, so
¢(K) has a minimal set Ax. It cannot be a discrete orbit, since in that case ¢(H) would preserve
a union of discrete orbits. Thus Ak is unique, and by normality of K in H it is preserved by
w(H). We conclude that Ax = A.

Now let g € G, so by the previous paragraph the groups ¢(H), o(HNgHg™ ') and p(gHg™1)
all contain a common normal finite index subgroup, hence share the same minimal set A. But
©(g).A is also ¢(gHg!)-invariant, and hence contains a ¢(gHg~!)-minimal set, which must be
A by uniqueness. We conclude that ¢(g).A D A, and since g € G was arbitrary we deduce that
A is ¢(G)-invariant. This contradicts the minimality of .

By Proposition 6.4.3 we have <p‘ 1 € Repy,,(H), and we will proceed to verify the conclusion
according to whether go’ g is of type I, II or has no minimal set.

« Assume that <p| g 1s of type IL In this case <p} 5 cannot have a discrete orbit, and by the

previous paragraph it cannot have an exceptional minimal set either, hence it must be
minimal. We say that a sequence (hy,)n,>0 € Homeog(R) contracts a compact interval
I CRif h,(I) C I for every n € N and lim,,_, o diam(h, (7)) = 0. Thus the generator ¢ of
the centralizer Cent,(H) such that ¢(0) > 0 can be written as

c(x) = sup{y > x : [z, y] is contracted by some sequence in ¢(H)},

see [Ghy01, Section 5.2].
For any g € G we have, by definition, that

©(g) ocop(g ) (x) =sup{y >z : (g~ ").[x,y] is contracted by some sequence in @(H)}.

Counsider a sequence (¢(h,))n>0 C @(H) contracting an interval [z,y]. If k¥ € Ny is the
index of HNgHg™! in H, then (p(hk)),>0 still contracts [z,9], and every p(h¥) can be
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written as @(gi;;g’l) for some h,, € H. Hence (isz)nzo contracts the interval p(g—1).[z,y],
so c(r) < p(g) ocop(g~t)(z) for any z € R. A symmetric argument replacing g by ¢!
shows that ¢ = p(g) o co p(g~!) and, since g € G was arbitrary, that ¢ has a non-trivial

centralizer. This contradicts the fact that ¢ is of type III, so <p‘ ; cannot be of type IL

We will assume that there exists an z € R such that (f;!(z))n>0 is unbounded and deduce a

contradiction with this hypothesis in the remaining cases. This suffices: indeed since ¢ has trivial

centralizer, Lemma 6.3.1 implies that the only finite accumulation point of (f,,!(x)),>0 can be

x, hence if (f,,1(z))n>0 is bounded for every z then necessarily f,, — idg. We may assume that

lim,, oo f,,; 1 (7) = co. Fix a finite symmetric generating set S C G.

o Assume that <p| g isof type I. Let 7: H — R be a Conrad homomorphism associated to

<p|H and let x: G — R% as in Lemma 6.4.4. We claim that x(G) # {1}. Suppose not, and
notice that since H N[ .4 s~1Hs has finite index in H, it contains an element A such that

7(h) > 0 because L,O’H is non-trivial. For every s € S we have
T(hsh™'s ™) = 7(h) + 7o A(s)(h™Y) = 7(h) — k(s)7(h) = 0,
so by Lemma 6.4.4, (ii) the element ¢(hsh~ts™1) is trivial. Hence (k) is non-trivial and

commutes with ¢(G), a contradiction.

Thus we can find g € G such that x(g) > 1. Let h € HNgHg~* such that p(h).x > ¢(g).z,
S0

U = {¢ € Repy1(G) : ¥(h).x > ¢(g).w}

is a neighborhood of ¢ in Rep;;;(G). We will show that ¢(h).y < ¢(g).y for all sufficiently
large y € R. Choose r € N such that ¢(h"g).s > (h).s for all s € [0,(h).0]. Since
k(g) > 1 we can choose N € N such that k(g)n —1 >n+r for all n > N.

We claim that ¢(h).y < ¢(g).y for all y > ¢(hV).0. Indeed, write y = ¢(h™).t where n > N
and t € [0,¢(h).0]. Denote by v a Radon measure on R such that 7 = 7, as in (6.4.1).
Take k = k(n,t) € Z such that

plg~ W 1g)t < p(h").t < (g~ hEg).t. (6.5.1)
Then
nr(h) = vlt, p(h").t) < vlt, (g™ h¥g).t) = 70 Mg~ )(h") = kr(g™ )7 (h).
We conclude that k > k(g)n —1 > n +r because n > N, and (6.5.1) implies
2(9)-y = p(gh™)-t = p(h*"g).t > o(h™F7g).t > p(h" ).t = o(h).y

as desired.

Since lim,, o0 f;, () = oo we deduce that f,.o € U for sufficiently large n € N, which

contradicts the assumption that lim, . fr.©0 = ¢.
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« Assume that <p‘ y does not admit a minimal set. By Lemma 6.4.7 the action ¢ preserves

a covering lamination £ composed of wandering intervals for cp| ;- Since G is finitely
generated, the action ¢ is focal. Up to conjugating ¢ and the f,, we may assume that for
every g € G the quantity sup{|p(g).y — y| : y € R} is finite by Remark 6.2.7. Fix a maximal
totally ordered (for inclusion) set & C £, which must be closed in £ by maximality. The
proofs of the following two claims follow some ideas in [BMBRT24, Section 15.1].

Claim 1. For every finite subset F' of G, there exists a leaf lp € S such that for olll € S
with | 2 lp, we have o(F).l C S.

Proof of the claim. Notice that since £ is a lamination and S is maximal, if I; € £ and
lo € S are such that [; D ls then [1 € S too. Thus it suffices to find a leaf [ € S such that

all its images under ¢(F') are over some element of S.

Define the finite constant

op =sup{|e(g).y —yl: g € F, y € R}.

Since S is maximal and L is covering, we can find leaves l1,lo € S such that [; O [ and
the endpoints of [; are at distance at least 207 from the endpoints of l. Thus ¢(g).l; still
contains o for any g € F, so o(F).l; C S and we are done. O

Claim 2. There exist positive constants C, D > 0 such that for all y > D, the intervals
[y — C,y] and [y,y + C] contain the right endpoint of a leaf of S.

Proof of the claim. Recall that S C G is a fixed finite symmetric generating subset, and
let D > 0 be greater than the right endpoint yg of g € S. Define, as in the previous claim,
the finite constant
ds = sup{|p(s).y —y|: s €S, y € R},

which must be positive since ¢ is irreducible.
For every n € N, pick s, € S such that ¢(sp8n—1-51).ys — ©(Sn—1 - $1)-Ys is maximal.
We have

P(8n8n—1"""51).Ys — @(sn—1-"-81).ys < ds
and lim,, o0 @(Sy, - - - 51).ys = 00 by irreducibility of .
Now ¢(s1).ls € S by the definition of g, and since ¢(s1).ys > ys and S is totally ordered
we see that ¢(s1).ls 2 ls. Similarly, for every n € N we have that ¢(s,---s1).ls is a
leaf of S that contains lg. Thus any y > D is such that [y — ds,y + ds] contains a point

©(8m -+ 81).ys for some m € N, which is the right endpoint of the leaf ¢(s,, - - $1).ls € S.
Setting C' = 2dg and enlarging D if necessary we obtain the desired conclusion. O

The irreducibility of | 5 shows that there is an h € H with ¢(h).z > ¢(s).x for every
s € 5, and hence ¢ belongs to the open set

U = {¢ € Repy(G) : ¢¥(h).x > 1(s).x for every s € S}.
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We will show that for all sufficiently large y € R the inequality ¢(h).y < (s).y holds for
at least one s € S. Indeed, let y, be the right endpoint of the leaf 13y from Claim 1
applied to the finite set {h} U S. Notice that if I O Ig,yug then o(h).l € S, but since S
is totally ordered and [ is ¢(H )-wandering we conclude that ¢(h).l =1 and ¢(h) fixes the
extremities of [.

Let C, D > 0 be the constants from Claim 2, and take y > max(D, y). Thus the intervals
[y — C,y] and [y, y + C] contain the right endpoints of leafs I D /{530 which must be fixed
by h.

Using that S is closed we see that there are leaves [ 2 [~ D l(;yus such that [_ is maximal
with the property that its right endpoint y_ is in [y — C,y] and [l is minimal with the
property that its right endpoint yy is in [y,y + C]. Since ¢ is focal and ¢(S).l_- C S
(because [ D lypyug) there is an s € S such that ¢(s).l_ D 1, so

©(s).y = p(s).y— > yr = p(h).ys > @(h).y.

We conclude that if y is large enough we have p(h).y < ¢(s).y for at least one s € S.

We deduce that f,.¢o € U for sufficiently large n € N, which contradicts the assumption
that lim,, o0 frn-0 = . O

Recall that we denote by I(H) the isolator of a subgroup, see Subsection 6.4.1. The following
proves Theorem L.

Theorem 6.5.2. Let G be a finitely generated group. If G contains a commensurated subgroup
H in C such that G/I(H) is in C, then G is in C.

Proof. Let ¢ € Repy;(G) and (fn)n>0 be an almost centralizing sequence.

It <p|H is trivial, then it is trivial on I(H) (see Lemma 6.4.1) and lim, o fn.¢ = ¢ inside
Rep;1(G/I(H)). Thus lim,,~ f, = idg because G/I(H) € C. If @’H € Repi(H), then (fn)n>o0
almost centralizes <p| I and we conclude that lim,, ., f, = idg because H € C. We conclude
that lim,,_,o fn = idg in the remaining cases by Lemma 6.5.1.

We deduce that G € C by Theorem 6.3.4. O

Corollary 6.5.3. Let G be a finitely generated group. If G has a normal subgroup N € G such
that G/N € C, then G € C.

Given a family of groups (H;);er, the direct sum €, H; is the subgroup of [[; H; of all (h;)ier

such that h; = ey, for all but finitely many ¢ € I. We record that C is stable under direct sums
of finitely generated groups.

Proposition 6.5.4. If (H,),>0 are finitely generated groups, then every minimal type III ac-
tion of @,,~o Hn factors through the projection to one Hy,. In particular if all H, € C, then

@nzo H, eC.
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Proof. Denote H = €P,,~, Hn, and consider ¢ € Repy(H). Suppose by contradiction that
¢(Hm) and ©(D,, 4, Hn)iare both non-trivial for some m. Then ¢(H,,) is a non-trivial normal
subgroup of (H), and since it is finitely generated, it has a minimal set. Then it is it either acts
minimally, or it is a cyclic subgroup contained in the center of p(H), see [BMBRT24, Lemma
8.3.6]. The second possibility is excluded since ¢ is type III and has trivial centralizer. If ¢(H,,)
is minimal, then (p(@nim H,,) is contained in the centralizer of a minimal action, hence it is
abelian, hence contained in the center of ¢(H), also contradicting that ¢ is type III. The last

assertion follows from Theorem 6.3.4. O

Recall that given groups H, K and an action K ~ X on a set, the permutational wreath

product H {x K is defined as the semi-direct product
PHEK,
X

where K acts on @  H by shifting coordinates. The wreath product H K is the permutational
wreath product associated to the left-regular action of K on itself. The group H (x K is finitely
generated provided H, K are finitely generated and the action K ~ X has finitely many orbits.
Hence Corollary 6.5.3 and Proposition 6.5.4 imply the following.

Corollary 6.5.5. If H, K € C are finitely generated, then H1x K € C for every action K ~ X
with finitely many orbits.

6.5.2 Fundamental groups of graphs of groups

For more details on the material in this subsection see [Ser77].
For us, a graph II consists in a set V(II) of vertices, a set E(II) of edges and two maps

e € E(TI) — (o(e),t(e)) € V(II) x V(II) and e € E(IT) — e € E(II)

where e — € is a fixed-point-free involution and o(€) = t(e) for all e € E(IT). The vertex o(e)
(resp. t(e)) is the origin (resp. terminus) of e, and € is the inverse edge of e. A graph of
groups (I1,G) is the data of a connected graph II and a collection G of groups {G, },ev () (the
vertex groups) and {Ge}ecpm (the edge groups) with G, = Gz for all e € E(II), equipped with
injective morphisms t¢ o(c): Ge =+ Go(e). The fundamental group 7 (I1,G) of the graph of groups
(I1, G) is defined as follows: choose a connected subgraph 7' C II with no cycles and that contains
all vertices of II. Denote by t. a symbol indexed by e € E(IT). Then 7 (IL, G) is the quotient of
the free product *uev(H)Gv * *eeE(H\T)te by the relations

teLe,o(e) (g)tgl = lg,o(e) (g) and te = tg_l

for all e € E(IT\ T) and g € Gye), and teo(e)(9) = tet(e)(g) for all e € E(T) and g € Ge.
HNN-extensions and amalgamated products correspond to the case when II is a loop or a single
edge, respectively. As in these special cases, the natural maps G, — m1(II, G) and G, — =1 (I1, G)
are always injective [Ser77, Théoréme 13|, and one sees that 71 (I, G) is isomorphic to

((Gy, v € V(I))) % (te, e € E(I\ T))
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where (t., e € E(II\T)) = Fy is free of rank b(II), the first Betti number of the graph II. The
group 71 (II, G) does not depend, up to isomorphism, on the choice of T' [Ser77, Proposition 20].
Bass-Serre theory [Ser77, §5] shows that presentations of a group G as a (finite) fundamental
group of a graph of groups are in correspondence with (cocompact) actions of G on trees T by
tree automorphisms with no inversions, that is, such that there is no g € G and e € E(T) with
g.e = €. One direction of this correspondence takes a graph of groups (II,G) and produces a
canonically defined action of 71 (I, G) on a tree Ti1,g, called the Bass-Serre tree of (II,G), such
that I = G\Ti,g. The conjugates of the vertex groups G, (resp. of the edge groups Ge) in
m1(I1, G) are exactly the stabilizers of vertices (resp. edges) that project to v (resp. e) in II, and
the maps ¢¢ ,(c) are induced by the inclusion of edge stabilizers into vertex stabilizers. Moreover,
the tree Tr1,g is locally finite if and only if ¢ 4(c)(Ge) has finite index in G, (. for all e € E(II).

The following lemma is well known, and we include it for completeness.

Lemma 6.5.6. Let (I1,G) be a graph of groups where all inclusions te o), e € E(II) have finite-
index image in Go). Then any two stabilizers of vertices or edges in the Bass-Serre tree Trig
are commensurate. In particular, any vertex group or edge group in w1 (I1,G) is commensurated
in T (11, G).

If H is any vertex group or edge group, then I(H) = ((Gy, v € V(II))), and thus G/I(H) is
free of rank b(IT).

Proof. Write G = m1(I1,G). The tree Trg is locally finite, so its balls for the natural path
metric d are finite. If u, v’ are vertices in Tr,g, then Stabg(u) N Stabg(w’) has index at most
H{w € Ti,g : d(u,w) = d(u,u’)}| inside Stabg(u). The same is true if u or w’ are edges in T g
since edge groups have finite index in vertex groups. If H is any vertex group or edge group, then
I(H) is normal and contains all vertex groups (see Lemma 6.4.1), so contains ((G,,, v € V(II))),

and we actually actually have equality since G/({(G,, v € V(II))) = Fy) is torsion-free. O

Corollary 6.5.7. Suppose G is a finitely generated group that can be presented as the funda-
mental group 71 (I1,G) of a finite graph of groups (I1, G) where all the inclusions i o), e € E(II)
have finite-index image in Go(ey and every G, v € V(II) is in C. Then G € C if and only if b(IT)

is at most 1.

Proof. Since the non-abelian free group F,, is not in C for m > 2 and the class C is obviously
closed under quotient, we have b(I) < 1 if G € C. The converse holds by Theorem 6.5.2 and
Lemma 6.5.6. O

Example 6.5.8. Recall that a group G is a generalized Baumslag-Solitar group of rank n € Ny
if it is the fundamental group of a finite graph of groups where all vertex and edge groups
are isomorphic to Z™. Corollary 6.5.7 characterizes exactly which generalized Baumslag-Solitar
groups belong to C.

The class of rank 2 generalized Baumslag-Solitar groups contains the examples of Leary-
Minasyan of the first CAT(0) and non-virtually biautomatic groups [LM21], and the rank 1

generalized Baumslag-Solitar groups has been previously examined from geometric and algebraic
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perspectives as a natural generalization of the Baumslag-Solitar groups, see for instance [Why01,
Lev0T].

Proof of Corollary 6.1.3. Corollary 6.5.3 implies (i), Corollary 6.5.5 implies (ii), and Corollary
6.5.7 implies (iii) and (iv). O

6.6 Micro-supported and piecewise projective groups

This section proves Theorem M by showing a general result (Proposition 6.6.5) for micro-
supported groups acting minimally on R and then specializing to piecewise projective groups. In
this section, whenever given a group G C Homeog(R) we will call this distinguished action on
R the standard action of G and denote it by (g,z) € G x R — g.z. For simplicity of exposition
in the proofs we will use Theorem 6.3.4 for sequences of translations instead of sequences of
homeomorphisms.

A subgroup G C Homeog(R) is said to be micro-supported if for every relatively compact
interval I C R the subgroup

Gr={9€G:g(x)=xforallz e R\ I}

is non-trivial. Notice that specifying a micro-supported group also implies fixing an embedding
G C Homeog(R).

Proposition 6.6.1 ([BMBRT24, Chapter 3]). Let G C Homeog(R) be a countable group acting
minimally on R. Then G is micro-supported if and only if it contains an element of relatively
compact support.

In this case, G admits a mazimal normal subgroup [G.,G.] where G. is the subgroup of

compactly supported elements of G for the standard action.

One of the main theorems of [BMBRT24] says that any faithful minimal action of a micro-
supported G that is not itself micro-supported is necessarily laminar. We need a more detailed
version of this statement making explicit some conditions on the resulting lamination, and some

more notation.

Definition 6.6.2. Given a group G C Homeog(R), we say that a (possibly unbounded) non-
empty interval I C R is G-good if, by denoting Or = {g.I : g € G}, the following properties are
verified:

o for every Iy, Io € Oy with Iy NIy # &, either Iy C Iy or I C Iy, and
o for every I, 15 € Oj there exists I3 € Of such that I3 2 I; U I5.

If ¢ € Repy1(G), we say that I generates a lamination for ¢ if one of the following properties is
verified.

« Either for every (equivalently, for some) K € Or the support supp,, (|G, Gk]) has bounded
connected components, or
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o for every (equivalently, for some) K € Op the group ¢(|[Gk,Gk|) acts on R with no

minimal set.

If I is a G-good interval generating a lamination for ¢ € Repy;(G), the wandering inter-
vals Ugep, We([GK, GK]) define a p-invariant covering prelamination [BMBRT24, Proposition
8.3.4].

Lemma 6.6.3 ([BMBRT24, Section 9.1]). Let G C Homeog(R) be a micro-supported finitely
generated group acting minimally on R, and let ¢ € Repy1(G) be a faithful action that is not
conjugate to the standard action. Then there exists a G-good interval I C R such that I generates

a lamination for .

Lemma 6.6.4. Let G C Homeog(R) be a finitely generated group acting irreducibly on R, let
¢ € Repy(G) N Harm(G) and let (t,)n>0 C R such that lim, oo U () = . If there is a

G-good interval that generates a lamination for ¢, then lim, . t, = 0.

Proof. Fix S C G a finite symmetric generating set. Let
ds = sup{|p(s).y —y|: s € S, y € R},
which is finite since ¢ € Harm(G) (see Remark 6.2.7). Let I C R be a G-good interval such that

L,= |J Wo(Gk,Gk])

KeOy

is a covering prelamination. Since I is G-good, the set Jx o, [GK,Gk]| is a normal subgroup
of G, whose image through ¢ acts irreducibly on R. Hence there exists K € Oy, x € K and
g € [Gz,Gg] such that [p(g).x — 2| > ds. By enlarging K if necessary, we may assume that
s.f(ﬂ]?;éﬁforallses.

Claim 1. For any J € L, there exists K € Op with K 2 K such that Wy ([Gk,Gk]) contains

an interval J o J.

Proof of the claim. Suppose first that the ¢([Gx,Gk]), K € O act without a minimal set.
Then W, ([G%,G]) is a covering prelamination for ¢([Gz,G ]) by Lemma 6.4.5, so we may
take K = K.

If all the supports supp,,([Gx,Gk]), K € Or have a bounded connected component, since
L, is a covering prelamination we may find K’ € Oy such that there is a connected component
J' of o([Gx+,Gx+]) containing J. Since I is G-good, there is a K € O; with K D K' UK. If J

is the connected component of supp,,([Gk, Gk|) containing J" we are done. O

Now fix J € L, such that L,O(S).jﬂ J + @ for all s € S and x,p(g9).x € J, so gp(g).j: J.
Consider an arbitrary J € L, containing J and take intervals K € Oy, JDJ supplied by
Claim 1 applied to J. We say that a (finite or infinite) sequence (s,)n>0 C S is K-admissible
if (sp---51).K 2 K for all n > 0. Notice that when (s;---s1).K D K, then the interval
@(sg - -+ s1).J is wandering for ¢([Gx, Gk]) and is thus fixed by ¢(g) whenever (s - - - s1).J D J.
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Claim 2. Either there exists o K-admissible sequence (sy)n>0 such that the collection of leaves
{o(sn - -~51).j}n20 is unbounded in L, or there exists a K-admissible sequence (sp)n>0 and
m € N such that (sp -+~ s1).J C J.

Proof. Towards a contradiction, suppose that for every K-admissible sequence (s;,),>0 the inter-
vals ¢(sy, - - - 51).J remain bounded and never lie inside .J. Let Jy; € L, such that ¢(s, - - 51).J C
Jyr for all n € N. By irreducibility of ¢, we can find a finite sequence dy,...,d; € S such
that @(dy---di).Jyy C J and @(d;---di).Jyy 2 J for all 0 < j < k. By irreducibility of
the standard action of GG, we may find a finite sequence eq,...,e; € S such that the sequence
€1,-.-,€1,d1,...,d; is K-admissible. But

o(d--dieg-e1).d Coldy - di).Jar S J,
a contradiction. O

If for some J O J the intervals K , J verify the first option of the previous claim, then we
conclude that Fix(¢(g)) is dg-dense outside of J. If for every J D J the intervals K, J verify
the second option, then again we conclude that Fix(y(g)) is ds-dense outside of J. In any case,
t, — @ cannot exit a bounded interval around z, ¢(g).x since |V (¢)(g).x — x| > §g for n large

enough. Thus (¢,)n>0 is bounded and lim,,_,, ¢, = 0 again by Theorem 6.3.4. O

Proposition 6.6.5. Let G C Homeog(R) be a micro-supported finitely generated group acting
minimally on R. Then G € C if and only if G/|G.,G,] € C.

Proof. One implication is clear, so suppose that G/[G.,G.] € C. Consider ¢ € Repy(G) N
Harm(G) and (t,)n>0 € R such that lim,_,o, U*(¢) = ¢. Recall that the action ¢ is either
faithful or factors through G/[G.,G.], so we will prove the proposition by assuming that ¢ is
faithful and showing that lim,, ,, ¢, = 0 in this case.

Suppose first that ¢ is micro-supported. Fix an open bounded interval I C R, take a non-
trivial element g € G' with supp,(g) C I and let x € I such that ¢(g).z # z. But ifz — ¢, ¢ [
we have Ui (p)(g).x = x, so x —t,, € I from some n € N onwards and hence (¢,,),>0 is bounded.
By Theorem 6.3.4 we conclude that lim,,_,~ t, = 0.

Now suppose that ¢ is not micro-supported, so ¢ is not semiconjugate to the standard action.
By Lemma 6.6.3 there is a G-good interval that generates a lamination for ¢, and Lemma 6.6.4
shows that lim,, . t, = 0. We conclude that G € C by Theorem 6.3.4. O

Example 6.6.6. Proposition 6.6.5 is already enough to supply many new examples of elementary
amenable subgroups of Homeog(R) that are in C and are not virtually solvable, for instance the
Brin-Navas group B defined in [Nav04, Bri05]. The group B can be defined as follows: fix a
non-empty open bounded interval (z,y) C R and f € Homeog(R) such that the only fixed point
of f is a single point in (z,y) and such that f(z) < © < y < f(y). Choose a non-decreasing
homeomorphism wg € Homeog(R) whose support is (z,%) and such that wo(f~(x)) = f~1(y).
Then B is the group generated by f,wp, and its defining action on R is minimal and micro-

supported. It is clear that these conditions can be met by piecewise affine homeomorphisms

f7w0~
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The conditions on wg imply that wy and wi; = fwef~! are such that wy and wlwowfl have
disjoint support, so wp, w; generate a wreath product Z!Z. Similarly, the subgroup generated by
any finite subset of the w,, = f™wof~™,n € Z is an iterated wreath product (- - - (ZIZNZ) - - - NZ.
Thus B is non-virtually solvable and elementary amenable. See [BBM21] for more examples of
this kind.

Remark. Suppose G C Homeog(R) is a group acting minimally on R that admits a generating
set {s1,82,...,sk} where s; is supported on an interval (—oo, ), si is supported on an interval
(y,00) and the so,...,sx—1 have relatively compact support. Then G is micro-supported and
writing G/[G., G| as the extension (6.6.1) shows that G/[G, G.] is solvable, so by Proposition
6.6.5 we have G € C. This applies to the family of pre-chain groups studied in [KKL19], who
were already known to lie in C from [BMBRT24, Section 16.3.3].

Lemma 6.6.7 ([BMBRT24, Lemma 9.1.2]). Let ¢ € Rep;,,(G) and Hy, Hy C G two commuting
subgroups such that ¢(Hy) admits a minimal set A. Then either [Hy, H1] or [Ha, Hs] fizes A

pointwise.

Proposition 6.6.8. Let G C PProj,(R) be a finitely generated group acting irreducibly on R.
Then G € C.

Proof. Let A C R be a minimal set for the standard action of G. Let N C G the kernel of the

action on A, which is composed of compactly supported homeomorphisms.

Claim 1. The group G/[N, N] belongs to C.

Proof of the claim. Set Q = G/N. We first prove that @ € C. Notice that @ is either abelian
(and the conclusion follows) or admits a minimal faithful action on R which is a continuous factor
of the standard action of G. In this case, the groups of germs of @) at —oo, 0o are isomorphic to
those of G and both are 2-step solvable. Unless @ is 2-step solvable (and the conclusion follows
from Proposition 6.5.2), there exists g1, g2, 93,94 € @ such that [[g1, g2], [g3, 94]] is a non-trivial
homeomorphism of relatively compact support. By Proposition 6.6.1 this implies that () is micro-
supported, and Proposition 6.6.5 shows that @ € C if and only if Q/[Q., Q.]. But Q/[Q., Q.] is
finitely generated and can be written as the extension

1 — Qc/[Qe; Q] — Q/[Qe; Q] — Q/Qc — 1 (6.6.1)

where Q./[Q., Q] is abelian and Q/Q. solvable since it is contained in the product of the groups
of germs of @ at —oo, 0o, which are subgroups of Aff(R). We conclude that Q/[Q.,Q.] € C by
Proposition 6.5.2. Hence @ € C in any case.

By writing the finitely generated group G/[N, N] as an extension of @) by the abelian group
N/[N, N] we conclude that G/[N, N] € C by Proposition 6.5.2. O

Now let ¢ € Repy(G) N Harm(G) and (t,)n>0 C R such that lim, o Ui (p) = ¢. If
([N, N]) is trivial, then lim,_, o ¢, = 0 because G/[N,N] € C. Since N is composed of com-
pactly supported homeomorphisms, we may assume that the subgroups ¢([N(z,c0); N(z,00)]) and

O([N(—o0,2)> N(—o0,2)]) are non-trivial for every x € R.
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Fix z e R.

Claim 2. One of the G-good intervals (x,00), (—00,x) generates a lamination for .

Proof of the claim. Suppose first that ©([G (2,50, G (2,00)]) has a global fixed point. If the support
supp,, ([G (2,00) G (2,00)]) has a bounded connected component C', then the claim follows. If not,
then one of the connected components of supp,,([G (z,00), G(z,00)]) is an interval of the form
(h(z),00) or (—oo, h(x)), and we may assume that it is of the form (h(z),o0) (the other case is
analogous). Define a map h from Orbg(x), the orbit of 2 under the standard action of G, to R
by setting

y € Orbg(x) = inf supp,, ([G (y,00)s G (y,00)])-

The map h intertwines the standard action of G with ¢ and is monotone. Up to replacing it by
x — —h(z) it extends to a semiconjugacy between ¢ and the standard action of G. Since ¢ is
minimal, & is continuous. Hence the standard action of G does not have a discrete orbit and ¢
is conjugate to the minimal action of G/N which is a factor of the standard action of G. This is
a contradiction, since ([N, N]) is non-trivial.

By repeating the same argument as the previous paragraph with o([G(_o 2y, G(—o0,2)]), We
may suppose then that the groups ©([G(z,00)s G (z,00)])s P([G(=00,2), G(=o0,z)]) act irreducibly.
Suppose first that ¢(G (;,00)) admits a minimal set A C R. Since the subgroups ¢(G (5,o)) and
(G (~o0,2)) commute, Lemma 6.6.7 shows that one of o([G(_ o 2); G(—o0,2)])s P([G(2,00), G (,00)])
must fix A pointwise, contradicting the irreducibility of their action.

Suppose instead that ¢(G ;) admits no minimal set, so its action on R is irreducible
and not cocompact. Thus the action of @([G(Iyoo),(}'(xm)]) is irreducible and not cocompact
either. We deduce that ¢([G (5 00), G(z,00)]) admits no minimal set, which implies the claim in
this case. 0

By Lemma 6.6.4 we conclude that lim,, ;. ¢, = 0. Hence G € C by Theorem 6.3.4. O
Corollary 6.6.9 (Theorem M). Let G C PProj,(R) be a finitely generated group. Then G € C.

Proof. To prove the general case when the standard action of G is not necessarily irreducible,
we argue by induction on the number ¢ of the connected components of its support suppg,(G).
This set is finite, since the endpoints of connected components of supp, (G) are included in the
set |J,cg OFix(s) where S C G is a finite generating set.

If ¢ = 1, then Lemma 6.6.8 shows G € C because the group of piecewise projective homeo-
morphisms of any open interval is isomorphic to PProj,(R). Assume ¢ > 2, denote by I C R the
leftmost connected component of supp,; (G) and define J as the smallest open interval containing
all connected components of supp, (G) except for I. Write Ny for the kernel of the action of G
on I and Gy for the image of the restriction of G to I, and likewise with N, G ;.

Consider ¢ € Repy;(G) NHarm(G) and (¢,)n>0 C R such that lim,, o ¥ (p) = ¢. If p(Ny)
or ¢(Ny) have global fixed points then they are trivial and we conclude that lim, oo t, = 0
since Gy = G/N; and G; = G/N; are in C by the inductive hypothesis. Thus we may assume
that ¢(Ny) and ¢(Ny) act irreducibly on R. Notice that ¢(Ny) cannot be of type III, since it



130 Chapter 6. Groups with classifiable actions on the line

has a non-trivial centralizer p(N;). We conclude that lim, o t, = 0 by Lemma 6.5.1. Again
G € C by Theorem 6.3.4, finishing the proof. O

6.7 Complexity of the semiconjugacy relation

This section is devoted to the proof of Theorem N. Subsection 6.7.1 provides the necessary
background on preorders on groups and some preliminary lemmas. Subsection 6.7.2 proves the
theorem by reducing semiconjugacy among cocompact actions of a group G to conjugacy on
a (Borel) subset of Rep,,;,(G) U Rep,,.(G) obtained as the dynamical realization of a certain
space of preorders on G. The use of this space of preorders also makes apparent the essential

countability of all the equivalence relations involved.

In this section G is always a countable group. Recall that an irreducible action ¢ € Rep;,,(G)
is cocompact if there is a compact subset of R intersecting every -orbit. This condition is
equivalent to the existence of a minimal set for ¢, see e.g. [BMBRT24, Lemma 2.1.11]. This in
turn is equivalent to the fact that ¢ is semiconjugate to a minimal or cyclic action in Rep;,,(G),
which is unique up to conjugacy. Such an action will be called a canonical model for ¢. The

space of all cocompact actions of G on R is denoted Rep,.(G).

6.7.1 Preorders and dynamical realizations

A left-preorder on G is a total, reflexive and transitive binary relation < on G that is also left-
invariant, that is, such that h < k implies gh < gk for all g,h,k € G. A left-preorder < is
determined by the data of its positive cone P< = {g € G : g = eg} and its residue subgroup
< ={g € G:eq =g <X ecg}. We will use the word preorder to designate a left-preorder
that is not the trivial preorder <, with [1]<,, = G. Denote by LPO(G) the set of preorders on
G with the topology inherited from {=, ﬁ}GXG, which becomes a locally compact and totally
disconnected Polish space with the induced topology (see [DR19, Theorem 2.30]).

There is a dictionary between preorders and irreducible actions that originates in the proof
of the fact that a countable group is left-orderable (that is, admits a preorder where the residue
subgroup is trivial) if and only if it embeds into Homeog(R), see [Ghy01, Theorem 6.8]. The
interplay between both viewpoints has been exploited to obtain results on the orders of a group
[Nav10] and to study groups acting faithfully on the line [Mor06]. We refer to [DNR16] for a
complete treatment of the subject.

We introduce two operations to realize this translation. Given an action ¢ € Rep;,,(G) denote
by <, € LPO(G) the preorder on G where, for any g,h € G, g =, h if and only ¢(g).0 < ¢(h).0.
Given a preorder = € LPO(G), following [Ghy01, Theorem 6.8] define the dynamical realization
¢=< € Rep;,,(G) of < as the action of G constructed as follows: fix once and for all a numbering

(g:)i>0 of G with go = eg. Define an order-preserving embedding t<: G — R inductively by
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setting ¢<(go) = 0 and, given the values t<(go),. .., t=<(gn), set

max{t<(go),--,t<(gn)} +1 if gni1 = go,-- -+ 9n
t<(gn+1) = ¢ min{e<(go), -, t<(gn)} =1 if gnt1 < go, -+, 9n
(t<(9i) + Lj(gj))/z otherwise,

where
gj = max{gm : 0 <m <nand g, = gn+1} and g; = min{g,, : 0 <m < n and g, = gn+1}-

The group G acts on t<(G) by g.t<(h) = t<(gh), and this action extends continuously to t<(G).

We define ¢< by extending the action of G on t<(G) affinely on its complement in R.

Given a preorder =<, a subgroup H C G is said to be <-conver if whenever h € H and
g € G are such that e¢ X g X h, we have g € H. The set of all <-convex subgroups is totally
ordered, and we denote H< as the union of all proper <-convex subgroups. When H< # G
(which is always the case when G is finitely generated, see [DNR16, Example 2.1.2]), we define
=, as the preorder on G where P<, = P< \ H< and [1]<, = H<. If H< = G, we set =<, = <y,.
When non-trivial, the preorder <, is called the minimal model of < and plays the same role
as the canonical model of a cocompact action ¢ € Rep.(G). The situation H< = G is the

order-theoretic analogue of the non-existence of a minimal set for an action ¢ € Rep;,, (G).

Proposition 6.7.1 ([BMBRT?24, Section 14.3.2]). Let ¢ € Rep;,,.(G) and < € LPO(G).

i. The action ¢ is semiconjugate to the dynamical realization of <.

1. The dynamical realization of < is cocompact if and only if < has a mazimal convexr subgroup
H< # G. In that case, the dynamical realization of =, is a canonical model for the

dynamical realization of <.

i11. The action ¢ is cocompact if and only if <, has a minimal model.

The term dynamical realization is usually used in the literature to denote any conjugate of
¢=< (see [DNR16, Section 1.1.3] for instance). The only property that we will need from this

definition of ¢<, aside from the fact that ¢< is explicit, is the following.
Lemma 6.7.2. If x € Z[1/2] and = € LPO(G), then either x € 1<(G) or z € R\ 1<(G).

Proof. Say that y € Z[1/2] has height n € N if it can be written as y = k/2" for some k € Z.
Define I,,(y), the left neighbor of height n of y, as the largest z € Z[1/2] with height n such that
z < y. Define the right neighbor r,(y) of height n of y similarly.

Claim. If x € 1<(G) has height n, then l(x) and ri(x) belong to 1<(G) for every 0 < k < n.

Proof of the claim. We argue that this holds true by induction at every stage of the construction
of 1<(G). We may assume that 2 does not have height k for any 0 < k < n, since l;(z) = r;(z) = «

whenever z has height j. Thus if x € Z then n = 0 and the statement follows, so we may assume
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that n > 0 and that z was added as a midpoint of elements y1,y2 € ¢<(G) with y1 < 2 < ys.
Then Ix(z) = lk(y1), Tk(x) = r6(y2) for every 0 < k < n, and lx(v1), 76 (y2) € t<(G) by the
inductive hypothesis. O

Now suppose that = € Z[1/2] belongs to t<(G). Write z = k/27 for some k € Z,j € N. Let
(Zn)n>0 C t<(G) be a sequence converging to x, all of whose elements may be assumed to be
different from x. Consider z,, € ((k —1)/27, (k +1)/27) such that z,, does not have height j, so

either r;(x,) = « or lj(z,,) = . Hence « € 1<(G) by the previous claim. O

By identifying a subgroup of G' with its indicator function, the set Sub(G) of all subgroups
of G becomes a subset of {0, 1} and inherits a compact metrizable topology [Cha50]. Its Borel
structure is generated by the sets {H € Sub(G) : g € H} where g € G. A subgroup H C G is
proper if H # G.

We now prove that the function assigning to a preorder its maximal convex subgroup is Borel.

Lemma 6.7.3. The map = € LPO(G) — H< € Sub(G) is Borel.

Proof. Fix g € G and consider the Borel set
B, = {(=2,H) € LPO(G) x Sub(G) : H is proper, <-convex and contains g}.

Let m: LPO(G) x Sub(G) — LPO(G) be the projection onto the first coordinate, and consider a
section S = By N ﬂ_l(j) for some fixed preorder <. Then S is homeomorphic to

{H € Sub(Q) : H is proper, =<-convex and contains g},
which can be written as

U () {H:u¢gHandvge HYU{H:u ¢ H, g€ H,and h < v forall h € H}). (6.7.1)
uEG vzeg
Indeed, a subgroup H C G is proper and =<-convex if and only if there exists u € G\ H, and for
every v = eg either v € H or h < v for all h € H. The expression (6.7.1) shows that S is K,
(that is, a countable union of compact sets), so Theorem 6.2.4 implies that m(By) is Borel and
that there is a Borel map (4: LPO(G) — Sub(G) such that (X,(,(X)) € By if < € n(B,) and
¢q(X) = {ec} if not.
The condition < € w(By) is equivalent to the existence of a proper, <-convex subgroup H
containing g. Thus we may write H< = J,cq (¢(=) for every < € LPO(G). We conclude that
= — H< is Borel too. O

6.7.2 Proof of Theorem N

Denote by LPOcan(G) the set of preorders < on G such that H< = [1]<. From Lemma 6.7.3
it is clear that LPOcan(G) € LPO(G) is Borel. To study semiconjugacy among cocompact
actions (to show its essential countability, specifically) we introduce the equivalence relation R
on LPOcan(G) by declaring < R =’ if the dynamical realizations (<, 1</ € Rep,,;, (G)URepy.(G)

are conjugate.
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Proposition 6.7.4. The relation of semiconjugacy on Rep..(G) is Borel reducible to R, which
is in turn Borel reducible to conjugacy on Rep,,;,(G) U Rep.,.(G) (and all the spaces involved
are standard Borel).

Proof. By writing

Rep;, (G) = n U {¢: G — Homeop(R) : ¢©(g).0 > n, p(h).0 < —n},
neN g,heG

Rep..(G) = {p € Rep,,,(G) : there is n > 1 such that ¢(G).[—n,n] covers R}
= U N U (v eRepin(G) 1 9(F).[=n,n] 2 [k, k + 1]}

n>1keZ FCG
finite

and

Repeye(G) = | [ U{e € Repin(G) : 0(g) = ()"}

heG geG neZ

we see that Rep;,, (G) is Gs in Homeog(R)“ and that Rep,.(G), Repey.(G) € Repy,, (G) are Borel.

Consider the maps

N @ € Repe.(G) = (Z4)s € LPOcan(G)

and

N2t = € LPOcan(G) = ¢< € Rep,;, (G) U Repey(G).

Proposition 6.7.1, (iii) (resp. (ii)) implies that n; (resp. 72) is well defined.
Claim 1. 7y is a Borel map.
Proof of the claim. Write 11 as the composition of
¢ € Rep.(G) = <, € LPO(G) and =< €LPO(G)— =, € LPO(G) U {=u}.
The first map is Borel, since
{¢ € Repeo(G) : ec 2y g9} = {9 € Rep..(G) : ¢(g).0 = 0}
for any g € G. To see that the second map is Borel, notice that for any g € G we have
{2 €LPO(G) :eq =4 g} ={=2 €LPO(G) :eg X gor g€ H<}

where H< C G is the maximal convex subgroup of <. Since <X — H< is Borel by Lemma 6.7.3

we conclude that n; is also Borel. O

Claim 2. 1y is a Borel map.
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Proof of the claim. Let x € R and fix g € G. We want to prove that the set
{=X € LPO(G) : ¢<(g9).x > x}

is Borel, and by density of Z[1/2] in R we may assume that = € Z[1/2]. By Lemma 6.7.2, we

have that for every < € LPO(G) either © € 1<(G) or z € R\ ¢<(G). Thus

{= € LPO(G) : ¢<(g9).x >z} = [ J{= : 1<(h) = = and gh = R} (6.7.2)
heG
U U {‘j ij(h1)<$<bj(h2), ghl = hy
hi,ho€G

where hy = max{h € G : h < ha},ho = min{h € G: h > h1}}.

The explicit construction of ¢< from < implies that all the sets {< : t<(h) = y} where h € G,
y € Z[1/2] are Borel, and we conclude that the set (6.7.2) is also Borel. O

Now let ¢ € Rep,.(G). By definition we have that ¢ is semiconjugate to ¢<_,, whose canonical

model is ¢« = 12 o n1(¢) by Proposition 6.7.1 (ii). This implies that n; is a reduction

@)
of semiconjugacy on Rep..(G) to R. By its very definition, R is reducible to conjugacy on

Rep iy (G) U Repey.(G). [
Proposition 6.7.5. The relation R is essentially countable.

Proof. Let F C LPOc¢an(G) be the set of preorders < such that ¢< is not of type I. Since the
actions ¢< are canonical models when <€ LPOgan (G), the set LPOcan(G) \ F can be written as

{= € LPOcan(G) : for every g € G, Fix(¢<(g)) = @ or Fix(¢<(g)) = idr}

so F is Borel by (the proof of) Proposition 6.7.4.

It is clear that F is R-invariant.

Claim. The relation R restricted to LPOcan(G) \ F is smooth.

Proof of the claim. By the definition of F, the relation R restricted to LPOcan(G) \ F Borel
reduces to conjugacy in Rep,,;,(G/[G, G]) URep,,.(G/[G,G]). Corollary 6.3.5 shows that con-
jugacy on Rep,,;,(G/[G,G]) is smooth. The same is true for conjugacy on Rep.,.(G) (and a
fortiori on Rep.,.(G/[|G,G])): given ¢ € Rep,,.(G) there exists a unique isomorphism between
»(G@) C Homeop(R) and Z sending the generator f of ¢(G) with f(0) > 0 to 1 € Z. We obtain a
uniquely defined morphism 7,: G — Z, and the assignment ¢ € Rep.,.(G) + 7, € Hom(G,Z)
is a Borel reduction of the conjugacy relation on Rep,,.(G) to equality on the (standard Borel)
space Hom(G, Z). O

Thus we may restrict our considerations to F. We will show that the subset

T = {<X € F : there exists g € G such that 0 € OFix(¢<(g))}.
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is a complete countable Borel section for R on F, that is, T' is Borel and intersects any R-class
[X] in F in a countable non-empty set. An application of the Lusin-Novikov theorem shows that
R restricted to F is essentially countable (see [Gao09, Corollary 7.5.3], for instance).

To see that T is Borel, notice that a preorder < € F is in T if and only if there is g € [1]<
such that either:

« there is > eg such that for every y € G with y > eq, there is n € N with g"a < y, or
o there is z < eg such that for every y € G with y < eg, there is n € N with g™z > y.

This description readily implies that 7" is Borel in F.

Now fix [<] an R-class in F. Since ¢< is not of type I there is g € G such that Fix(¢<(g))
is not R nor @. Choose x € OFix(¢<(g)), define ¢y = U™7(¢<) and let =’ = <, be the left
preorder induced by the ¢(G)-orbit of 0. By Proposition 6.7.1, (ii), we have =’ € LPO¢an(G) so
<" € T. Then ¢<, ¢ and ¢< are all conjugate, hence <’ € T'N [<X] and T' N [<] is non-empty.

To see that T'N [<] is at most countable, fo each <’ € T'N [<] consider f € Homeoy(R) such
that ¢< = fog< o f~1. Notice that f(0) belongs to the countable set Uyec OFix(¢<(g)) because
<" e T. For any g € G we have the equivalences

g <" eq if and only if ¢</(g).0 > 0 if and only if ¢<(g).f(0) > f(0),

showing that <’ is the preorder induced from the ¢<(G)-orbit of f(0). Thus there are countably
many possibilities for <. O

We may now conclude the proof of Theorem N, which we restate for convenience.

Corollary 6.7.6 (Theorem N). Let G be a countable group. The semiconjugacy relation between

cocompact actions of G on the line is essentially countable, and it is smooth if and only if G € C.

Proof. Semiconjugacy on Rep,.(G) is Borel reducible to R by the first statement of Proposition
6.7.4, and both are essentially countable by Proposition 6.7.5.

Conjugacy on Rep,y;, (G)URep..(G) is clearly Borel reducible to semiconjugacy on Rep,.(G),
and Proposition 6.7.4 shows that both relations are bireducible to each other. The proof of
Proposition 6.7.5 shows that conjugacy on Rep,,.(G) is always smooth, so semiconjugacy on
Rep,.(G) is smooth if and only if G € C. O

Remark. Recall that two cocompact actions ¢1,¢2 € Rep..(G) are pointed semiconjugate if
there is an action n € Rep,.(G) that is minimal or cyclic, and semiconjugacies h;: R — R
between ; and 7 for ¢ = 1,2 such that hy(0) = ho(0). It is not hard to see that the map 7, from
the proof of Proposition 6.7.4 exhibits a Borel reduction of pointed semiconjugacy on Rep,.(G)

to equality on LPO¢an(G). Therefore the relation of pointed semiconjugacy is always smooth.
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Aspects dynamiques et probabilistes des actions proximales de groupe

Résumé abrégé : Cette these est consacrée a I'étude des actions proximales de groupes dénombrables
en dimension un et zéro depuis la perspective de la dynamique et des probabilités. Les résultats sont de
nature assez variée. Un fil conducteur, parmi d’autres, est la présence des groupes de Thompson F,T et
V'; presque la totalité des résultats s’appliquent a I'un de ces exemples, et sont parfois motivés par ceux-ci.

Mots clés : groupes dénombrables, dynamique unidimensionnelle, marches aléatoires sur des groupes,
dynamique stationnaire.

Dynamical and probabilistic aspects of proximal group actions

Brief abstract : This thesis is devoted to the study of proximal actions of countable groups in dimensions
one and zero from the perspective of dynamics and probability. The character of the results is fairly diverse.
A common theme, among others, is the presence of Thompson’s groups F,T" and V' ; almost all the results
can be applied to one of these examples, and are sometimes motivated by them.

Keywords : countable groups, one-dimensional dynamics, random walks on groups, stationary dynamics.
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